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Abs t r ac t .  We show that it is possible to build an application-specific 
motion constraint into a general hierarchy of camera models so that 
the resulting algorithm is efficient and well conditioned; and the system 
degrades gracefully if the constraint is violated. The current work arose in 
the context of a specific application, namely smart convoyingof vehicles 
on highways, and so ground plane motion (GPM) arises naturally. The 
algorithm for estimating motion from monocular, uncalibrated image 
sequences under ground plane motion involves the computation of three 
kinds of structure a,/3 and 7 for which algorithms are presented. Typical 
results on real data are shown. 

1 I n t r o d u c t i o n  

Current approaches to process image sequences generated by vehicles moving on 
the ground plane directly enforce application-specific constraints in their algo- 
rithms. The resulting algorithms are often effective as long as the assumptions 
and constraints around which the systems are built hold, but the moment  these 
do not do so such systems may fail catastrophically. Moreover, such algorithms 
tend to be unportable and can be used in only a single problem domain. Rather 
than building application-specific constraints such as ground plane motion into 
the pr imary stages of scene analysis we propose that  pr imary analysis should be 
general, obtaining a basic understanding of the scene, then further constraints 
should be tested for and enforced to obtain a more detailed understanding. This 
process conforms to the principle of graceful degradation, whereby on failure to 
obtain a full solution, a partial  solution is still recovered. 

A hierarchy of camera models has been proposed by Wiles and Brady [6] that  
is completely general, and which has been applied to numerous quite general 
motion sequences. However, like all general methods, it raises the question of 
whether or not one can exploit application-specific constraints to enhance and 
improve the analysis of particular kinds of motion and scene. We show that  the 
hierarchy of camera models can indeed be modified so that  it only allows the 
"recognition" of motions that  are consistent with ground plane motion of the 
camera with respect to the world. 

We begin by describing the ground plane motion constraint and then de- 
scribe the projective GPM camera model. Structure from motion (sfm) can be 
efficiently computed using the GPM camera models, by first computing sfm with 
general models and then switching into the GPM forms. In doing so it is possible 
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to validate the ground plane motion constraint and recover projective structure 
if the constraint does not hold. Three types of structure are introduced, a ,  
and 7. In all three, verticals in the real world are recovered as verticals in the 
computed structure and the plane in which the camera moves is recovered as 
perpendicular to the verticals. 7 - s t r u c t u r e  is the most ambiguous. The remain- 
ing degrees of freedom are completely general and the structural ambigui ty  a 
subgroup of the projective group, f l - s t r u c t u r e  requires the ground plane to 
be identified. The structure is recovered up to an arbitrary planar affine trans- 
formation parallel to the ground plane and a scale factor perpendicular to it. 
The structural ambiguity is a subgroup of the affine group, c~ - s t ruc tu re  is the 
least ambiguous. The structure is recovered up to an arbi trary planar similarity 
transformation parallel to the ground plane and a scale factor perpendicular to 
it. The resulting structure is as close to Euclidean as is possible under ground 
plane motion. Detatils of the computat ion of c~,/? and 7-structure and of planar 
and affine GPM camera models can be found in [5]. 

2 G e n e r a l  c a m e r a  m o d e l s  

The projective camera model [1, 2, 3, 4] can be written in terms of a 3x4  pro- 
jection matr ix  P.  It is convenient to decompose P as follows: 

[0 ~ F/r~ll K12 K13] 1 ooo |c l a 2G23G24| 
P =  KIpG= loo  (1) 

/ o  J 0 K33 0 1 0 LG41 G42 G43 G44J 

The matr ix  G represents a projective transformation in 7 )3 such that  structure 
defined in an arbitrary frame is transformed into the camera frame where the 
X axis is aligned with the x-axis of the image plane and the Z-axis with the 
optical axis of the camera. Camera centred coordinates are defined X r = G X  
and G encodes the pose or extrinsic parameters  of the camera. 

The perspective camera model enforces special forms on the matrices G and 
K.  First, world coordinates are assumed to undergo a Euclidean t ransformat ion 
into the camera frame and hence the extrinsic matr ix  takes the form, FR ] 
where R is a 3• rotation matr ix  and T = (T~:, T u, Tz) T is a translation vector 
giving the coordinates of the origin of the object centred frame in the camera 
frame. G now has only 6 degrees of freedom. 

Second, the intrinsic matr ix  K can be written: 

Ox 

K = K~ = f~ . (2) 
0 
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3 G r o u n d  p l a n e  m o t i o n  

The ground plane motion constraint (GPM) holds if the following three condi- 
tions are met:  (i) the ground is locally planar over the path  which the camera 
traverses; (ii) the camera is rigidly fixed to a vehicle so that  it undergoes all 
translations and rotations in a plane parallel to the ground plane; and (iii) the 
camera is aligned with the ground plane such that  the x axis in the image plane 
is parallel to the ground plane ( x .  hc __ 0) and the tilt of the optical axis with 
respect to the ground plane remains constant (Z c �9 fie __ _ sin c~.), where fie is 
the unit normal of the ground plane in the camera frame. 

When the GPM constraint holds, the matr ix  Ge can be decomposed such 
that ,  

(~ea : G a G y z G g  -- Ii ~ ] ca sa 01  ~ c ~ 0 T z  
- s a  ca 1 0 0 1 

0 0 0 0  0 0  

(3) 

Gg is the ground plane motion allowing rotation and translation in the XY-p lane  
only (cz = cos fl, sz -- sin fl, and fl is the time varying pan angle). G y z  swaps the 
Y and Z axis since in camera centred coordinates the Y axis is perpendicular to 
the ground plane. G a  is a rotation representing the tilt of the camera (ca -- cos a ,  
sa -- sin c~, and c~ is the fixed tilt angle). The result in the third ground plane 
motion constraint above can be verified to be Z c �9 fie __ Z c . (Gegfi) -- - s i n  a .  

When Ge~ is used as the extrinsic camera matr ix  in Equation 1, the result 
is the perspective GPM camera model, 

r,.c  + + o,T, 1 
Pe~ : KelpGe~ : |  oa ( - s z )  %cp 1 oaTz | 

[ --s~ c~ t Tz J 
(4) 

where Oh = % + f yG,  fg = f~/ca,  and t = - - ta l fh ,  where ta = t a n ~  and 
fh = fu -- Oyta. Note that  when the tilt angle, c~, is zero, then oh = %, fg = fx 
and t = 0. The three elements of the third column are independent of the other 
nine and are compounded by the Z parameter  in the computed structure. Thus it 
is only possible to recover Euclidean structure up to an arbitrary overall scaling 
and arbitrary stretch in the Z axis using the perspective GPM camera model. 
The third column has been divided through by fh to reflect this. Indeed the 
computed structure can only be computed up to an arbi trary transformation of 
the form 

l e o  o H a =  ~ c~ 0 Tz 
0 H33 0 
0 0 H44 

and we call such structure a - s t r u c t u r e  (see Table 1). 

(5) 
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Structure 

Projective 
structure 

Affine 
structure 

7-structure 

fl-structure 

a-structure 

Form that H takes 

Hp --- 

"Hll H12 H13 H14 "] 
H21 H22 H2a H24 

I 

/'/31 H32 H33/-/34 
H41 H42 H43 H44. 

Ha = 

"Hll H12 H13 H14" 
H21 H2~ H23 H~4 
H31 H32 H33 H34 

0 O 0 H44. 

H 3, 

rHll H12 0 H14" 
H21 H22 0 H24 

0 0 H33 0 
LH41 H42 0 H44. 

Hi1 H12 0 H14" 
H21 H22 0 H24 

0 0 H33 0 
0 0 0 H44.[ 

H~ = 

c~ s~ 0 T~" 
- s~  c~ 0 T~ 

0 0 H33 0 
0 0 0 H44. 

Structure ambiguity 

Any projective transformation. 

Any affine transformation. 

Any projective transformation such 
that verticals remain perpendicular to 
the XY-plane. 

Arbitrary scaling perpendicular to 
ground plane and affine transformation 
parallel to ground plane. 

Arbitrary scaling perpendicular to 
ground plane and similarity transforma- 
tion parallel to ground plane. 

Table 1. Summary of structural ambiguities. 

The perspective GPM camera model can be decomposed so that 

[! 1 P% = K%IpGg = Oh Ip 
1 

c~ s/~ 0 T~ 
- s~  cp 0 T~ 

0 0 1 0  
0 0 0 1  

(6) 
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where K ~ ,  the GPM intrinsic matrix, contains all the fixed parameters of the 
camera model and Gg contains all the time varying parameters, fg, o~:, Oh, 
und t can be considered to be the calibration parameters for the perspective 
GPM camera model. When solving the sfm problem with the perspective GPM 
camera model, 2nk observations are used to estimate 3k + 4 pose parameters 
and 3n structure parameters. There are 5 degrees of ambiguity in the computed 
a-structure which means that  the total number of degrees of freedom in the 
system are given by dofe~ = 2nk - 3k - 3n + 1. 

4 T h e  p r o j e c t i v e  G P M  c a m e r a  m o d e l  

It is useful to generalise Equation 4 to form the projective GPM camera model, 

= Pp,  X = |oP31 oPa2 1 oP34| , (7) 
[P31 P32 b P34J 

which has six time varying parameters, Pij, and three fixed parameters o, a and 
b. The time varying parameters have the full six degrees of freedom since we 
have fixed the scale factor of the matrix by enforcing P23 = 1. 

We compute sfm using the projective GPM camera model first using the full 
projective camera model and then transforming the pose matrices into the cor- 
rect form for the projective GPM camera model using a model switching matrix. 
This two stage process is particularly useful since it is possible to test whether 
or not the ground plane motion constraint is violated. The structure computed 
using the projective GPM camera model is related to the real Euclidean struc- 
ture by a 4 x 4 homography, H, so that  Pv( j )  = Pe ( j )H ,  where we have dropped 
the g subscript on the pose matrices. Multiplying column i of H by rows 2 and 
3 of Pc( j )  results in the following sets of equations for i = 1, 2, 4: 

oP3i(j) = ,OhS~(j)Hli  + OhCZ(j)H2i + g3i + ohTz(j)H4i , 

Pal(j) = - s ~ ( j ) H l i  + c~(j)H2i + tHai + Tz(j)H4i , 

and eliminating Pal gives 

(Oh - -  o ) ( - s ~ ( j ) g l l  + e~(j)g2i + Tz(j)H4i) + (1 - ot)H3i = 0 . 

The parameters o and H can be thought of as defining a plane in a three dimen- 
sional space and the parameters s~(j), c~(j) and T~ (j) can be thought of as the 
coordinates of points in the same space. In general these points will describe the 
surface of a cylinder and not a plane. Since at least one of H must be non-zero 
the equation can only be true for all j i f  o = Oh and H3i = 0. 

Multiplying column 3 of H by rows 2 and 3 of Pc( j )  results in the following 
set of equations: 

1 = --OhS~(j)H13 + Ohcz(j)H23 +//33 + OhTz(j)H43 , 

b = - sz ( j )H13 + cz(j)H~3 + tH33 + Tz (j)H43 �9 
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This can only be true for all j if H13 = H23 :- H43 = 0, and b = t. Similarly 
a -- ox t .  

So H must have the form 

[Hll HI~ 0 H14] 

LH41H49~ 0 H44J 

Thus, when solving the sfm problem with the projective GPM camera model, 
2 n k  observations are used to estimate 6k + 3 pose parameters and 3n structure 
parameters. There are 9 degrees of ambiguity in the computed structure which 
means that  the total number of degrees of freedom in the system are, dofpg  - -  

2 n k  - 6 k  - 3 n  + 6. 

This interpretation of H7 is that all points with the same X and Y coor- 
dinates in the Euclidean frame will have the same X and Y coordinates in the 
computed projective frame. The physical meaning of this result is that  verticals 
in the real world will remain vertical in the computed structure. We call such 
structure "y - s t ruc ture  (see Table 1). 

If the ground plane is identified, the structure computed using the projective 
GPM camera model can be transformed to remove the projective distortions. 
We introduce the t e r m / 3 - s t r u c t u r e  to describe the ambiguity in the computed 
structure. Assume that we have computed sfm so that  we have a set of pose 
matrices in the form of the projective GPM camera model, Ppg(j),  and struc- 
ture, Xi, that minimises the sum of the squared errors in the image plane. The 
computed structure is related to the actual Euclidean structure, X~, by the 
transformation, X~ = H~-IXi. 

H~ 1 can be decomposed as follows: 

I-IT 1 -~- H/~H,x -~ / H~l H~2 0 H~4 / 1 0 0 
/ o  o - ; 3  o l o , (9) 

0 0 H~4 J H41 H4; 0 H44 

where Hp is an affine transformation in the XY-plane only and HA is a matr ix 
that removes the projective distortion. 

Points in the ground plane (or any plane parallel to the ground plane) will 
be transformed under HA, 

1 0 0  Y~ 
0 1 0  i 

H41 H42 0 H44 

[x!] 

so that  the Z-coordinate becomes equal to h, the height of the camera from the 
ground plane, for all such points. If h is unknown, it can be arbitrarily set equal 
to 1. 
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Fig. 1. 7-structure computed from the "basement" sequence. (a) Cross-eyed stereo 
pair showing the 7-structure computed by applying the projective GPM camera model. 
(b) The structure viewed orthographically from above. (c) The computed horizon line, 
lh = (0, 1, --91.25), and a number of parallel lines in the world that meet on the horizon 
line. 

The resulting structure is related to the actual Euclidean structure by a 
purely affine transformation parallel to the ground plane and a scale factor per- 
pendicular to the ground plane as described by the matrix ItS. We call this struc- 
ture fl-slruclure (see Table 1) and it combines both the features of 7-structure 
(the third row and third column of HZ have the form (0, 0, H, 0)) and affine 
structure (the bot tom row of H E equals (0, 0, 0, H)) .  
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Fig. 2. fl-structure computed from the "basement" sequence. (a) Cross-eyed stereo pair 
showing the fl-structure computed when three points on the ground plane are identified 
in the structure computed by the projective GPM camera model (Figure 1). 

5 R e s u l t s  

The projective GPM camera model was applied to trajectories computed from a 
"basement" sequence. The results are shown in Figure 1. All verticals in the real 
world remain vertical in the computed 7-structure and the plane parallel to the 
ground plane in which the camera lies is perpendicular to these verticals. Finally, 
Figure 1(c) shows the position of the computed horizon line, lh = (0, 1, --91.25), 
and shows that a number of lines that are parallel in the real world and parallel 
to the ground plane do indeed meet at a vanishing point on the horizon line. 

Figure 2 shows the structure computed when three points in the ground 
plane are identified and the structure transformed so that these points have the 
same value of Z. The computed fl-structure can be seen to be related to the 
real structure by an affine transform parallel to the ground plane and a scaling 
perpendicular to the ground plane. 

A quantitative measure of the accuracy of the computed fl-structure was ob- 
tained by transforming a subset of features from the computed fl-structure into 
the Euclidean frame of the measured Euclidean structure. The affine transfor- 
mation that  minimised the sum of the squared structure errors in the Euclidean 

Ha 

frame was found to be 

"185.4 -243.9 -4 .9  45.2 
-0 .4  488.2 0.8 -331.2  
0.3 3.2 -122.3 119.7 
0 0 0 1 

The measured Euclidean structure, transformed fl-structure and individual struc- 
ture errors are given in Table 2 and shown graphically in Figure 3. The resulting 
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Fig. 3./3-structure errors from the "basement" sequence. (a) The image from the last 
frame. (b) A subset of the computed trajectories (the labels correspond to those in 
Table 2). (c) A cross-eyed stereo pair showing the measured Euclidean structure and 
superimposed the fl-structure transformed into the Euclidean frame under an aJfine 
transformation. 

root mean square structure error was found to be 12.5 cm and the measured 
dimensions of the basement corridor being 186 • 891 x 196 cm. 

The elements of Ha are in good agreement with the expected form for the 
structural ambiguity in r except for the element in the third row and 
fourth column which corresponds to the height of the camera at 120cm above 
the ground plane. The individual structure errors are relatively small with the 
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Label Measured I 
Euclidean structure I 

(X, Y, Z) (cm+3) ] 

10 
11 
12 
13 
14 
15 
16 
17 

Transformed 
/l-structure 

(X, Y, Z) (cm) 
(-66,-35, 148) 
(-66,-20, 183) 
( 120,-20, 155) 
( 115,-10, 18) 

( 0, 0, 0) 
( 60, O, O) 

( 120, 0, 0) 

-72,-32, 149) 
-59,-23, 183) 

i( 120,-42, 151) 
( 118, -6, 16) 

( -1, 8,-1) 
( 61,-3,-0) 
( 120, 1,-0) 

( 60, 31, O) ( 60, 35, 1) 
( -19, 82, 196) ( -14, 75, "196) 
( 120, 95, 176) ( 112, 96, 179) 

( 120, 235, 176) ( 115, 266, 181) 

Error 

(x ,  Y, z) (era) 
( 6,-3, -1) 
( -7, 3, -0) 
( 0, 22, 4) 
( -3,-4, 2) 
( 1,-8, 1) 
( -1, 3, 0) 
( - o , - 1 ,  o) 
( o,-4,-1)  .... 
(-5, 7 , - 0 )  
( 8,-1,-3)  ...... 

( 5, -31,-5) 
(-100, 265, 115) (-105, 282,, 112) ( 5, -17, 3)__ 
(-19, 270, 196) (-15, 265, 196) (-4, 5, 0) 
( 120, 290, 145) ( 124, 281, 143) (-4, 9, 2) 

( -66, 320, O) (-69, 307, 3) 
( o, 530, o) ( 2,527, 2) 

( -11, 856, 140) ( -11, 851, 137) 

( 3, 13, -3) 
(-2, 3,-2) 
(-0, 5, 3) 

Table  2. ~t-structure errors from the "basement" sequence. The computed ~l-structure 
was transformed into the frame of the measured Euclidean structure under an affine 
transformation. The labels of the trajectories correspond to those shown in Figure 3(b) 
and the errors are displayed graphically in Figure 3(c). 

error being greatest in the Y-axis corresponding to the difficulty in accurately 
est imating the coordinate parallel to the optical axis of the camera. 
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