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Abstract. We describe how the calculus of partial inductive definitions is used to 
represent logics. This calculus includes the powerful principle of definitional 
reflection. We describe two conceptually different approaches to representing a logic, 
both making essential use of definitional reflection. In the deductive approach, the 
logic is defined by its inference rules. Only the succedent rules (in a sequent calculus 
setting - introduction rules in a natural deduction setting) need be given. The other 
rules are obtained implicitly using definitional reflection. In the semantic approach, 
the logic is defined using its valuation function. The latter approach often provides a 
more straightforward representation of logics with simple semantics but complicated 
proof systems. 

1 Introduction: Finitary Partial Inductive Definitions 

We will describe how to use the calculus of partial inductive definitions as a general 
logic. That is, as a framework for representing various logics. Following common 
practise, we will refer to the calculus of partial inductive definitions as the metalogic and 
call a logic being represented an object logic. To make the paper self-contained, we will 
begin with a summary of  the calculus of  partial inductive definitions. Actually, we will 
describe a finitary version of it since the proper calculus is infinitary, and thus unsuitable 
for use as a metalogic. The finitary version is described in detail in [6], and the original 
infinitary theory in [12]. The presentation given here is slightly different from that of [6]. 

Formulae of the metalogic (called conditions) will be the following: 

t where tis an expression of the simply typed lambda calculus (an 
atomic condition) 

CI,C 2 ..... C n where every C i is a condition, n>O (conjunction). 
C ~ C '  where C and C" are conditions (hnplication). 
Fix C(x) where C is a condition containing the variable x. x is bound by the 

operator 1I (universal quantification). 

Although the inference rules for the metalogical implication and quantification will be 
similar to the corresponding logical connectives, they are not implication and 
quantification in the same sense as in logic. 

Parentheses will be used when necessary. A,B~C,D will be taken as A,(B~C),D. 

It is orthogonal to the rest of the calculus what kind of expressions the atomic conditions 
really are, as long as they have a decidable equality and a standard notion of substitution. 
For our purposes, simply typed lambda expressions are suitable. We will deliberately be 
vague about the particular types of lambda expressions treating them almost as untyped 
expressions. For our purposes, the typing mechanism primarily serves as a clerical aid and 
to prevent the formation of non-normalisable expressions. 
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The formulation of  simply typed lambda expressions that we will use differs from the 
usual formulation in that there are two kinds of  free variables. One kind is called 
parameters, the other will be called ordinary variables. This distinction is only important 
for free variables - we will regard bound variables as ordinary variables. Free ordinary 
variables will be written A, B, C .... Parameters will be written A*, B*, C*... Substitutions 
operating specifically on parameters will be written or*, z*, etc. 

In the sequel, we will use the term "variables" solely to refer to ordinary variables. In 
particular, ground terms refer to terms without fi'ee variables, but which may contain 
parameters. For the purposes of  this paper, the distinction between parameters  and 
ordinary variables is not essential, but we uphold the distinction to be consistent with the 
presentation in [6]. 

A clause is an expression of the form H ~ B where the headH is an atomic condition and 
the body B is an arbitrary condition. When the body is the empty conjunction, it is omitted 
entirely. Clauses may contain free variables,  which should be regarded as being 
universally quantified over the clause. In the sequel, we will assume that each time a 
clause is used, any variables in the clause are renamed as required to avoid conflicts with 
other variables. 

A partial inductive definition (or just a definition) is a finite set of clauses. The instances 
of the atomic conditions in the heads of the clauses are said to be defined by the 
definition. We will adopt the convention that for every definition P, there is some atomic 
condition, written _1_, that is not defined by P. 

The parameter transform of a definition is obtained by substituting parameters for all free 
variables in the definition; different parameters are used for different variables. As with 
variables, we assume that parameters are renamed as necessary to avoid conflicts. 

The calculus of partial inductive definitions is a sequent calculus system, where the 
formulae occurring in sequents are conditions. The exact form of  some of the inference 
rules depends on a particular definition P. To highlight this dependency the turnstile 
symbol is often indexed with the particular P, i.e. F-p. To simplify the presentation of the 
inference rules, we will assume that antecedents of sequents are unordered multisets. 

The deductive system is built up from the following axiom schema and inference rules. 

F,C, CI- C'  F t -  C" contraction weakening 
F, CI- C'  F , C ~  C" 

F~-C~.. .  Ff-Cn ~_() F, C1 ..... Cn~-C ()~_ 

F ~-(Ct . . . . .  C.) F , ( G  .... .  G,) ~- C 

F,C~- C" F~- C" F,C"~ C 

F~- C~C" F,C'~C"~- C 

r ~- c (x  *) r, c(t) ~- c" F- FI FIe- 
F ~-rIx C(x) F, nx  C(x) ~- C" 

where X* has the same type as x 
and does not occur in F or C. 

where t is some arbitrary ground 
formula of the same type as x. 
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F,a& a 
F ~- Bq  F-D 

axiom F I- a 

where H ~ B  is a clause in P, such 
that a=Ha and BC is ground. 

F a t , B l a  1 f- Ca~ , . .  Fan,Bnan* * f- Con D t- 

F,aF- C 

where H i ~ Bi, l<i<n, are exactly those clauses in the parameter transform of 
P where the heads unify with a. Each ci* is the corresponding most general 
unifier, e.g. ai*=mgu(a,Hi). The clauses must not have any parameters in 
common with F, a or C. 

The D ~- rule expresses the principle of definitional reflection [20]. An important special 
case of this rule is when no clause heads unify with a. In that case n=0 so the inference 
step has no premises. That is, the conclusion sequent is immediately proved. We say that 
a is absurd, and that the conclusion sequent is proved by contradiction. The purpose of the 
convention of always having the undefined expression _k is to always have something that 
is absurd. 

This formulation of  the D F- rule presupposes that most general unifiers (mgus) exist 
whenever two expressions are unifiable. That is not always the case with higher-order 
expressions. In this paper, all higher-order expressions will be so-called higher-order 
patterns [16] where mgus always exist. In the naore general case, there must be one 
premise for each clause and each unifier in some complete set of unifiers for a and the 
head of that clause - see [6] for details. 

An important property of this calculus is that the cut inference rule is not in general 
admissible. For some classes of definitions, including cut as an inference rule strictly 
increases the set of  derivable sequents. That is, for some P, cut-elimination is not 
possible. P is said to be total iff cut is an admissible rule. In section 4, we give a 
definition for which any sequent would be derivable using cut, but where the set of 
derivable sequents is still interesting when cut is not used. 

e 

If either ~-p a or a ~-p .1_, for any parameter-free atomic condition a, then P is called a 
complete definition. 

All inference rules and the axiom schema are closed under substitution of parameters. It is 
occasionally useful to make this explicit by using the following admissible rule: 

F ~- C specialisation 
Fa* ~- Co* 

To simplify the presentation of a derivation, we will always apply the ( ) F- or the F-( ) 
rules without explicit mention whenever a sequence condition appears. E.g. if the 
definition contains a clause a ~ b,c we will write: 

F p b  F p c  t-D ratherthan F~-b F~-c  ~_() 
FI- a F~- (b,c) f-D 

F~-a  
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2 Representing logics 

How can the theory of partial inductive definitions be used to represent a logic? The 
starting point is the fact that two of the inference rules of the metalogic - the t-D and D I- 
rules - are dependent on a particular definition for their exact form. These rules can be 
thought of not as two ordinary inference rules making reference to the definition, but as 
two inference rule schemata, generating a set of  antecedent and succedent rules depending 
on the particular definition. The F-D and D ~- rules can be said to be "instantiated" by file 
definition. For example, given the partial inductive definition FOL from the next section 
with the two clauses AvB ~ A and AvB ~ B intended to define object-level disjunction 
(v), the instances obtained are 

FI-A Ft-B F, A t-C F, B F-C 
}-D ~-D D~ 

F ~-A vB FFAvB F, A vB PC 

In the same way, one or several }--D instance is obtained for each clause, and one D }- 
instance for each set of  clauses with non-unifiable heads. The similarities between these 
instances and inference rules of the first-order sequent calculus are no coincidence. This 
view of the calculi of partial inductive definitions as being "instantiable" to other systelns 
with a specialised set of inference rules is the main motivation for using the calculus of 
finitary partial inductive definitions as a general logic. 

Expressions of the object logic will be represented by expressions of typed lambda 
calculus in the standard way (see [14] for a detailed presentation in the context of the 
Edinburgh Logical Framework). Free and bound variables of the metalogic will typically 
be used to represent free and bound variables of the object logic. We will generally let the 
expressions of  the object logic themselves be used as syntactic sugar for their 
representation. E.g. we will generally write Vx.p(x) instead of its representation 
V(3.x.p(x)). Atomic formulae of the object logic - i.e. formulae that are not built up using 
logical constants - will be represented using a "tag" such as g. A fo~Tnula such as p(x),xq 
would be represented as g(p(X))Ag(q). The purpose of this tag is to simulate a subtype 
scheme, so that it is possible to give a pattern unifying exactly with the atomic formulae 
of the object logic - e.g. g(X). Again, in the interests of readability, the formula p(x)Aq 
will be used as syntactic sugar for its own representation. 

When discussing the representation of a logic, we will use the term.judgment. A judgment 
is the unit of reasoning of an object logic. Different kinds of judgments are called 
judgment forms. In predicate logic, we would have a judgment form expressing that a 
particular formula is true. Other formal systems could use different judgments forms, e.g. 
a type theory could have one judgment form to express that an object is a type and 
another judgment form to express that an object is of a certain type. Since the judgment 
form true A, stating that A is true is so common, we will generally identify a judgment 
true A with A itself to reduce the amount of writing. 

It is also possible that for technical reasons the representation of a logic introduces new 
judgment forms that have no direct counterpart in the logic itself. Complicated side 
conditions on inference rules could be expressed in this way, e.g. a representation of a 
modal logic could have a judgment form stating that a formula is comodal. 

We will describe two conceptually different ways to represent a logic using partial 
inductive definitions. In the first approach, which we will call the deductive approach, the 
emphasis is on the derivability of a judgment. The inference rules of the logic are encoded 
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as a partial inductive definition. That a judgment holds according to the definition is 
interpreted as it being derivable in the object logic. The metalogic will essentially be 
turned into a sequent calculus system for the object logic. 

The main difference of the deductive approach from other work on general logic is that 
only the succedent rules of the sequent calculus (corresponding to the introduction rules 
in a natural deduction setting) need be given. The antecedent (elimination) rules are 
obtained implicitly using the principle of definitional reflection (D ~- rule). This use of 
definitional reflection is unique among general logics, although it has recently been 
applied to Martin-Ltifs type theory [3]. 

The other approach will be called the semantic approach. Here, the emphasis is on 
representing the truth of a judgment in an interpretation according to some semantics. 
The semantics of the logic is encoded as a partial inductive definition. That a judgment 
holds according to that definition is interpreted as it being true according to the 
interpretation. Given the definition, the metalogic will behave as a sequent calculus 
system to deduce truth and falsity in interpretations. That a sequent holds implies that the 
succedent judgment is true or at least one judgment in the antecedent is false. 

It is also possible to use the semantic approach to represent truth in all interpretations, i.e. 
logical truth. We obtain a specialised calculus with inference rules appropriate for the 
logic in question, sharing the same general properties, such as structural rules, with the 
calculus of the metalogic. In a sense, the semantic approach embeds the object logic into 
the metalogic. Of course, the inference rules may or may not correspond to the inference 
rules of deductive characterisations of that logic, depending on how the semantic 
definition is written. 

The semantic approach is, perhaps, the most important contribution of this work. The 
deductive approach is included mainly to show that we can represent a logic using 
inference rules. The semantic approach is the more interesting one. 

Although the two approaches are different in motivation, they lead to very much the same 
representation of the logic when they are both applicable (e.g. the same representation of 
predicate logic will be motivated using both approaches). This should not be surprising, 
considering the close relationship in practise between the notions of truth and derivability. 

3 The Deductive Approach 

When defining a logic using the deductive approach, we write down a description of the 
succedent rules of the logic (corresponding to the introduction rules in a natural deduction 
setting) as the clauses of a partial inductive definition. In such a clause, the nonatomic 
conditions (conjunction, implication and quantification) are used to express the desired 
form of the succedent rule. Each clause will provide a particular instance of the FD rule 
which, together with the other inference rules of the metalogic, will generate the desired 
inference rule of the object logic. E.g., the clause A---~B ~ A ~ B ,  states that an 
implication in the succedent can be derived from a sequent with B as succedent and A in 
the antecedent, i.e. the rule 

F,AF B V----) 
F F  A--~B 
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which is the rule for implication in the antecedent in Gentzen's system LJ for intuitionistic 
first-order predicate logic [9]. Instantiating the }-D rule with the clause and using t h e / - ~  
rule to derive the premise of the/-D rule, we get the derivation schema: 

F, A/-B 

F/-A=B 
/-D 

F /-A.-o B 

which admits the same inferences as the rule from LJ. Antecedent rules (con'esponding to 
elimination rules in a natural deduction setting) are obtained using the rule of definitional 
reflection - D/-. Instantiating the D/ -  rule with the sample clause and using the ~ / -  rule 
to derive the premise of the D/- rule, we get the following derivation schema: 

F, B F-C F /-A 

F, A ~ B  /-C 
D/- 

F, A.---)B /-C 

which admits the same inferences as the rule for implication in the antecedent in LJ. 

F /- A F,B /- C 
--0/- 

F,A.-.~B /- C 

(Actually, this is not the exact rule from LJ, as that rule has different F in each premise 
and the conclusion has both of them. Since LJ includes rules for contraction and 
weakening, the formulation here is equivalent to that of LJ.) 

Before giving complete examples of logic representations, we turn to the question of what 
logics we can represent using the deductive approach. 

Apart from the clause-based succedent rule (~-D), the principle of definitional reflection 
(D F-), and inference rules for the nonatomic conditions, the sequent calculus includes the 
structural inferences of contraction, weakening and permutation. The first two are proper 
inference rules, the last one is implicit in viewing the antecedent of  a sequent as a 
multiset. A sequent calculus with these features is called a structural framework by 
Schroeder-Heister [19]. 

This puts some constraints on what logics we can represent. Any logics that are 
represented directly must admit general contraction, weakening and permutation. Logics 
that do not - so called "substructural logics" (e.g. linear logic, relevance logic and 
Lambek calculus) can not be represented - at least not in a straightforward way. In [19], 
Schroeder-Heister argues that structural and logical features of deductive systems can be 
separated in a natural way. (Schroeder-Heister does not consider logics with 
quantification, but that generalisation is straightforward.) The structural features are given 
by the structural framework, while the logical features are given by a database of clauses 
defining the succedent rules. Following this view, we could represent a logic by giving 
the structural framework in addition to the database of clauses. Schroeder-Heister shows 
how structural frameworks different from that of the partial inductive definitions can be 
used to express substructural logics in a natural way. 
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We only admit sequents with a single condition in the succedent. This makes it less 
convenient - but not impossible - to define classical logics, such as Gentzen's system LK 
for classical first-order predicate calculus. Although not discussed by Schroeder-Heister, 
the number of elements of the succedent (one or several) would be a natural feature to be 
determined by the structural framework. 

Since all inference rules of the object logic are obtained using the inference rules of the 
metalogic, the only side conditions on inference rules that can be directly represented are 
side conditions that have a counterpart in the metalogic. There is, in fact, only one such 
side condition, namely the restrictions on parameters in some of the rules. Any other side 
conditions must be expressed indirectly by introducing additional judgments for those 
side conditions and adding clauses to define the inference rules for those judgments. 

A final constraint on the logics we can represent is the connection between the antecedent 
and succedent rules of the object logic given by the principle of definitional reflection - 
there is no independence of the antecedent and succedent rules. This strongly limits any 
attempts to use the rules for other purposes than giving meaning to logical constants. 
Suppose that we carelessly tried to define the principle of reductium ad absurdum by 
writing a clause 

A ~ ~ A  

where A is an arbitrary formula. This would give the desiled succedent rule, but would 
also have the undesired effect of adding an extra premise to every antecedent rule of the 
object logic, e.g. the D F- instance for A->B, would be the useless rule 

F , A ~ B  F- C F,-,-,(A--)B) F C 
Dt- 

F,A--->B t-- C 

To summarise, we can directly represent logics that admit the full set of structural rules 
and have sequents with a singleton succedent, only the parameter side condition or side 
conditions that can be expressed as judgments, and finally the connection between 
antecedent and succedent rules given by definitional reflection. 

These constraints may seem rather severe, but it should be kept in mind that they apply to 
the direct representation of a logic. By introducing additional judgments, they can often 
be worked around. Also, they are not unique to our framework. E.g. the Edinburgh 
Logical Framework (LF) [14] and the metalogic of Isabelle [18] share - apart from the 
lack of connection between antecedent and succedent rules - the same basic constraints. 
Still, many nontrivial logics can be represented in these frameworks - possibly using 
extra machinery to overcome the constraints (see e.g. [1] for the case of LF). 

The following partial inductive definition (which we will call FOL) defines first-order 
(intuitionistic) logic. 

AAB ~ A,  B 
A v B  ~ A 
A v B  ~ B 
A--->B ~ A ~ B  

VxA(x )  ~ I-lxA(x) 
3 x A  (x) ~ A(X) 
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Here the variables X and x have the type of terms of the object logic, A and B have the 
type of formulae (or functions from terms to formulae), and P has the type of atomic 
formulae - except equalities. 

Instantiating the I--D and D F rules with these clauses, and using the other rules of the 
metalogic to derive premises containing non-atomic conditions, we get the following 
derivation schemes: 

FI-A FI-B F, A, B t-C 
FD D F  

FFAAB F, A,xB FC 

FFA FFB F, A I-C F, B }-C 
t--D I-.D DI-- 

FI-AvB FFAvB F, AvB t-C 

F, AI-B 
F ~  

F I-A ~ B  
FD 

F I--A---)B 

F,A ~-_L 

F I-A ~ .k  
FD 

F F --,A 

F}-A(X*) 
t-I]  

F l-l-Ix a (x )  
~-D 

FFVxA(x )  

F FA (t) 
}-D 

F I-3x A(x) 

F, B I-C FI-A 

F, A ~ B  FC 
DI- 

F, A-->B I-C 

DF 
F, _LFC FI-A 

F, A ~ I  I-C 
DF 

F, -,A F C 

F, A(0 FC 

F, I~: A(x) FC 
D~ 

F, V x A ( x ) F C  

F, A(X*) }-C 
DF 

F, 3x A(x) FC 

These derivation schemes correspond almost exactly to the inference rules of Gentzen's 
system LJ. There is an insignificant difference in the rule for implication in the antecedent 
which we have already discussed above. It is not completely clear from [9] what the LJ 
inference rules for negation should be, but the most reasonable interpretation corresponds 
to our derivation schemata. 

We need to show that the parameters of the metalogic can be used to represent parameters 
in the proof-theoretic sense - or "eigenvariables". The purpose of an eigenvariable is to 
represent a completely undetermined term. If  we have a (sub-) derivation in LJ, say, 
where the endsequent contains eigenvariables we can always replace that eigenvariable 
with any other term without invalidating the derivation. Since all inference rules of the 
metalogic are closed under substitution of parameters, we can use parameters to represent 
eigenvariables. 

By adding to FOL the clause T=T ~ ,  we can also handle equality. Using this clause, we 
obtain the following rule for equality in the succedent, for all ten-ns t: 
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- -  ~-D 
Ff-  t=-t 

The antecedent rule for equality is more complicated. We can not simply instantiate the 
D J- rule with this clause, since the form of the instance depends on whether the two telrns 
in the equality are unifiable or not. Roughly speaking, we get one alternative for each 
case. For the case when s and t are not unifiable, we get 

DI-  
s=t ,  F I- C 

In other words, the clause for equali ty enforces free equality. Equality can never hold 
between two different parameter-free terms. Since parameters do not represent any 
particular terms, two different terms with parameters could be equal, i.e. if they are 
unifiable. If  the two terms can not be equal, the assumption of the sequent is absurd and 
the sequent holds immediately. For the case when ~*~ngu(s,t), we get 

Fcr* ~ Ccr*. D I- 
s=t ,  F ~- C 

By including a specialisation step, we can even obtain: 

r ( t )  ~- C(t) 

F(t)~* ~- C(t)~* specialisation 

s=t , F(s) / -  C(s) D I- 

(This derivation schema was the result of  a discussion with Peter Schroeder-Heister.) 

From these examples, it can be seen that the antecedent rule for T=T ~ becomes a very 
general substitution principle. Since this clause really expresses a semantic fact about 
equality, we can not give a fully satisfactory treatment of it using the deductive approach. 
In section 5, we will use the semantic approach to give a precise meaning to the equality 
clause. 

There is a problem with the system obtained using FOL. The reflection principle applies 
to all judgments, even those that have no definitional clause. If  there is no clause defining 
a.judgment A, the D t- rule instance becomes 

- - D F  
F, A F C  

e.g. all sequents assuming A will hold immediately,  since assuming A would be absurd. 
To avoid this effect on atomic formulae, we include the clause g(P) ~ g(P). (Recall that 
g was the atomic formula tag.) With this clause, the FD and D ~- rule instances for atomic 
fonnulae (except equalities) becomes 

F, A F  C D~- F F  A FD - - "  
F ~ A  F , A ~ - C  

which can not serve any useful purpose in a derivation, since for both the premise and 
conclusion are identical. In this manner, atomic formulae are made "undefined". 
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4 Deductive Approach Example: Naive Set Theory 

As another example, we modify the definition FOL for reasoning in naive set theory. Our 
formalisation is based on that of  H a l l n ~  [10], and the example in [12]. To represent 
formulae of set theory, we extend first-order logic with a logical constant for set 
membership. The characteristic of naive set theory as opposed to axiomatic set theories is 
that sets can be formed by comprehension in an unrestricted way, i.e. every predicate on 
sets P(x), defines a set comprising exactly those elements for which P(x) is true. Thus we 
can represent any set by the expression {x I P(x)}. We will represent this expression as 
setexpr(Lx.P(x)), for some arbitrary unique constant setexpr, but will continue to use the 
expression itself as syntactic sugar. 

This representation suggests the following inference rules for set membership 

F I- P(a) t-D F, P(a) ~- C D I- 

F F  a~ {x I P(x)} F, as  {x I P(x)} F- C 

The succedent rule is given by the clause 

ae  {x I P(x)} ~ P ( a )  

and the antecedent rule is obtained from this clause by definitional reflection. 

Equality is given by the principle of extensionality, i.e. two sets are equal if they have the 
same elements. The inference rule for membership in the succedent would be 

F , X * e A F X * e B  F , X * e A ~ - X * e B  
FD 

FF A : B  

it could be defined by the clause: 

A=B ~ Fix (xeA ~ xeB,  xeB ~ xeA)  

Using reflection, the equality clause can be used to substitute the set A for B in a s  B on 
either side of the turnstile. For substitution in the suecedent, it can be done as: 

Axiom 
F, a~ A FasA Ft-as B 

~ F  
1-', a E B ~ a s A  PaeA 

Weakening 
F, a ~ A ~ a s B ,  a s B ~ a e A  ~-aeA 

[IF 
F, l-Ix(xe A ~ x e  B,xe  B ~ x e  A ) Fae A 

DF 
F, A=B FaeA 

However, the system we have defined so far is not strong enough to substitute for a in 
aeA. Intuitively, the reason is that a s  A is defined as P(a), for some P. Since a and b 
could be different objects, even if they are extensionally equal, we can not expect P(b) to 
follow from a=b and P(a). The obvious solution of  adding an axiom such as 
VAVxVy (x=y --e, (xeA e-> yeA))  is not possible since we have to express everything as 
explicit definitions, and this axiom does not define anything explicitly. 

Our solution is to add a new judgment set(A), meaning that A is a "proper" set, i.e that it 
respects extensional equality among its elements, set(A) would be defined if the statement 
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of the axiom held for a particular A. The definition of the quantifiers must also be 
changed to ensure that quantification is only over "proper" sets. The new and changed 
clauses become 

set(A) ~ I-lxl-ly ((set(x), set(y), x=y) ~ (xeA ~ y~A, y~A ~ xeA)) 
3xA (x) ~ A(X), set(X) 
VxA(x) ~ 1-Ix(set(x) ~ A(x)) 
A=B ~ Flx((set(x),xeA ) ~  xeB, (set(x),xeB ) ~ x~A) 

Now it is possible to substitute a for b in be A, provided that set(A) holds, as in the 
derivation fragment: 

Axiom 
F, a~ A t-a~ A F t-be A 

F, b e A ~ a ~ A  t-aeA 
Weakening 

F, a=b, beA~a~A  [-aeA 
F, a=-b, a e A ~ b e A ,  b e A ~ a ~ A  t-aeA Weakening F, a=-bt-a-b Axiom 

F, a=b, a = b ~ ( a ~ A ~ b e A , b e A ~ a e A )  t-aeA 
l-It- 

F, a=b, F ly (a=y~(a~A~yeA,yeA~aeA )) t-a~A 
FIt- 

F, a=b, FIxFly (x=y~(xeA~yeA,yeA~xeA) )  t-aeA 
Dt- 

F, a=b, set(A)t-aeA 

This formulation of naive set theory has the interesting property that although the set- 
theoretical paradoxes are derivable, the system is not inconsistent. Using e.g. Russell's 
paradox, it is possible to derive both t- p and t--~p. A derivation of this paradox is 

Axiom 
Axiom {xl--oc~ x}~ {xl-oce x} 

_1_, {xl--,x~x}e {xl--oc~x} t - _ L  t-{xl--,x~x}e {xl--,xe x} 
= t -  

{xl--ocex}e {xl--,xex}~J_, {x l - -~  x}e {xl--,xe x} t-_l_ 
Dt-  

--,{xl--,xe x}e {xl--,xe x}, {xl--,xex}e {xl--~ex} t-.L 
Dt-  

{xl--,xex]e {xl--,x~x}, {x l~xex}e  {xl--,rex} F-_I_ 
Contraction 

{xl--,xe x }e {xl--,xe x } t-J- 

t-{xl--,xe x}e {xl--,xe x}~_k 
I-D 

t---,{xl--,x~ x}~ {xl--,x~ x} 
t-D 

t-{xl--,x~ x}~ {xl--,x~ x} 

Let P be {x I ---oc~ x}e {x I ---oc~ x}. The endsequent of tiffs derivation is t- 2and the next-to- 
last sequent is t- --,2. 

Since we do not have the cut rule this does not imply that every sequent of the form t- A is 
derivable. In fact in Halln~is' natural deduction formalisation of naive set theory [10], 
there are no normal derivations of  _1_. Since normal derivations in natural deduction 
correspond to cut-free derivations in sequent calculus, there can not be any derivation of t- 
.1_ in our representation of naive set theory. In other words, there is a "localisation" of the 
paradoxes that makes it safe to demonstrate set-theoretic results using our representation 
of naive set theory. In a more general setting [12], HallnLis shows that the cut rule is 
admissible in the theory of partial inductive definitions, precisely in those cases where the 
cut formula is non-paradoxical, i.e. has well-defined (or no) truth value. 
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5 The Semantic Approach 

In contrast to the deductive approach, where the emphasis was on inference rules, the 
semantic approach puts the emphasis  on the semantics of the logic. The idea is to 
represent a given semantics (notion of  truth) using a partial inductive definition. In this 
section, we will discuss truth of judgments under a particular interpretation. Logical truth 
will be treated in the next section. 

To begin with, we will illustrate the basic ideas of the semantic approach, using classical 
first-order logic as an example. In that logic, a formula is expressed in a formal first-order 
language. That formula is given meaning by being mapped into some mathematical 
structure. Such an interpretation maps the predicates, functions and constants of the 
formal language to predicates, functions and individual objects in a mathematical sense. 
The interpretation is used to compute a truth value for any atomic formula, by mapping 
that formula to a mathematical predicate which will be either true or false. In addition, the 
interpretation defines the set of individuals over which variables can be quantified. 

Together with a truth function that defines the meaning of the logical connectives (i.e. 
truth or falsity of non-atomic formulae), such an interpretation permits a determination of 
the truth or falsity of  arbitrary formulae. It is common in logic to include the truth 
function in the interpretation, but as the truth function is always the same for a particular 
logic, we have made it a separate entity. 

Since we are representing logics within a completely formal system, we need a way of 
determining the truth value of  a formula without any references to the mathematical 
structure. Instead of determining truth values of atomic formulae using the mapping, we 
could do it using a set of all true atomic formulae. Defining that set would require a 
reference to the mapping, but once its members are known, no further reference to the 
mapping would be required. An atomic formula would then be true if and only if it is 
included in that set. For convenience,  in the sequel we will call such a set the 
interpretation, although strictly speaking an interpretation is the mapping of formulae into 
the mathematical structure. 

Of course, when representing a logic, one does not have to define a proper interpretation 
first and use it to derive the set of true judgments and the truth function - that set could be 
defined directly from an understanding of on how the particular logic works. 

The truth functions would also need to be reexpressed using this way of defining truth 
values. In particular, quantification can no longer be done over the set of individuals, but 
must be done over the set of formal terms of first-order logic. Since all interpretations 
define the logical connectives in the same way, the reexpressed truth function will be the 
same for any interpretation. 

To ensure that quantification over terms does not omit any individual, every individual 
must be the image under the mapping of some term. If  some individuals are not, we add 
new expressions to the formula language to represent each such individual. In the sequel, 
we will always assume that the interpretations are written so that this requirement is 
fulfilled. This is no real restriction, as we could assume that the formula language had a 
special set of terms set aside for that purpose and that the interpretation was extended, as 
necessary, to map these terms onto the individuals that would not otherwise be accessible 
(or to an arbitrary individual if all individuals were already accessible). 
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Since we use a countably infinite language to express terms, this way of eliminating the 
set of individuals is possible only if that set is also countable, so the semantic approach is 
limited to representing countable interpretations. However, when we later represent the 
notion of "logical truth" (truth under all interpretations), truth in uncountable 
interpretations will be included, since the interpretations need not actually be constructed. 

In general, several terms may correspond to one individual, e.g. the interpretation may 
map both the terms 1+1 and 2 to the single numeral "2". This does not pose any problems 
as for any true formula containing the term 2, there must be another one containing the 
term 1+1 at the same position, and vice versa. It does not matter which one of the terms is 
used, so quantification can be done uniformly over the set of terms - regardless of the set 
of individuals of the interpretation. 

The concept of interpretation is used in a similar way also for other logics than classical 
first-order logic. However, we will generalise the concept of  a formula, talking about 
general judgments instead. 

Judgments are divided into atomic and non-atomic ones. Atomic judgments are those 
where the truth values are determined by the interpretation, while the truth values of non- 
atomic judgments are determined by the truth values of  their constituent atomic 
judgments according to the truth function. The difference between atomic judgments and 
atomic conditions should be noted - the latter are atomic units of reasoning of the 
metalogic. Just as with atomic formulae, we will use a tagging scheme in the 
representation of atomic judgments. 

For logics other than classical first-order logic we will eliminate references to the 
interpretation in a similar manner as above, defining a set of true atomic judgments and a 
number of sets of terms, one for each set of  individuals. 

To represent truth in a particular interpretation, we will use a partial inductive definition 
consisting of two parts, the interpretation part (/) and the semantic part (T). When there is 
no risk of misunderstanding, we will simply refer to I as the "interpretation" and T as the 
"semantics". The interpretation part defines the true atomic judgments. 

To be able to distinguish between different judgment forms easily, we use the convention 
that all judgments are written in the form j ( e  I . . . . .  en), where j determines the judgment 
form. For brevity, we will generally write judgments as j ( e ) ,  with a single argument. It 
should always be obvious how to generalise this to judgments with more than one 
argument (or even without arguments). As we mentioned before, when there is only one 
judgment form, j, it could be convenient to identify the judgment j(e) with e, effectively 
dropping j and and simply using e itself as the judgment. 

I f j  is an atomic judgment, we have I.-lj  if and only i f j  is true. Since no atomic judgment 
can be both true and false under a given interpretation, we require that any I that 
represents the actual interpretation has the property that not both ~-l.J and j t-t .1_. This 
requirement is fulfilled if I is total. I f  I is also complete, this means that for any atomic 
judgment.j ,  we h a v e j  I-- / _L if and only i f j  is false according to L Although I should 
intuitively be a complete definition, it is possible to have a non-complete L Completeness 
of the representation may then suffer - i.e, there may be true (or false) judgments that can 
not be shown to be true (or false) - but soundness will be preserved, i.e. no judgments can 
incorrectly be sho.wn to be true or false. This can be seen in the conditions of the 
correctness theorem below. 
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We will require that the properties of the previous paragraph hold even when the semantic 
part of  the partial inductive definition is added, i.e. when the derivability relation is F-twr 
rather than I-/. A simple way to ensure this is to write T so that it does not include any 
clause defining an atomic judgment, and to write I so that no clause of  it contains a 
condition that is a non-atomic judgment, either in the head or in the body. These 
conditions also apply to occurrences of terms that may be instantiated to atomic or non- 
atomic judgments, respectively. 

Since we represent interpretations using a formal notation - clauses of partial inductive 
definitions - it is a fundamental consequence that we can only represent interpretations 
where the set of true atomic judgments is recursively enumerable (decidable or 
semidecidable). If  this set is semidecidable, it will be unavoidable that I is not complete 
(otherwise 1-1would decide/). 

The set of terms will be implicitly represented by determining the type of the variables in 
T that range over terms. 

In the simplest case an interpretation could be a set of definitional clauses enumerating 
the true atomic judgments, e.g. 

p ~  
q ~  
X=X 

defines an interpretation where the true judgments are p, q, and all equalities between 
identical terms, all other judgments are false. This partial inductive definition is both 
complete and total. The interpretation could just as well be a more complicated definition, 
in which case the writer of the definition must ensure that it has the desired properties. 

Since nothing in the soundness of the semantic approach (which is discussed below) 
depends on the conditions on I we have just given, it would be possible to have an I where 
FIj and j 1-1 .k could both hold -corresponding to an "interpretation" whel'e j was true and 
false at the same time. Conversely, if I is not complete, it can be the case that neither F-I.j 
no r j  F- I _1_ holds. According to our discussion above, this should be understood as a case 
where j  is false (since not 1-IJ), but where that could not be shown to hold. A different 
view could be thatj  is neither true nor false, but lacks a truth value. In both these cases, I 
does not represent an actual interpretation. We will call such an I a pseudo-interpretation. 
It turns out that pseudo-interpretations can be both meaningful and useful. In the next 
section we will see examples of the use of pseudo-interpretations. 

The semantic part T of the partial inductive definition represents the truth values of non- 
atomic judgments by representing the truth functions of judgments given by the semantics 
of  the object logic. To obtain the truth function definitions from T, first partition T into 
subdefinitions Tj. for each judgment form j -  i.e. exactly those clauses defining a particular 
judgment form should all be in the same subdefinition. If there is only one judgment 
form, there will only be one subdefinition, identical to T, Each subdefinition is interpreted 
as con'esponding to a truth function q)for the particular judgment forrn, such that 

f '/[7)] Ifj(X) is a non-atomic judgment 
true Ifj(X) is an atomic judgment that is 

= true according to the interpretation. 
~(X) false ffj(X) is an atomic judgment that is 

false according to the interpretation. 
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He~  ~]  is a syntactic mapping given by 

q[{ }] false 
q[{KI,K 2 .. . . .  Kn}] q[K1] o r . . .  or q[Kn] (where n>O) 
q[j(H)~B] some x t .. . . .  x n ( equal(X,H) and (/[B]) 

(where x t .... ,x n are the free variables in j ( H ) ~ B )  
q[( )] true 
~[(Ct,C 2 .. . . .  Cn)] ~ C  t] and . . ,  and q[C,] (where n>0) 
~ C ~ C ' ]  not q[C] or ~C'] 
q[I-lx C(x)] every x: ~C(x)] 
q[_l_] false 
q[f(a)] ~,(a) (where j '(a) is a judgment, i.e. an atomic condition) 

Note that since q[] defines a syntactic transformation, the variable X in the mapping of 
q[H~B] is the same one as in the definition of ~, i.e. the argument variable of ~. 

true and false are truth values. The primitive truth functions and, or, not, every, and some, 
are defined as follows: 

x and y true if both x and y are true, false otherwise. 
x or y true if either x or y is true,false otherwise. 
not x true i f  x is false, false otherwise. 
every x:P(x) true if P(a) is true for every a of the same type as x, false otherwise. 
some x:P(x) true if P(a) is true for some a of the same type as x, false otherwise. 
X=Y true if X is equal to Y, false otherwise. 

For every definition T, we will also define a general truth function for all judgment forms, 
using the equation '/(j(e)) = ~(e). 

We will apply this transformation to the definition FOL, in order to show that it 
represents the semantics of  first-order predicate logic. The judgment t(A) will denote that 
A is a true formula under some interpretation. We apply the convention that the judgment 
t(A) is identified with the formula A. The truth function con'esponding to FOL is: 

~(X) = some A,B: (equal(X~4^B) and rs and ~(B)) 
or some A,B: (equal(X,A vB) and ~(A )) 
or some A,B: (equal(X,AvB) and ~(B)) 
or some A,B: (equal(Xc~---)B) and not ~(A ) or ~ (  B) ) 
or some A: ( equal(X,--~A ) and not ~(A ) or false) 
or some A,x: (equal(X,3x A(x)) and ~(A (x))) 
or some A: (equal(X,k/xA (x)) and every x: ~(A (x))) 

~(X) = true If  X is an atomic formula that is true according to the interpretation. 
~(X) = false I fX  is an atomic formula that is false according to the interpretation 

By using the obvious algebraic properties of the primitive truth functions to do some 
natural simplifications, the function can be written more clearly. In the sequel, we will do 
such simplifications without comment. 

~(A^B)  = ~(A) and ~(B) 
Tt(AvB) = Tt(A ) or ~(B) 
fill(A-)B) = not ~(A ) or ~(B) 
~(--~A ) = not ~(A ) 
~ O x A ( x ) )  = some x ~(A(x)) 



109 

~(VxA(x)) = every x ~(A(x)) 
~(A) = true i fA is an atomic formula, true according to the interpretation 
~(A ) =false otherwise 

It should be clear that this function faithfully expresses the truth of a formula in first-order 
predicate logic. 

Of course, not every partial inductive definit ion corresponds to a meaningful truth 
function. For example, letting j(a) be a non-atomic judgment, a definition containing the 
single clausej(a)  ~j (a )  ~ .L, corresponds to the (slightly simplified) function 

Iequal(X, a) and not If j (X) is a non-atomic judgment  (x0 
true If j (X) is an atomic judgment that is 

true according to the interpretation. 
c~(X) = false If j (X) is an atomic judgment that is 

false according to the interpretation. 

which is not well-defined for qj(a). Since the representation of an object logic using the 
semantic approach involves constructing a partial inductive definition that con'esponds to 
a given truth function of the logic in question, the possibi l i ty of  meaningless truth 
functions need not concern us. We must presume that the object logic was initially 
foiTnulated with a meaningful semantics. On the other hand, to obtain a soundness result 
for the mapping of partial inductive definitions to functions, we must define precisely 
what we mean by a "meaningful" truth function. 

The requirement we need is that the function is total, i.e. for every judgment J, we must 
have either q(J)=true or q(J)=false. Actually, since we have assumed that the truth values 
of atomic judgments are well-defined by the interpretation, all we need is the weaker 
requirement that q(J) is total under the assumption that it is total for atomic judgments. 
This weaker requirement is easier to verify, since it depends only on that part of the truth 
function that expresses the truth of non-atomic judgments - the part con'esponding to T. 

We interpret a sequent F ~-1uT C, where the succedent and the elements of the antecedent 
are all judgments, as follows: According to the truth function corresponding to T with 
atomic judgments having truth values according to L either the truth value of C is true 
(i.e. q(C)=true) or the truth value of one of  the judgments in F is.false. We have now 
arnved at our goal of being able to represent a logic and an interpretation, and being able 
to express that judgments are true or false in flaat logic according to the interpretation. The 
following theorem shows that the representation correctly expresses what we intend. 

T H E O R E M  Correctness  of the represen ta t ion  
Let J be a judgment,  F be a set of  judgments ,  I be a partial inductive definition 
representing an interpretation and T be a partial  inductive definition representing a 
semantics, such that q'is a total function from judgments to truth values. Then 

(soundness) If F ~'IuT J holds, then ~J)=true, or - for some Ge F -  ~G)-false. 

If, in addition, IuTis  a complete partial inductive definition, then also 

(completeness) If q(J)=true, or - for some Ge F - :1(G)=false, then F SluT J holds. 

The proof is omitted for reasons of space. The interested reader is referred to [6]. �9 
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An immediate corollary is that when I w T  is complete, FIuT J holds iff q(J)=true, and 
J/"IuT-l- holds iff ~J)=false. 

Given the partial inductive definition FOL and an interpretation where every atomic 
formulae is false, i.e. an empty interpretation, we have t- ~ a, F- b--~b, I- a---~b, and 
~- (aAb) --->~ (~a  v ~b)  but~, a and I," 3xr(x) .  

If we wanted an interpretation where the atomic formulae a and r(1) are true, but no other, 
we can add the two clauses a ~ and r(1) ~ .  We then have ~- a, b- 3x r(x), 1- b ~ b ,  and 
~- (aAb) --~ ~(--,a v ---,b) but t," ~ and ~ a---~b. 

To obtain first-order logic with (free) equality, the interpretation must include all 
formulae of the form t=-t, and no formulae of the form s=t, where s and t are different 
terms. A partial inductive definition representing such an interpretation could define the 
equality predicate with the single clause: 

T=T 

6 L o g i c a l  T r u t h  

Often the question of logical truth, i.e. truth under all interpretations, is at least as much of 
interest as the question of truth under a given interpretation. The semantic approach can 
be used also for showing the logical truth of judgments. 

When we are talking about an "arbitrary interpretation", two different things are involved. 
One is the arbitrary mapping of atomic judgments to mathematical predicates, the other is 
the arbitrary domain of quantified variables. From the discussion in the previous section, 
we recall that any combination of these two things defines some set of true atomic 
judgments - the domain of quantification in the truth function in all cases being the set of 
terms. This implies that to show truth under all interpretations, it suffices to show truth 
under all sets of  true atomic judgments - or "interpretations" in our terminology. 

Since interpretations are represented by partial inductive definitions, we can not quantify 
over them. Instead, we use a pseudo-interpretation consisting of only the clauses 

j(g(X)) ~ j(g(X)) 

for all judgment forms j ,  where g is the appropriate "tag" used for atomic judgments. We 
call such a definition L, L is a pseudo-interpretation where no judgments have a truth 
value, i.e. neither F L j(a) nor j(a)I-l ,  .1. holds for any j(a). Intuitively, we would expect 
(non-atomic) judgments that are true in this pseudo-interpretation, to be logically true, 
since their truth value can not depend on the truth or falsity of  any particular atomic 
judgment and thus not on any particular interpretation. 

We can show formally that this is the case. Consider a t-D or D ~- inference step where the 
condition a of  the presentation of these inference rules represents an atomic judgment. 
Since such an inference step would use one of  the clauses j (g(X))  ~ j(g(X)), its premise 
would be identical to the conclusion, i.e. the inference step would be completely 
redundant and could just as well be removed from the derivation. In other words, a 
derivation of a judgment using the definition T u L  does not depend in any way on the 
actual contents of  L. L could just  as well be replaced by an arbitrary ordinary 
interpretation - that is, the judgment is true in all interpretations. 
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Note that even though we are unable to represent interpretations that are not recursively 
enumerable, L still gives us truth in all interpretations - including those where the set of 
all true judgments is not recursively enumerable, or even countable - since no arbitrary 
interpretation needs to be actually represented as a definition. 

With the partial inductive definition FOL and the pseudo-interpretation L, we have 
t- (aAb) ---> ~ ( ~ a  v ~b)  but b" a and b" --,a. 

We can also write pseudo-interpretations where some atomic formulae have defined truth 
values, while others do not. To do this the clause fig(X)) ~ j(g(X)) should be changed to 
cover only those atomic formulae which should not have defined truth values. 

Unfortunately, it is not always the case that t-TuL J holds if  the judgment J is logically 
true. This is only to be expected since TuL  is not a complete  definition, so the 
completeness par~ of the correctness theorem is not applicable. 

Consider again the representation of the semantics of first-order logic and the judgment 
pv~p.  Even though this judgment clearly holds under any interpretation, it does not hold 
in the pseudo-interpretation L. The reason is that even though this judgment is true in all 
interpretations, the derivation of it requires an actual truth value for p, either true or false. 
That is, different derivations are required in different interpretations. Depending on 
whether p is true or false in a particular interpretation I, we will have one of the two 
following derivation fragments: 

p t - /  

F-p~_I_ 
FD 

I-p F-~p 
FD FD 

I-pv~p Fpv-~p 

Every time there is a choice of how to compute the truth value of a judgment,  the 
possibility of different derivations arise. In the definition of first-order logic, the only 
place where such a choice can be made is in the definition of the v connective. Those 
logically true judgments we can derive are those where the choice can be made uniformly, 
independent of the interpretation. 

Consider also the judgment -~Vx p(x) --9 3x -~p(x). This judgment  is true in any 
interpretation, still it does not hold in the pseudo-interpretation L. As in the case with 
pv-~p, the problem is that a choice must be made. This time the choice is of an actual 
instance of the existentially quantified x. Such as choice can not be made, since it does not 
follow from --,Vxp(x) thatp(a) is false for any particular a. 

This is closely related to the ideas of intuitionistic logic, where all derivations must be 
constructive, i.e. the derivation of a disjunctive formula must be justified with the 
derivation of one of the parts of the disjunction. The formula pv--,p is not derivable in 
intuitionistic logic, since neither p nor --,p is derivable. Similarly, the derivation of an 
existentially quantified formula is justified with the derivation of an actual instance of that 
formula. Thus we could be justified in saying that, in a sense, with the pseudo- 
interpretation L we obtain truth in an "intuitionistic" version of the logic defined by T. 

Indeed, in the case of first-order logic we do get exactly the intuitionistic notion of truth. 
Using the deductive approach we can see that the partial inductive definition FOL gives 
the inference rules for Gentzen's intuitionistic sequent calculus LJ. 
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It is important that there are as few alternative definitional clauses as possible. In FOL, 
implication is defined by the clause A---)B ~ A ~ B .  It would have been just as correct to 
give the two clauses A---)B ~ A ~  • andA---~B ~ B. The truth functions given by '2[] in 
the two cases would have been equivalent. However, this would introduce another choice 
between two alternatives - further reducing the set of logically true judgments that could 
be derived. In that case we would not even have the advantage of an established logic to 
classify those judgments that are still derivable. 

It is possible to recover completeness by adding to L the following clauses: 

classical ~ Fix classical" (x) 
classical'(X)~ X 
classical'(X)~ X ~ .k 

and including classical in the antecedent of the sequent when a judgment should be 
derived, classical is defined by these clauses to hold if every atomic judgment is either 
true or false. Assuming classical implies assuming that every atomic judgment has a well- 
defined truth value. With classical, we can get derivation fragments such as this: 

p FJ p ~ •  FJ  
D F  

classical'(p) F J 
HF 

f ix  classical'(x) F-J 
D F  

classicaIF J 

To complete this derivation, two sequents need to be derived, each with the judgment J as 
succedent. One sequent has the assumption that the judgment p is true, the other has the 
assumption that the judgment p is false. In other words, the derivation has been divided 
into two cases where p has the truth values true and false, respectively. Using contraction 
on classical the derivation of A can be divided into truth/falsity cases for an arbitrary 
number of atomic judgments. In this way all logically true judgments can be derived. We 
can introduce a new judgment form ctrue, for classical truth, defined by the clause 

ctrue(A) ~ classical ~ A 

Letting LC be the partial inductive definition obtained by taking L together with the 
clauses for classical, classical" and ctrue, we have F-TuLC ctrue(A) iff A is logically true. 

ctrue(pv~p) can be shown to hold by the following derivation using the definition TuLC: 

p~p 
FD 

p F p v ~ p  

Axiom 
Z, p F •  

p ~ i ,  p F-_L 

p~_k I-p~'l" 
p ~ •  F'-,p 

p ~  Z Fpv- ,p  

classical'(p) Fpv-~p 
FIF- 

Fix classical'(x ) F pv-~p 
D[- 

classicalF pv-~p 
F ~  

Fclassical~pv- ,p  
FD 

Fctrue(pv-np) 

Axiom 
p ~-p 

~ F -  
F ~  

FD 

FD 

D F  
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Although more complicated (classical must be used twice), a derivation of  
ctrue(~Vxp(x) ---> 3x ~p(x)) can be done in essentially the same way ([6] example 2.3.1). 

7 Examples of the Semantic Approach 

We will illustrate the semantic approach by two examples. The logics we will represent in 
this section are modal logics and three-valued logics. 

We first carry out the representation of modal logic using Kripke semantics. In Kdpke 
semantics, an interpretation is typicaIly given as a triple (WJ~,V), where W is a set of  
possible worlds, R is an accessibility relation between worlds and V is a binary relation 
between worlds and formulae, defining which formulae are true in each world. In other 
words, the truth of  a formula is dependent on the world in which this formula is 
considered. The modal operators o (necessity) and 0 (possibility) are defined in terms of  
how it is possible to move from the current world to other worlds, as defined by the 
relation R. A formula is necessarily true in some world, if the fo:znula inside the modality 
is true in all directly accessible worlds. A formula is possibly true in some world, if the 
formula inside the modality is true in at least one of  the accessible worlds. A formula is 
simply true, if it is true in all the worlds in W. 

We will represent formulae of the modal logic in the same way as formulae of  the 
propositional part of first-order logic. Since nothing in Kripke semantics depends on what 
the worlds themselves actually are, we leave the representation of worlds unspecified. We 
get three basic judgment forms: 

�9 W::A The relation V, i.e. the formula A is true in the world W. 
�9 W,<W' The relation R, i.e. the world W'  is accessible from the world W. 
�9 true(A) The formula A is true (in eve:3' world). 

The judgment form W<<W " has only atomic judgments, i.e. it is not defined by the 
semantic definition. The judgment form true(A) has no atomic judgments. Judgments of  
the form W::A are atomic iff A is a proposition letter. The interpretation (in our sense of 
the word) would define completely the judgment form W<,W' and the judgments W::A, 
where A is a proposition letter. 

Letting the variables W, W" and w have the type of possible worlds, a definition that gives 
the semantics of these judgments is 

W::AAB ~ W::A, W::B 
W::AvB ~ W::A 
W::AvB ~ W::B 
W::A---->B ~ W::A ~ W : : B  
W::---A ~ W::A~_I_ 
W::DA ~ Flw (W<,w ~ w::A) 
W::0A ~ W<<W', W'::A 
true(A) ~ Hw w::A 

Note that here ---> denotes ordinary (logical) implication, not strict implication. 

We will show that the truth functions corresponding to this particular definition using the 
mapping q[] do give the correct interpretation of the modal connectives. The clauses for t~ 
and 0 define 
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T:(W, nX) = every w: (not q',(W, w) or T:(w, X)) 
~:(W, OX) = some W" : (%(W, W ') and ~:(W',  X) 

which is indeed the correct definition according to Kripke semantics. 

For logical truth (truth under all interpretation), the situation is different than that for non- 
modal logics, as there are typically restrictions on the accessibility relation R. By 
considering only such interpretations where R has certain properties, e.g. reflexivity, 
logical truth in different modal systems are obtained. 

A pseudo-interpretation for logical truth similar to the ones we have seen previously 
would have the form 

W::g(A) ~ W::g(A) 
W<<W' ~ W<,W' 

However, such a pseudo-interpretation would just give logical truth in the system K, 
where there are no conditions on R. To obtain logical truth in the other systems, we will 
add clauses that force the judgment form W,,W" to have the desired properties. E.g. by 
adding to the pseudo-interpretation the two clauses 

W<<W 
W<(W" ~ W<(W", W%W" 

R would be forced to be a reflexive and transitive relation, so truth in the modal system 
$4 would be obtained. 

One of the characteristic axioms of $4, []p--->�9 rap, can be shown to be logically true in $4 
by the following derivation: 

, ,, Axiom Axiom 
W <<W , W*,W'*, 
W'*,< W"* W'% W"* 

. . . .  ,. Axiom b W*<<W'* b W'*.  W"* 
W :'p, W <<W , W'*<<W"* ~-D 

W ((W , W'*(<W"*I-W*.W"* F-W"'::p * "* 
~ b  

* i t*  i t * . ,  * t *  W<<W ~ W  ..p,W<<W , W '  . . . . . . .  <<W bW ::p 
....... * W <<W , W'*<<W"*FW"*::p H F  l-lw(W <<w~w::p), * "* 

D b  
* W <<W , W ' % W  . . . . . .  W ::rip, * '* FW ::p 

W*::mp, W%W'* "* "* ,,, b ~  bW ,<W ~ W  ::p 
W*::np, W%W'* brlw(W'*<~v~w::p) FH 

FD * * t *  t * . .  W :: �9  W <<W FW . . �9  
, ,, ,, F=:~ 

W*::opbW ~W ~ W  ::t~p 
, , b l - I  

W :: �9  <<w~w::Dp) 
bD 

W : :opbW : : � 9 1 4 9  

FW*::op~ W*::t~[]p b ~  
I-W*::op-->[]Dp I-D 

bl-I 
bFlw w :: op-~ o op 

FD 
F-true(�9 [] []p) 
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Jus t  as with predicate logic, we have only obtained truth in the intuitionistic sense. 
Classical truth can be obtained using similar techniques: 

classical ~ Hw Fix classical(w, x) 
classical' (W, X ) ~  W: :X 
classical'(W, X ) ~  W::X ~ .L 

ctrue(A ) ~ classical ~ true(A) 

The intention of the next example is to show how the semantic approach can be extended 
in a natural way to logics with more than two truth values. We will represent the three- 
valued logics of  Kleene and Lukasiewicz [15]. The example was inspired by the 
representation of three-valued logic in LF described in [1]. 

Kleene's logic has three truth values: t, f,  and u. The first two are the usual truth and 
falsity values, while u stands for a particular truth value meaning "undefined". The 
meaning of the logical connectives of Kleene's logic is given by the following truth tables. 
The rows correspond to different first arguments and the columns to different second 
arguments of the connective in the top-left corner. 

V 

f f 
U U 

t f  u ^ t f u 
t t t  t [ ! f u  
t f u  f f f  
t u u u f u 

-") t f tl 
t t f U 

f t t t 

U t U U 

= t , f  U 

f f  u 
U U U U 

The logic of Lukasiewicz has different tables for implication and equivalence. The 
connectives for that logic will be written -~c and -L" Additionally, we introduce an 
"external" equivalence connective, =, which holds between two expressions that have 
equal truth values under all interpretations. 

' - ) L  t f u 

t t f u 
f t t t 
U t U t 

=Lt f u = t f u 
t l t  f u t l t  f f 
f f  t u f f  t f  
u u u t  u f f t  

The three truth values are represented using two different judgment forms, true(e) and 
false(e). If e has truth value t or f, the appropriate judgment holds. If  it has the truth value 
u, none of them hold. The semantics of each judgment is obtained by splitting each truth 
table in two; one for each judgment form. For the connective ---~, we get the following two 
tables. (We enter Y if the judgment should hold and N if it should not, to avoid confusion 
with the truth values). 

true ~ t ,f u 
t Y N N  
f Y Y Y  
u Y N N  

false ---) t f u 
t ! Y N  
f N N  
u N N  

By deciding in this way when each judgment form should hold for every connective, we 
can construct a partial inductive definition that gives the appropriate truth functions. To 
improve the readability of that definition, we will identify the judgment form true(e) with 
e. Also, since according to the truth table for negation,false(e) holds iff true (--,e) holds, 
we can identify the judgment form false(e) with --he. 
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A ^ B ~  A , B  
A v B  ~ A 
AvB  ~ B 
A--g B ~ (--aA ~ I ) ~  B 
A - B  ~ (---,A ~ _ k ) ~ B ,  (A ~ •  
A--~LB ~ A ~ B ,  --,B ~---~A 
A=-L B ~ A ~ B ,  B ~ A ,  --aA~--~B, --,B~---~ 
A=_B ~ A ~ B ,  B ~ A ,  - d ~ - - ~ ,  ~ B ~ - - d  

~(A^B)  ~ --aA, 
~(AAB) ~ ---,B 
- - ,~vB) ~ ---,A, --,B 
~(A ---~B) ~ A ,  - -~ 
~(A-B)  ~ (--~A ~ I ) ~ - ~ B ,  (B ~_I_)~A 
--,(A ~LB) ~ A ,  --~ 
-~(A-LB ) ~ (--et ~•  (B ~ •  
~(A=_~) ~ A--~ ~ • 
~---A ~ A  

These clauses are not unique - there are many equivalent ways of writing the definition 
that gives the same truth function. We will show with one example that the truth function 
corresponding to this particular definition using the mapping q[] is indeed the same as the 
one given by the truth tables. The clauses for ~ give 

~,e(X--)  Y) = not not ~alse(X) or ~rue(Y) = q_false(X) or Tttrue(Y) 
Tf~zs,(X'-') I') = "Itt,.,~. C X) and '~als~(Y) 

which is exactly the same as the truth function defined by the truth tables for true ---) and 
false ~ .  

The pseudo-interpretation to give logical truth is given by the clauses 

g(P) ~ g(P) 
~g(P) ~ ~g(P)  

Just as with the other representations of  logics we have described,  this pseudo- 
interpretation is incomplete. As in the other cases, we include classical in the antecedent 
to overcome the incompleteness - although "classical" is strictly speaking an improper 
name in this case, as there is no "intuitionistic" sense of  the three-valued logics. A 
difference in this case is that we must not have a case where both true(e) and false(e) 
hold, as this does not correspond to a legal truth value. Instead, we must have three cases, 
corresponding to the legal combinations of  the two judgments. We get 

classical ~ Fix classical'(x) 
classical'(X)~ X, --0[ ~ •  
classical'(X)~ --~, X ~ • 
classical'(X)~ X ~ i ,  -0r ~ l  

ctrue(A ) ~ classical ~ A 
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8 Related Work 

The first presentation of a finitary deductive system based on the same ideas as those 
underlying the theory of partial inductive definitions was given by Halln~is and 
Schroeder-Heister in [11]. That system did not include parameters or universal 
quantification (but did include logical variables). In [4], the present author used an 
informal finitary presentation of partial inductive definitions including parameters, but 
without unification of parameters in the D F rule. Instead, parameters were instantiated by 
a simple case analysis (this can be seen as a precursor of the co-rule of [20]). Formalising 
the idea of case analysis and combining it with the D F rule resulted in the present finitary 
system, which was first presented in [5], and further developed in [6]. 

Another finitary presentation is that of  Hanschke [13], using Skolemisation rather than 
parameters to represent universally quantified variables. Hanschke's approach is unsound 
in general (two different Skolem constants cannot be unified as two parameters can), but 
the unsound cases do not occur in the application for which the representation was 
intended (terminological reasoning). 

Concerning general logics, our work is most similar to approaches where object logics are 
represented by expressing their inference rules using the metalogic. The most well-known 
work in this area are the Edinburgh Logical Framework (LF) [14] which represents logics 
using a dependent type system, and the metalogic of  Isabelle [ 18] which uses higher-order 
resolution. A third interesting approach is that of  Felty [7, 8]. 

Felty's work intends to specify theorem provers using a higher-order logic programming 
language (specifically ~.Prolog [17]). In that respect, her approach is quite similar to that 
of Isabelle in that languages of the ~.Prolog family implement higher-order resolution. 
There are, however, important differences in how the resolution mechanism is actually 
used. In particular, Felty's intention to specify theorem provers means that not only the 
inference rules themselves but also the derivation structures must be represented on the 
object level. 

Since our metalogic (extended with logical variables as in [6]) can be regarded as a 
superset of the higher-order hereditary Harrop languages of the ~Prolog family, all of 
Felty's specifications can be implemented in our system. 

Using our metalogic to implement Felty's specifications makes new interesting 
applications possible. With the power of a full sequent calculus system, including the D F 
rule, it would be possible to derive metalogical results about the specified deductive 
system. E.g. it should in principle be possible to derive such proof-theoretical results as 
cut-elimination or normalisation, although we have not made any practical attempts in 
this direction. 

In [8], Felty also proves that LF can be interpreted in her system, so these approaches to 
general logic - as well as the Isabelle approach - have the same generality as ours. What 
is unique about our work is the semantic approach to general logic. The dependence of 
both the FD and D F rules on the definition, makes it possible to naturally interpret the 
definition as truth functions. Of course, the semantic approach could be emulated in other 
general logics - including LF - but that would not give the same natural correspondence 
between the inference rules of the general logic and the steps in evaluating the truth 
function. 
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As case examples, consider our representations of modal logic and three-valued logic in 
section 7. Both these representations have been carded out in LF as well [1]. However, 
the LF thesis, as given in [I]: "well-behaved natural deductive formalisms ... can be 
directly encoded" means that inference rules with side conditions generally force quite a 
complicated representation with much technical apparatus. 

A case in point is the LF representation of natural deduction $4, which separates the 
system into a modal and nonmodal part with different validity judgments which are 
related in non-obvious ways. In contrast, our representation using Kripke semantics is 
quite natural. Modal logics are notorious for having complicated proof theories - in 
particular natural deduction systems - which makes them less well suited to a 
representation based on inference rules. 

Benevides and Maibaum [2] have proposed a elegant and general natural deduction 
treatment of modal logic. It is interesting to see that although they do not use explicit 
accessibility relations, their treatment does make use of a concept resembling the 
"possible worlds" in the Kripke-semantic sense. 

The representation of Kleene's three-valued logic in LF is essentially the same as ours. 
However the LF representation is motivated by a proof theory for the logic which was not 
present in the formulation of the logic [15]. While the LF representation requires the 
existence of a proof theory - if there is none, one would have to be specifically developed 
- our representation is directly based on the semantics, in this case the truth tables. 

lqae back side of the coin is that the semantic approach requires a semantics for the logic 
which can be represented in a straightforward way. If the logic is given by inference rules 
only, the semantic approach can not be used. 

9 A c k n o w l e d g e m e n t s  
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improve this paper. 
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