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Abstract.  This paper discusses how we adapted an algorithm by Kernighan 
and Lin [4] and its refinement by Fiduccia and Mattheyses [1] for network 
partitioning to get an efficient heuristic for aesthetically and statically 
laying out undirected graphs. 

1 I n t r o d u c t i o n  

CASE tools generate and display information in the form of graphs, e.g., ER- 
and data flow diagrams, during interactive software evolution. To enable the 
user to quickly and easily understand the information presented, these graphs 
should be drawn aesthetically. Several layout styles and aesthetic criteria exist 
for drawing graphs. An extensive survey of this topic can be found in [6]. 

In this paper we deal with the static layout of undirected graphs. In static 
graph layout, a combinatorial description of the entire graph is read in and 
processed to produce, in one step, a layout for the entire graph. One approach 
to static layout of undirected graphs is the spring embedder [5, 7, 9]. The goal 
is to find a compact layout for straight line drawing style. Another approach 
is to use planarization algorithms combined with techniques for drawing planar 
graphs [11, 12]. The goal of planarization algorithms is to minimize the number 
of crossings between edges. 

In this paper, we present a different approach from the above to satisfy a 
different set of aesthetic criteria: 

- Non-overlapping of graph nodes. 
- Even distribution of nodes over a region (a rectangular area) of given size. 
- Minimization of the total distance between connected nodes in a given region. 

We have chosen these criteria because the primary application areas we want 
to apply the layout technique to are, for example, ER- and data flow diagrams 
in the software engineering domain. In these applications meaningful clustering, 
compactness, and readability [8] are important characteristics of good graph 
layout. Also, these diagrams have been traditionally drawn using the orthogonal 
graphic standard [6], i.e., every node is a rectangle and every edge is comprised of 
horizontal and vertical segments. We have adapted an algorithm by Kernighan 
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and Lin [4] and its refinement by Fiduccia and Mattheyses [1] for network par- 
titioning to get an efficient heuristic for aesthetically and statically laying out 
undirected graphs. 

In Section 2 we state the input and output of the algorithm. In Section 3 we 
describe the static layout algorithm. In Section 4 we analyze the performance of 
our implementation, show some example layout generated by the system. Section 
5 summarizes our contributions. 

2 P r o b l e m  S t a t e m e n t  

The input undirected graph G to the layout algorithm is specified by its node 
set VG and edge set EG. Nodes of G have rectangular shape and have the same 
size. 2 The tasks of the layout algorithm are: 

1. To determine the size of an appropriate rectangular area, R, henceforth called 
a region, in which G is to be laid out. 

2. To determine the positions of all the nodes of G in the region R, subject to 
the primary aesthetic criteria stated in the previous section. 

3 T h e  L a y o u t  A l g o r i t h m  

We first present an algorithm for laying out a graph G in a given region R in 
Sections 3.1 and 3.2. Discussion of region size estimation is deferred to Section 
3.3. 

3.1 Laying Out  Graphs  wi th  More  T h a n  Four Nodes 

We take a divide-and-conquer approach. The basic idea is to partition the graph 
and region into subgraphs and subregions respectively, assign a subgraph to a 
subregion. We recursively apply these steps to each subgraph and each subregion 
until there is only one node in a subgraph (and thus in a subregion). The center 
of the subregion is then considered to be the position of the node. 

We adapted the Fiduccia and Mattheyses [1] algorithm to partition nodes in 
G into two blocks of the same size if the number of nodes in G is even, or with 
a difference of one if the number is odd. The algorithm is a fast approximation 
algorithm for the minimum cut partitioning problem 3 [10] so the number of edges 
connecting nodes in the two blocks is close to minimum. Details of the algorithm 
can be found in [4] and [1]. 

Splitting a region, R, into two subregions is straightforward. Regions are split 
horizontally and then vertically in an alternating fashion into two subregions of 
the same size. The decision to begin with a horizontal split is arbitrary. The 
strategy for assigning nodes to subregions is more complex. We would like to 

2 In Section 5 we discuss the consequences of having nodes of different sizes. 
3 The minimum cut problem is NP-Complete. 
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minimize the sum of distances between any one node in a sttbregion and another 
node which is connected to the first node but  not in the same subregion. Because 
the exact positions of the nodes are unknown yet, we can only heuristically 
minimize the total distance between such node pairs. 

Figure 1 illustrates the heuristic. Assume that  we have already assigned node 
A B c 

- -  R a g i o n  b o u n d a r i e s  
. . . . . . .  S u b r e g i o n  boundar ie s  

. - . . . .  Graph  e d g e s  

Fig. 1. Assignment of node blocks to subregions 

set {i, j ,  m, n} to subregion DEHG and {k, l, o, p} to EFIH. Let S be the subgraph 
consisting of the node set, V = { a , . . . ,  h} and the edges (z, y) where both z and y 
belong to V. Assume that  we have just  partitioned V into Block-1 consisting of a, 
b, c and d, and Block-2 consisting of e, f ,  g and h. Also assume that  we have split 
the region ACFD into subregions ABED and BCFE. The assignment of Block-1 
to subregion ABED and Block-P to BCFE brings c closer to i and g closer to k 
than the assignment of Block-1 to BCFE and Block-P to ABED. Note that  we 
use the center of DEHG to approximate the position of i and the center of EFIH 
to approximate the position of k. Since the node partitioning algorithm tends 
to place connected nodes in the same block, this heuristic is likely to reduce the 
total distance between connected nodes. In the above example we have assumed 
that  {i, j, m, n} and {k, l, o, p} were assigned to their respective subregions before 
Block-1 and Block-2. But if the order of processing was different, it is possible 
that  we only knew that  the node set { i , . . . , p }  was assigned to DFIG. In that  
case, we use the center of DFIG to approximate the positions of i and k. The 
following outlines the algorithm. 

Step 1. Partition nodes in Vc into two blocks bl and b2 using the algorithm described 
in [1]. 

Step 2. Split regio n R horizontally (or vertically) into two subregions r l  and r2. 
Step 3. Estimate (see remarks below) the total distance between nodes in R to con- 

nected nodes not in R when bl is assigned to r l  and b2 is assigned to r2 by 
adding up estimated distances between each connected pair of nodes. Also 
estimate the total distance when bl is assigned to r2 and b2 to r l .  Choose 
the assignment with a lesser total distance. 

Step 4. Recursively apply Steps 1 to 4 to each subgraph that contains more than 
four nodes. 

A few comments are in order: 

1. In the above algorithm, the exact location is not known for any node. Hence 
we have to use an approximate position for each node in Step 3. The  ap- 
proximate position of a node v is taken to be the center of the region that 
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v is currently assigned to, as explained in the example, above. Note that  as 
the blocks are split and assigned to smaller sized regions, this approximation 
becomes more accurate. 

2. At the end of the above algorithm we have an assignment of blocks with 
less than or equal to 4 nodes to subregions. A consequence of splitting re- 
cursively until each block has less than or equal to four nodes is that  the 
estimated distances for nodes become much closer to the actual distances. In 
the next section we will see that  this degree of accuracy we achieved plays 
an important  role in determining the final positions of nodes. 

3.2 L a y i n g  O u t  A S u b g r a p h  o f  F o u r  o r  Less  N o d e s  

We motivate the need for a specialized heuristic for laying out graphs of four or 
less nodes with an example. Figure 2 shows the same graph drawn using different 

I , _  . . . . . .  H C . . . . . .  ~ C J  

~ L  . . . . .  i p  

K : -  . . . . .  - _ 0  . . . . .  : . ~  

A . . . . . . .  - ~ i  . . . . . . .  c A . . . . . . .  - - ~  . . . . . . .  C 

( ~ )  ( = )  

Fig. 2. Comparison of pure FM algorithm with special processing for four nodes 

heuristics. Figure 2(a) has been drawn using only the Fiduccia and Mattheyses 
(FM) algorithm, i.e., if we had not terminated recursion in the algorithm de- 
scribed in the Section 3.1 when there were four or less nodes in a subregion but 
rather continued until there was only one node. Figure 2(b) has been drawn us- 
ing the FM algorithm with a special heuristic for laying out subgraphs of four or 
less nodes. From the figure it is clear that  the layout improves dramatically with 
the additional heuristic. In Figures 2(a), initially the nodes are split into two 
blocks B1 = {1,2,3,4} and B2 = {5,6,7,8}.  Then B1 is split into B l l  = {1,2} 
and B12 = {3, 4}. The next successive parti t ion splits B12 into {3} and {4}. We 
assume that  the four nodes in the bot tom region, {5, 6, 7, 8}, have already been 
placed. Both 3 and 4 have external connections with respect to region K E G I .  
So regardless of whether {3,4} are placed in K O H I  or OEGH there will be 
one long edge. Figure 2(a) shows the case where the two nodes are assigned to 
region OEGH. 

Now we describe a heuristic for laying out a subgraph with four nodes which 
will achieve the layout illustrated in Figure 2(b). Assume that  we are given a 
subgraph G4 of the original graph G, to be laid out in subregion R. G4 has 
four nodes. The basic idea is to partit ion R into four equal subregions at the 
horizontal and vertical medium and place one node in each subregion. As each 
of these subregions contains exactly one node we call these subregions atomic. 
They are not further split. We want to achieve two goals: 
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- If v E VG4 is connected to w ~ VG4, we want to place v close to w. For 
example,  in Figure 2, let VG~be{1, 2, 3, 4}. We want to place 3 close to 7 and 
4 close to 5. 

- If  u, v E Va4 are connected, we want to place them close to each other. In 
Figure 2(b), after nodes 3 and 4 have been positioned we want to position 
nodes 1 and 2. The layout in (b) is clearly bet ter  than the one in (c). 

We define a number  of functions and terms. For v E VG4, N.  = {u](u, v) �9 
EGgzu f~ VG4 } is the set of all nodes not in G4 which are connected to v. Node v 
is said to have external connections if Nv is not empty,  otherwise v is said to be 
internal to G4. Region(v) is the region currently assigned to v. Note that  if the 
position of v has not yet been finalized, the center of Region(v) approximates  the 
ul t imate position of v. For two subregions r l  and r2, center-distance(r1, r2) is the 
distance between the centers of r l  and r2. I f  v �9 VG4 and r is an atomic region of 
R, primary-cost(v, r )= ~-']~=e gv center-distance( r,Region( u ) ) gives an est imate of 
the total  distance between v and all other nodes not in G4 but  are connected to 
v, if v is placed in r. An assignment is a particular way of placing nodes in VG~ 
to the atomic regions. For a particular assignment, total primary cost is the sum 
of pr imary  costs over the nodes having external connections. For a particular 
assignment, internal node v of G4, and atomic region r of R, the secondary cost 
of placing v in r is the total  distance from the center of r to the centers of all 
other a tomic regions of R tha t  contain a node which is connected to v. For a 
particular assignment, total secondary cost is the sum of secondary costs over all 
the internal nodes of G4. 

The algorithm outlined below achieves the above goals and determines the 
final positions of nodes in VG~. 

:Step 1. Split the input region horizontally and vertically at the middle into four 
atomic regions. 

Step 2. For each v �9 VG4 and each atomic region r of R, compute and store primary- 
cost(v, r) in a 4 x 4 array. 

Step 3. Place each of the four nodes that has an external connection into a different 
atomic region in such a way as to minimize the total primary cost. This 
step is implemented by a branch-and-bound search algorithm which uses the 
primary-cost array. 

Step 4. Place each internal node of G4 in an atomic region of R not taken in Step 3 
in such a way as to minimize the total secondary cost. This step is carried 
out by comparing all possible assignments and choosing the one which has 
the minimum~otal secondary cost. 

We omit  descriptions for laying out a subgraph with two or three nodes, as 
they are very similar to that  for laying out four nodes. The difference is in the 
way a region is partitioned. 

3.3 Region Estimation and Preprocessing 

In the previous two subsections, we assumed that  the region R in which to 
layout graph G was.given. Now we describe how the size of R is determined. 
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Given G, width and height of the region R are computed based on the number 
of nodes, N, in G and the width w and the height h of each graph node: w i d t h  = 

c x w x n, h e i g h t  = c • h x n where n : 2 [(l~ g)/2l, and constant c is empir-ically 
chosen to leave enough space between nodes, e.g., if c : 1.5, then the space 
between two nodes positioned horizontally next to each other is half the width 
of a node and the space between two nodes positioned vertically to each other 
is half the height of a node. Note that 2 [(l~ N)/2] is the maximum number of 
nodes that can be aligned horizontally or vertically by our layout algorithm. 
Therefore the size of R so estimated will guarantee non-overlapping of graph 
nodes if c is greater than 1. 

If the assumption that all nodes are of the same size does not hold, then 
we can use the maximum node width and height in the above computation 
to guarantee non-overlapping. The problem with this is, however, that if the 
variation in node size is significant, inter-node distance may vary accordingly 
and nodes may not look evenly distributed over the layout region. Currently we 
use a technique called space creat ion and  c o m p a c t i o n  [3] to remedy this anomaly. 

This concludes our description of the layout algorithm. We would like to 
mention that when an input graph is not a connected graph, it is desirable 
that each connected component of the graph be laid out in a different region so 
that connected components can be easily identified. Unfortunately, the algorithm 
described so far does not have this property. Nevertheless, this can be achieved 
by first identifying connected components of the input graph and then laying 
out each component in a different region. 

4 P e r f o r m a n c e  a n d  A n a l y s i s  o f  t h e  A l g o r i t h m  

We have implemented the above algorithm on Sun Sparc Stations in C++.  It 
takes the implementation less than one second to compute node positions of 
randomly generated graphs comprised of hundreds of nodes and edges. In fact, 
the time complexity of the layout algorithm is C ( n  + e ) l o g  n, where n is the 
number of nodes in the graph and e the number of edges, C is bounded by e but 
in practice is usually a small number, see [4]. Figure 3 shows the result of our 

Fig. 3. Example result of layout 

algorithm when applied to an example graph 4. 

4 Edges are routed by. the edge routing algorithm described in [2]. 
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To assess the effect of the speciM processing described i- Section 3.2 of sub- 
graphs with at most four nodes, we applied two versions of the node positioning 
algorithm to randomly generated graphs, one includes the special processing and 
the other does not, but rather applies the Fiduccia and Mattheyses algorithm 
to partition graphs of all sizes. We gathered the following statistics. 

- Sum of distances between connected nodes. 
- Sum of actual lengths of all edges routed by the edge-routing algorithm. 
- Total number of edge bends. 
- Total number of edge crossings. 

Note that only the first item on the list is the measurement that the node 
positioning algorithm directly tries to minimize. The other measurement items 
contribute to overall aesthetic graph layout but are not under direct control 
of the node positioning algorithm. They are determined by the edge routing 
algorithm[2]. Nonetheless, from the statistics we can verify the degree of interplay 
between node positioning and edge routing. Table 1 gives the size of 15 randomly 
generated graphs and Figure 4 graphically shows the results we have collected. 
From the charts, we can see that the total distance between connected nodes 

Table 1. Graph sizes 

Graph G1 G2 G3 G4 G5 G6+ G? G8 G9 G10 Gll  G12 G13 G14 G15 
# o f  Nodes 40 40 40 60 60 60 80 80 80 100 100 100 120 120 120 
# o f  Edges 61 71 81 93 106 120 123 141 161 156 177 201 186 213 241 
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Fig. 4. Comparison of pure FM algorithm and special processing algorithm 

uniformly decreased when we switched from without special processing to with 
special processing, affirming the effectiveness of the special processing. On the 
other hand, the total edge length did not uniformly decrease - Four cases (G4, 
G5, G 11, G 13) show an increase. This indicates that closeness of connected nodes 
does not necessarily imply shorter edge length. 

Only four (G3, G6, G9, and G12) cases showed decrease in number of bends 
when we switched from without special processing to with special processing. 
Nine (G2, G3, G6, G8, G9, G10, G12, G13, G14) cases showed decrease in 
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number of crossings. This indicates that  overall the special processing did not 
improve these aesthetic criteria due to some global edge interactions, although 
locally, as we have explained in Sections 3.2, these measurements should improve. 

5 Conclusions and Acknowledgement 

We described an efficient algorithm for automatically positioning graph nodes 
in an undirected graph. It has been incorporated in a number of applications. 
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