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Abstrac t .  Increasing attention has been given recently to drawings of 
graphs in which edges connect vertices based on some notion of proxim- 
ity. Among such drawings are Gabriel, relative neighborhood, Delaunay, 
sphere of influence, and minimum spanning drawings. This paper at- 
tempts to survey the work that has been done to date on proximity 
drawings, along with some of the problems which remain open in this 
a r e a .  

1 Proximity Drawings 

In 1969, Gabriel and Sokal [15] presented a method for associating a graph to a 
set of geographic data  points P by connecting points z, y E P with an edge if 
and only if the closed disk having the segment ~ as diameter contained no other 
point of P.  This graph, now called the Gabriel graph of P,  is just one example 
of what have come to be called proximity graphs. Loosely speaking, a proximity 
graph is a graph constructed from a set P of points in some metric space by 
connecting pairs of points which are deemed to be "sufficiently" close together. 
A set P can give rise to a variety of different proximity graphs depending upon 
the definition of closeness used. Early work in this area was concerned for the 
most part  with the problems of determining notions of proximity which might 
best capture the "internal structure" of a set of points and, having done so, of 
efficiently computing the proximity graph of a given set of points. For a survey 
of such results, see Jaromczyk and Toussaint [21]. 

More recently, increasing attention has been given to the proximity drawing 
problem: given a graph G and a definition of proximity, determine whether a set 
P of points exists such that  the proximity graph of P is the given graph, and if 
so, compute such a set. Clearly the set P ,  if it exists, gives rise to a straight-line 
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drawing of G, called a proximity drawing of G, where each vertex of G is mapped 
to a distinct point of P and each edge to a straight-line segment between pairs 
of points of P. Proximity drawings have several interesting features. They are 
usually unaffected by changes in scale, since the measures of proximity used are 
based on relative distances between points. Also, adjacent vertices are drawn 
(relatively) more closely together than non-adjacent vertices, and vertices not 
incident.to a particular edge are not drawn too close to the edge. Furthermore, 
neighbors of a given vertex tend to cluster together. This paper aims to give a 
survey of the central problems and results in this area. Although many of the 
ideas described here can be developed in the more general setting of a metric 
space, we assume that the drawings are to be made in Euclidean d-space; the 
vast majority of work in this area has concentrated on drawings in the plane. 

Many notions of proximity have been proposed and investigated over the 
past several years. Instead of organizing our presentation historically, however, 
we will organize it hierarchically around some common features of most proxim- 
ity drawings, in particular the unifying concept of what we call a (k, n)-proximity 
drawing. See Figure 1 for a (non-proximity) drawing of the proximity drawing 
hierarchy. With the two notable exceptions of minimum spanning drawings and 
sphere of influence drawings, which will be discussed later, the proximity draw- 
ings which have been studied to date are all examples of (k, n)-proximity draw- 
ings and are based on the notion of "proximity regions" or "regions of influence" 
(even sphere of influence graphs are based on proximity regions; the only differ- 
ence, as we will soon see, is the way in which the regions are used to define the 
drawing). 

Let R be a function which associates to every set S of k > 2 points in 
Euclidean d-space E d a subset R(S) of Ea; R(S) is called the proximity regzon 
or region of influence of S. Now consider a straight-line drawing F of G in which 
the vertices are drawn at a set of locations P. (Throughout the paper, unless 
stated otherwise, P will denote the set of vertices of a straight-line drawing of 
some graph G.) We call F a (k, n)-proximity drawing of G if F is the drawing 
resulting from the following procedure: For every set S C P of k vertices, edges 
are drawn between all pairs of vertices in S if the proximity region R(S) contains 
at most n vertices from P - S. While the proximity region can be any subset 
of the space in question, usually the regions chosen are homeomorphic to an 
open or closed ball of dimension equal to that of the space. Such drawings are 
referred to as open or closed proximity drawings, respectively. Some examples of 
(k, n)-proximity drawings follow. 

The Gabriel region [15] of two vertices x and y is defined to be the closed 
sphere (in d dimensions) having the segment ~ as diameter. A Gabriel drawing 
of G is a straight-line drawing of G having the property that two vertices x 
and y of the drawing form an edge if and only if the Gabriel region of x and y 
does not contain any other vertex. Gabriel drawings are an example of a closed 
(2, O)-proximity drawing. Figure 2(a) shows a Gabriel drawing of a planar trian- 
gulated graph. The dotted circles in the Figure represent the proximity regions. 
A Delaunay drawing [7] is an example of a closed (3, 0)-proximity drawing: here 
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triplets of points in P are connected if the closed disk they determine contains 
no other points of P. Clearly, Delaunay drawings makes sense only for planar 
triangulated graphs. A Delaunay drawing of K4 is shownin Figure 2 (b). Observe 
that/s  does not have a Gabriel drawing. 

A relative neighborhood drawing of a graph G is an open (2, 0)-proximity 
drawing in which the proximity region, called the relative neighborhood re- 
gion [33], of two points x and y is the intersection of the open disks of radius 
d(x, y) centered at x and y. Thus, in a proximity drawing of G, x and y are 
adjacent if there is no vertex whose distance to both x and y is less than the 
distance between x and y. A relative neighborhood drawing of a tree consisting 
of a vertex of degree five adjacent to five leaves is depicted in Figure 2 (c). Note 
that the same tree does not admit a Gabriel drawing. A Gabriel drawing of a 
tree is given in Figure 2 (d). 

The regions which give rise to Gabriel, Delaunay and relative neighborhood 
drawings can be modified by changing the requirement that they be empty to 
the requirement that they contain at most n other vertices. The resulting draw- 
ings are referred to as n-Gabriel, n-Delaunay and n-relative neighborhood draw- 
ings [31, 32, 1]. 

In our definition of (k, n)-proximity drawings, we have required that the sets 
5' to which we associate proximity regions contain at least two points, since 
otherwise no edges can be formed. There is, however, a way in which proximity 
regions associated with single points can be used to create proximity drawings: 
pairs of points can be connected by an edge if the regions corresponding to the 
points intersect. We call such a drawing an intersection drawing. An example of 
such a proximity drawing would be a sphere of influence drawin9 of a graph. To 
produce this type of drawing, each point x E P has as its proximity region, the 
sphere of influence [34], the disk centered at x of radius r= = min{d(x, y) : y E 
P - {x}}. One can consider either open or closed sphere of influence drawings. 

While to date, work in proximity drawings has dealt exclusively with prob- 
lems of drawing undirected graphs, we note that the (2, n)-proximity drawing 
paradigm can also be used to produce drawings of directed graphs by associating 
with each ordered pair of points (x, y) a proximity region Rz,y. By allowing the 
region R=,u to be different from the region Ru,= , it is possible to produce draw- 
ings where the edge (x, y) is in the drawing, but not the edge (y, x). An example 
of this is the directed nearest nei9hbor drawing [28], where each vertex x E P is 
connected to all vertices (or sometimes just one) of minimum distance from x. 
Although the nearest neighbor drawing is usually considered to be an undirected 
graph, the definition is inherently that of a directed graph. The proximity region 
Rx,u in this case is the open disk of radius d(x, y) centered at x. 

Returning now to proximity drawings of undirected graphs, and in particular 
to (2, n)-proximity drawings, we introduce families of open and closed proximity 
drawings which include several of the drawings mentioned so far. The Gabriel, 
modified Gabriel, relative neighborhood and relatively closes~ drawings studied 
in [26], [25], [3], [5], [35] are all examples of members of a family of drawings 
called fl-drawings. In 1985, Kirkpatrick and Radke [23, 30] introduced a family 
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Fig. 2. Four different proximity drawings: (a) A Gabriel drawing of a triangulation, 
(b) A Delaunay drawing, (c) A relative neighborhood drawing of a tree, (d)A Gabriel 
drawing of a tree. 

of closed (2, 0)-proximity regions called ~-neighborhoods, denoted by R[x, y, ~] 
and defined as follows (see also Figure 3): 

1. For fl = 0, R[x, y,/7] is the line segment ~--~. 
2. For 0 </3  < 1, R[x, y, j~] is the intersection of the two closed disks of radius 

d(z, y)/(2j~) passing through both z and y. 
3. For 1 < j3 < cr R[x, y,/7] is the intersection of the two closed disks of radius 

~3d(z, y)/2 and centered on the line through x and y. 
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4. For/3 = co, R[x, y,/7] is the closed infinite strip perpendicular to the line 
segment ~yy. 

R[x,y,~] 
R[x,y,2] 

R[x,y,3.2] 

Fig. 3. A set of (2, 0)-proximity regions R[x, y,/3]. 

Obviously, one can also define the analogous regions R(x, y,/7) using open sets 
instead of closed sets (R(x, y, 0) is defined to be the empty set). The Gabriel, 
modified Gabriel, relative neighborhood and relatively closest drawings men- 
tioned above are obtained, respectively, from the/7-regions R[x, y, 1], R(x, y, 1), 
R(x, y, 2) and, R[x, y, 2] respectively. The closed strip drawings are/7-drawings 
which use the region R[x, y, oo]. Similarly, the open strip drawings are/7-drawings 
which use the region R(x, y, 0o). The regions defined above are referred to as 
lune-based/7-regions. In the same paper, the authors also describe circle-based 
/7-regions: for each/7 > 1, the region associated with two vertices x and y is the 
union of the two disks of radius/Td(x, y)/2 passing through both x and y. 

From the graph drawing perspective, the central problem is that of determin- 
ing, for a given graph G, the values of/7 such that G admits a/7-drawing. For 
example, for/7 < 2, only connected graphs admit/7-drawings; for/7 > 1, only 
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planar graphs do. Since a graph may, for a given value of t3, have many--very 
different--13-drawings, it is also of interest to examine the "aesthetic" properties 
of such drawings. In [3, 2], several results concerning 13-drawings of trees are 
presented. 

More recently, a proximity region called the rectangle of influence [19] has 
been studied from the graph drawing perspective. Here the proximity region 
associated with two points z and y is the axis-parallel rectangle determined by z 
and y. As in the case of 13-drawings, one can use either open or closed rectangles; 
as with 13-regions, the choice will determine which graphs can be drawn. We 
note that the drawings determined by a set of points using this region are also 
of interest in the study of visibility graphs [18, 6, 29]. 

In defining (2, 0)-drawings, the proximity region chosen for a pair of vertices 
z, y is almost always symmetric about the perpendicular bisector of the segment 
z--ft. This guarantees a certain symmetry in the drawings produced. This sym- 
metry, however, is not always desirable. Veltkamp [36] introduced a family of 
proximity graphs, called 7-graphs, in which the proximity region lacks this sym- 
metry. He takes advantage of this absence of symmetry in constructing object 
boundaries from a set of points. 

We close this section by mentioning the one type of proximity drawing which 
does not seem to arise from any particular proximity region: minimum spanning 
drawings. A minimum spanning tree of a set P of points is a connected, straight- 
line drawing with vertex set P which minimizes total edge length. A minimum 
spanning drawing of a tree G is a straight-line drawing of G such that, letting 
P denote the set of locations at which the vertices are drawn, the drawing is 
a minimum spanning tree of P. A minimum weight triangulation of a set P 
is a triangulation of P having minimum total edge length. A minimum weight 
drawing of a triangulated planar graph G is a straight-line drawing of G such 
that, letting P denote the set of locations at which the vertices are drawn, the 
drawing is a minimum spanning triangulation of P. These two types of drawings 
have strong connections to the proximity drawings that have been discussed 
here. Some of these connections will be discussed in the next section. 

2 R e s u l t s  a n d  P r o b l e m s  

In this section we present a summary of the main results and problems on prox- 
imity drawability. Table 2 (see also Fig. 1) lists several types of proximity draw- 
ings along with the most common classes of graphs whose drawability properties 
have been studied. A citation in an entry of the table means that a complete 
characterization exists describing which graphs in the class admit a proximity 
drawing of the specified type. A citation followed by the letter P means that 
only a partial characterization has been given. A dash means that nothing is yet 
known. An X means that the entry is not meaningful. Finally, a citation followed 
by the letter M in the column on outerplanar graphs means that the result holds 
for maximal outerplanar graphs. 
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Delatmay 
Minimum Weight 

I Modified Gabriel 

B-drawing 

Gabriel 
Relative Neighh. 

Relatively Closest 
Open Strip 

Closed Strip 
General fl 

Ope n Sphere 
Closed Sphere 

Open Rectangle 
Closed Rectangle 

Trees 
X 

[2z, 13] 
[3] 
[3] 
[3] 
[3] 

[2] P 

[2] p 
[so] 
[20] 
[14] 
[14] 

Outerplanar 
[10] M 

[25] M 
[25] 
[25] 

Triangulated Planar Non-planar 
:[11, 12, 9] P X X 

X X 
�9 - -  �9 [ 5 ]  P �9 - -  

�9 - -  � 9  P [ 2 6 ]  

[35] p [33] 
[5] p [5] p [33] 

�9 - -  �9 [23] �9 - . [23] 
[2] [2] [2] [2] 

[14] [14] P [14] P . . . .  
[14] M,P �9 - -  .[14] P.  - -  

Table 1. Summary of Characterization Results. For explanation, see text. 

Observe that the table contains several holes, each one corresponding to 
a pair family of drawings-family of graphs whose relationships have not been 
understood yet. In our opinion all of them address meaningful research problems. 
In particular, triangulated graphs, appear to be one of the most challenging 
families to investigate. 

Before going through the description of the entries of the table, we mention 
here two other problems that, in our opinion, are worthy of investigation. The 
first problem concerns the study of (k, n)-proximity drawings for n > 0, and is 
simply to establish combinatorial properties of these drawings. The second prob- 
lem deals with proximity drawing in three dimensions. The greater availability 
of workstations and packages for 3D drawing on one side and the increase of the 
complexity of drawings on the other, strongly suggest that  characterizations and 
algorithms for three-dimensional proximity drawing be investigated. Up to now 
only very preliminary contributions, have been given in this fascinating area. 

2 . 1  D e l a u n a y  D r a w i n g s  

An exact characterization of those graphs which admit Delaunay drawings has 
yet to be found; however, several results have been obtained�9 Delaunay drawa- 
bility of planar triangulations was studied in [11, 12] where sufficient conditions 
were given. In particular, the conditions presented in [11] are based on the tough- 
ness of the graph to be represented. In [10] it was shown tha~ all maximal out- 
erplanar graphs admit Delaunay drawings. In [9] angles of Delaunay drawings 
were characterized. 
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2.2 Minimum Spanning Drawings 

The problem of deciding whether a tree admits a minimum spanning drawing has 
been well studied, and is, essentially, solved. Monma and Suri [27] proved that 
each tree with maximum vertex degree at most 5 can be drawn as a minimum 
spanning tree of some set of vertices. In the same paper it is shown that no 
tree having at least one vertex with degree greater than 6 can be drawn as a 
minimum spanning tree. As for trees having maximum degree equal to six, Eades 
and Whitesides [13] have recently shown that it is NP-hard to decide whether 
such trees can be drawn as minimum spanning trees. 

Much less is known about the problem of constructing a minimum weight 
drawing of a planar triangulation. In fact it is still not known whether the prob- 
lem of constructing a minimum weight triangulation for a given set of points 
is NP-complete [17]. An interesting connection between minimum weight trian- 
gulations and (circle-based) /~-drawings was given by Keil [22]. He showed that, 
given a set P of points, the circle-based x/~-drawing that has P as the set of 
vertices is a subgraph of the minimum weight triangulation of P. 

2.3 /~-Drawings 

Kirkpatrick and Radke [23] in 1985 defined the open and closed B-regions 
(R(z, y, fl), R[z, y, B]) discussed in the previous section. They called the graphs 
that can be drawn with such regions B-skeletons. They also listed several appli- 
cations of such graphs. As mentioned previously, the open and closed B-drawings 
include a number of well-studied proximity drawings, including Gabriel, Modi- 
fied Gabriel, relative neighborhood and relatively closest drawings. Matula and 
Sokal [26], Cimikowski [5], and Urquhart [35] have studied the problems of pro- 
ducing drawings of each of these types for particular classes of graphs including 
cycles, wheels, trees, and bipartite graphs. Toussaint [33] studied the relation- 
ship between the graphs produced by relative neighborhood drawings and other 
proximity drawings. He showed that the relative neighborhood drawing on a set 
P of points is a supergraph of every minimum spanning tree of P and a subgraph 
of the Delaunay triangulation of P. Agarwal and Matou~ek [1] showed that the 
number of edges of an n-vertex graph that has a relative neighborhood draw- 
ing in the three-dimensional space is 0(n4/3). Chazelle, Edelsbrunner, Guibas, 
Hershberger, Seidel and Sharir [4] showed that the maximum number of edges 
of an n-vertex graph that has a Gabriel drawing in d-dimensional space (d > 3) 
is 12(n2). 

Matula and Sokal [26] gave a partial characterization of trees that admit 
Gabriel drawings. In particular, they proved that every tree with vertex degree 
at most three admits a Gabriel drawing, while no tree with vertex degree greater 
than six does. Urquhart [35] gave the same two bounds on the vertex degree 
of relative neighborhood drawable trees. Cimikowski [5] extended further the 
bounds to both modified Gabriel drawable and relatively closest drawable trees. 
The proof given by Matula and Sokal of the Gabriel drawability of trees with 
maximum degree at most three gives rise to a linear time drawing algorithm. 
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Matula and Sokal also conjectured that Gabriel trees cannot have vertices 
of degree greater than four and cannot have two adjacent vertices of degree 
four. The truth of these conjectures was established in [3], where the proximity- 
drawability of trees was characterized for relative neighborhood drawings, rel- 
atively closest drawings, modified Gabriel drawings, and Gabriel drawings. In 
the same paper, linear time algorithms to test whether a tree admits one of 
the above proximity drawings were presented; furthermore, it was shown that if 
such a drawing exists, one can be constructed in linear time using the real-RAM 
model. All of the characterizations are given in terms of families of forbidden 
subtrees. 

Open and closed strip drawings of trees were investigated in [2]. Closed strip 
drawable trees were completely characterized and a linear time drawing algo- 
rithm was given. In the same paper it was shown that a graph admits a closed 
strip drawing if and only if it is a binary forest other than one of the follow- 
ing: two non-adjacent vertices, a vertex and a non-adjacent edge, or two non- 
adjacent edges. Also in this paper, the general problem of the ~-drawability of 
trees was studied. For several classes of trees, the values of ~? for which those 
classes admit ~ drawings were given, along with drawing algorithms. Kirkpatrick 
and Radke [23]. showed that neither non-planar graphs nor triangulated planar 
graphs admit open strip drawings. 

Lubiw and Sleumer [25] showed that all maximal outerplanar graphs admit 
both a relative neighborhood drawing and a Gabriel drawing. They also proved 
that all biconnected outerplanar graphs can be realized as relative neighborhood 
drawings. Both the results lead to linear time drawing algorithms in the real- 
RAM model. An immediate consequence of the construction techniques adopted 
in their work is that all maximal outerplanar graphs are both relatively clos- 
est drawable and modified Gabriel drawable. Another consequence is that all 
biconnected outerplanar graphs are modified Gabriel drawable. 

Negative drawability results were given in [26, 33, 5]. In [26], [33], and [24] 
the planarity of Gabriel drawable graphs, relative neighborhood graphs, and 
relatively closest drawable graphs were shown, respectively. Furthermore, in [5] 
it was shown that a cycle with three vertices is not relatively closest drawable. 

2.4 Sphere  and  Rec tang le  of  Inf luence Drawings  

Jacobson, Lipman and McMorris [20] have characterized those trees that have 
open and/or closed sphere of influence drawings. They showed that the trees 
which admit a closed sphere of influence drawing are those trees which contain 
a perfect matching and those which admit an open sphere of influence drawing 
are those which contain what they call a (P2, P3)-factor (see [16]). 

In [14], the problem of deciding whether a graph has a rectangle of influence 
proximity drawing was investigated for several classes of graphs. In particular, 
a complete characterization of open rectangle of influence drawable graphs was 
given for cycles, wheels, outerplanar graphs, and triangle-free graphs. As for 
the closed rectangle of influence drawable graphs, a complete characterization 
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for cycles, wheels and trees is given. Also a partial characterization of maximal 
outerplanar graphs is presented. 
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