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Abs t rac t .  We consider the permutation routing problem on undirected 
graphs when the routings correspond to products of elements of some 
fixed set. Previous work has concerned only two-way links. We introduce 
here the Rubik routing model in order to study the one-way case. We 
give a complete characterization of Rubik rearrangeable graphs and we 
study how the 2D grid and the hypercube behave with respect to Rubik 
routing of permutations. 

1 I n t r o d u c t i o n  

Let G be an undirected graph, 7r a permutat ion of V(G), and let us assume that  
each vertex v E V(G) has a packet and a destination address 7r(v). To route rr 
means to send the packets to their destinations. 

In this paper, we deal with a special model of permutat ion routing which 
is not very attractive from a practical point of view, but which could be useful 
in characterizing the intrinsic permutat ion power of a graph. At each routing 
step, the packets are permuted; that  is, the packets - or, more suggestively, the 
"pebbles" - are moved so that each vertex has again exactly one pebble. Let us 
denote with Gen(G) the set of permutat ions routable in one step on a graph G 
and with Perm(G) the permutat ion group generated by Gen(G).  The routing of a 
permutat ion ,-r on G can be regarded as one of its factorizations 7r = a l  o~2.., o~t, 
where ai E Gen(G) for all i C {1 . . . .  , t}. Let us call such a routing model a 
product-routing model. 

A product-routing model is defined by the choice of a unique set of generators 
Gen(G) for each graph G. Thus, in [2], every permutat ion in Gen(G) corresponds 
to a matching .&4 of G: the pebbles at the two endpoints of each edge in M are 
interchanged. More generally, in [6], every permutat ion in Gen(G) corresponds 
to a matching M and a set {C1 , . . . ,  Ck} of vertex-disjoint directed cycles with 
V(.gl) cq V(Ci) = ~ for all i E { 1 , . . . ,  k}. This time, each pebble is interchanged 
with another pebble along an edge of jr4, or moved along exactly one arc on 
the directed cycle that  contains it, or keeps its position. All these patterns of 
communication work only if the edges are two-way (i.e., two pebbles can cross 
simultaneously the same edge in opposite directions). 

What  happens if the edges are one-way (i.e., only one pebble can cross a link 
at each routing step)? Can we route every permutat ion on the graph G if in the 
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product-routing model introduced in [6] we impose M = 0 at each step? This is 
the problem we study in the present paper. 

Let us call Rubik routing (or R-routing) a routing in which, at each step, 
a pattern of vertex-disjoint directed cycles (of length >_ 3) is chosen and each 
pebble is moved along exactly one arc on the directed cycle that  contains it. The 
pebbles outside these cycles keep their positions during the step. The similarities 
with the movements in the Rubik's cube motivate the name of the routing model. 
Thus, every graph could be regarded as the basis of a new puzzle-game. 

We introduce here the model of R-routing in order to capture the ideas of 
product-routings and of one-way edges. As far as we know, the routing algorithm 
given in [5], to perform the special class of bit-permute permutations on the 
hypercube, could be considered as the first R-routing algorithm. 

A graph G is R-rearrangeable if Perm(G) (corresponding to the R-routing 
model) is equal to the whole symmetric group that  acts on V(G), denoted with 
Sv(a). Let tR(G) = max min{t : 7r is R-routable on G in t steps} . 

~ePerm(a) 

2 R u b i k  r e a r r a n g e a b i l i t y  a n d  c o n n e c t i v i t y  

We refer the reader to [7] for notions and notation from the theory of groups. 
Clustering suitably the transpositions from the disjoint cycle decomposition of 
a permutation, we can prov e the following result. 

P r o p o s i t i o n  1 For n > 4, the complete graph Kn is R-rearrangeable and 

t R ( K . )  = 2. 

Note that K~ is rearrangeable via matchings in two steps, too [2]. 

P r o p o s i t i o n  2 A 2-connected graph G of order n which is not a cycle is 
R-rearrangeable and tR(G) <_ 2n 2 + n - 3. 

PROOF. Each permutation of V(G) is the product of at most n - 1 trans- 
positions. We can prove t]aat each transposition is R-routable on G in at most 

[] 
2n + 3 steps. 

It is well-known [3, Sect.9.2] that  every graph G can be considered as a union 
of 2-connected blocks, any two such blocks having in common at most one vertex. 
Let b(G) denote max{IHI : H is a 2-connected block in G}. 

L e m m a  3 If G is a 2-edge-connected graph, different from a cycle, then 

Perm(G) is b(G)-transitive. 

T h e o r e m  4 G is R-rearrangeable if and only if G is $-edge-connected, different 
from a cycle, and contains an even cycle. 
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PROOF. Clearly, if G is R-rearrangeable then it is 2-edge-connected and dif- 
ferent from a cycle. If G has only odd length cycles then Perm(G) is at most 
./iv(a) (the alternating group). Therefore, G must contains at least one even 
cycle. 

On the other hand, if G is 2-edge-connected and different from a cycle then, 
by Lemma 3, Perm(G) is Avia  ) or Sv(a). If in addition G has a cycle of even 
length then Perm(G) # Av(a) and, consequently, Perm(G) : Sv(a). [] 

A similar study on group theoretic properties of permutations on graphs can 
be found in [8]. 

3 T h e  2 D  g r i d  a n d  t h e  h y p e r c u b e  

We denote with Gmx~ the 2D grid with m rows and n columns. 

L e m m a  5 For n >_ 3, tR(G2xn) < 2n + O(log 2 n) and 
tR(a3•  < 3n + O(log2 n). 

PROOF. Let 7r be a permutation of V(G2xn). We use the divide and conquer 
strategy to R-route 7r. Let M' and M "  be the two halves of G2xn, that is, the 
subgraphs of G2x,~ induced by the first [-~] columns and the last [-~J columns 
of G2• respectively. Each pebble is moved into the half of the G2x,~ which 
contains its destination. This can be accomplished in at most n + 2 steps. Such 
a procedure is recursively applied on M'  and M ' .  The divide process is stopped 
when the sub-grid obtained has 3, 4, or 5 columns. 

The proof is analogous for G3xn. [] 

T h e o r e m  6 I f  n > 3, then Gn• is R-rearrangeable and 
6n + O(log2 n ) ,  n even 

t n ( G . •  < [ 9 n  + O(log 2 n),  n odd " 

PaOOF. Let n be even. Covering G,~xn with disjoint copies of G2xn and 
applying Lemma 5, we can permute in any way the pebbles on the rows and the 
columns of Gnxn within 2n + O(log 2 n) steps. Hence, we can apply the general 
scheme of three phases given in [1] to route permutations on a product of graphs. 

The proof is analogous for n odd; we cover Gn• with disjoint copies of both 
G2xn and G3xn. 

We denote with H,~ the n-dimensional hypercube. Let ~- E Sv(n,)  and let 
us suppose that each vertex x in H,~ has a pebble with the destination address 
7r(x). In the greedy routing of a- (see [4, pp.515-518]), each vertex x constructs 
a list of the dimensions in which x and 7r(x) differ. The pebbles are sent along 
these dimensions in turn, the two-way edge hypothesis being implicitly assumed. 
A permutation 7r E Sv(n~) is said to be easily routable if it can be routed on H,~ 
with two-way edges by a greedy routing without vertex contention. 
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L e m m a  7 I f  ~r E 8V(H~) is easily routable then 7c is R-routable on Hn in at 
most 2n + 0(1)  steps. 

T h e o r e m  8 I f n  > 3 then Hn is R-rearrangeable and tn(H~) <_ 4n + 0(1) .  

PROOF. Via the Beneg network, each permutat ion of V(Hr~) can be decom- 
posed in two easily routable permutations.  [3 

4 Conclus ions  

Due to their 2-connectivity, almost all graphs used as patterns for interconnection 
networks are R-rearrangeable. 

In the case of two-way edges, G~• and Hn are rearrangeable via matchings 
within 3n and 2n - 1 steps, respectively [2]. If we replace each bidirectional step 
with two monodirectional steps, we obtain "classic" algorithms for an one-way 
communication model. These algorithms, which store two packets per vertex, 
require hence 6n steps for G~• and 4 n -  2 steps for H~. In this paper, we have 
proved that  tn(G~• ~_ 6n + O(logn) ,  n even, and t n ( g ~ )  <_ 4n + 0(1) .  In 
other words, a permutat ion can be routed within the same number of steps (the 
low order additive terms ignored) by storing only one packet per vertex. 

We note that  lower bounds on tR(G) are most likely very hard to prove. 
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