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Abs t rac t .  The computation of the optical flow field from an image se- 
quences requires the definition of constraints on the temporal change of 
image features. In general, these constraints limit the motion of the body 
in space and/or of the features on the image plane. 
In this paper the implications in the use of multiple constraints in the 
computational schema are considered. It is shown that differential con- 
straints correspond to an implicit feature tracking. Consequently, the re- 
sults strictly depend upon the local gray level structure. The best results 
(either in terms of measurement accuracy and speed in the computa- 
tion) are obtained by selecting and applying the constraints which are 
best "tuned" to the particular image feature under consideration. 
Several experiments are presented both from a synthetic scene and from 
real image sequences. 

1 I n t r o d u c t i o n  

In every computational schema it is always desiderable to overconstrain the 
problem. This practice generally allows to more precisely determine the solu- 
tion. Moreover, it is also important  to use redundant informations to enforce 
robustness with respect to measurement noise in the input data. There are many 
examples in the literature, where optical flow is computed by means of several 
constraint equations applied to many image points [1]. The question is: is always 
the problem posed in the correct way? What  is the best way to overconstrain 
the computational problem and make it well posed?. 

The aim of this paper is to analyze flow constraints commonly used in dif- 
ferential methods to compute optical flow, and understand the relation with the 
underlaying intensity pattern. The problem is faced in terms of the geometrical 
properties of the constraint equations in relation with the distribution of the 
image brightness. The analysis of the equations in terms of the response of the 
differential operators to different intensity patterns, allows to understand which 
is the best combination of constraints at a given image point. 

2 M o t i o n  a n d  o p t i c a l  f l o w  

Uras et al. [2, 3], among others [4, 5], discovered that  the aperture problem is a 
"false problem". In fact, it can be easily overcomed as soon as enough "struc- 
ture" is present in the image brightness. They suggested to use several second 
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order derivative operators to compute the optical flow which best approximates 
different hypothesis. Within a different framework, Nagel [1] developed a set of 
linear equations in the first and second order derivatives of the image brightness, 
to compute the optical flow and its derivatives. 

For example, assuming the flow field to be locally constant, the time deriva- 
tive of the gradient can be used, yelding two equations in the two velocity com- 
ponents: d 

- - V E  = 0 (1) 
dt 

where E(x, y, t) is the image brightness of the point (x, y) at time t. 
Several researchers [6, 7, 1, 8] exploited the integration of multiple constraint 

equations, to overconstrain the computational problem. In particular Tistarelli 
and Sandini [9] considered a locally constant flow model (not implying any partic- 
ular movement of the objects in space), adding the brightness constancy equation 
[10] to obtain three equations in two unknowns: 

d ~-~E -- 0 d V E  -- 0 (2) 
dt 

In this case the optical flow is computed by solving the over-determined 
system of linear equations in the unknown terms (u, v) = V. These equations 
can be solved in closed form, in the least square sense, for each point on the 
image plane [8]. 

3 Using multiple constraints 

In this section we consider three methods for computing optical flow, using 
multiple differential constraints 1 : 

1) The direct solution of (1) provides the velocity vector V for each point on 
the image, where the Hessian matrix of the image brightness is not singular. 

2) A unique solution can be obtained, in closed form, by applying a least squares 
estimator to (2). 

3) Another method is based on integrating measurements from neighbouring 
points in the image. 

These methods deserve advantages as well as disadvantages, which can be ana- 
lyzed by considering a geometrical explanation of the solution. The vector equa- 
tion (1) corresponds to the intersection of two straight lines in the (u, v), ve- 
locity space. On the other hand equations (2) correspond to three straight lines 
intersecting in, at least, three points. A geometrical explanation of the three con- 
sidered methods is shown in figure 1. The three plots represent the constraint 
equations in the velocity (u, v) space according to each different algorithm. In 

1 Even though we are considering three basic constraints, which have been formulated 
on the basis of the first and second order partial derivatives of the image brightness, 
the following analysis and results still apply for any number of constraints, at least 
two, which are somehow related to the image brightness function. 
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Fig. 1. Effects of the errors in one constraint equation. The wrong constraint is the 
dotted line Cr while the correct constraint llne is C~. The correct flow vector is bold, 
while the wrong one is dashed. The geometry of the constraint equations is shown in 
case of: the constraint equation (1) (upper left); the constraint equation (2) (upper 
right); multiple data points applying brightness constancy equation (lower). 

figure 1 the effect of the errors, represented by a wrong constraint line, is shown. 
I t  is interesting to note tha t  in the case of equation (2) it is impossible to deter- 
mine, at least from the geometry of the system, which one is the wrong constraint 
line to correct the solution. This is due to the fact that  all the lines are consid- 
ered simultaneously. In the third plot we can notice that  the accuracy can be 
very bad, because the pseudo intersection can be affected by wrong estimates.  

3.1 M a p p i n g  f low c o n s t r a i n t s  t o  t h e  i m a g e  b r i g h t n e s s  s t r u c t u r e  

How can we take advantage of the beneficial features of the methods described? 
Let us consider equation (2). We can rewrite it explicitely: 

E ~  E ~  �9 = -  E~t (3) 
Eyx Eyy Eyt .I 

Instead of taking all three equations at the same time, it is possible to consider 
three equation pairs separately and study their stability. This corresponds to 
consider each intersection in figure 1 separately and determine those which are 
bet ter  conditioned. This is done simply by looking at  the matrices2: 

E ~  E~y [Ey~ Eyy Ey~ Eyy 

2 In general we have to consider a set of n functions of the image brightness F (E) 
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Algorithm 1: ]Algorithm 2:]Algorithm 3: I[ 
best two equations[least squares[mean of two intersections]] 

Optic Flow timing 15 sec 1"/.5 sec 15.4 sec 

Table 1. Statistics of the three algorithms presented. The equations applied for algo- 
rithm 1 are (cfr. equation (5)): MI: 16960 M2:1093 M3: 15103. The data has been 
obtained by computing the optical flow on a Sun SPARC I P C  T M  workstation. 

A first option is to take as correct solution the intesection corresponding to 
the equation with the best conditioned matrix (for example with the highest 
determinant). In this way V will be given as: 

V = Mi -1 bi .~ :. de tMi  > {d e t Mj ,  de tMk} , (6) 

Et b2 = [Eye b3 = i , j , k  e {1,2 ,3} ,  i r j r k , bl  = E ~  Eyt 

In the same way it is possible to solve simultaneously all three equations, 
from the original set in (2), for each image point. This solution applies only if 
all three determinants are greater than the given threshold Th. This condition 
enforces a high reliability for all the three constraint lines. 
In figure 2 one image from a sequence of a flat picture approaching the camera 
is shown. The sequence is composed of 37 images 256 x 256 pixels with 8 bits 
of resolution in intensity. In figure 2 (b) the optical flows obtained by applying 
different methods is shown. As reported in table 1, the vector density of the 
three flow fields is quite different. 

4 Impl ic i t  f e a t u r e  t r a c k i n g  

In general it is possible to regard any algorthm for the computation of the optical 
flow field as a solution to the tracking problem. In fact, even though differential 
methods do not establish any explicit correspondence between image features 
over time, still the differential operators involved (in any framework) track char- 
acteristic intensity patterns over time [11]. 
This is an interesting aspect which has never been considered in the literature 
(except for few cases), but dramatically changes the perspective under which 
differential techniques should be analyzed and applied. Flow and/or  motion con- 
straints should not be applied regardless of the image sequence to be processed, 

with the constraints: 

dt (E) = 0 VF(E)  = 0 (4) 

where VF (E) represents the gradient operator applied to each element of the vector 
of functions F (E). These constraints result in a set of 3 • n equation pairs. 
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Fig.2.  (a) One image from a set of 37 of a fiat picture moving toward the camera 
along the optical axis. (b) Optical flows computed by: (left) applying the equation pair 
with the highest determinant; (middle) computing the pseudo-inverse of equations 3; 
(right) taking the average of the flow vectors computed from the equation pairs with 
highest determinant. 

but rather, purposively selected as a function of the local distribution of the im- 
age brightness 3. In general, this is implicitely performed when tuning thresholds 
on the parameters of the algorithm or discarding flow vectors with a low confi- 
dence (in any way it has been computed in the first place) [11]. It is possible to 
avoid wong measurements only by tuning the constraints to the underlaying in- 
tensity distribution. As shown in the experiments, a side effect of this procedure 
is the reduction of the processing time. 

4.1 Effects  o f  t h e  i m a g e  i n t e n s i t y  d i s t r i b u t i o n  

As demonstrated by Nagel [5], the brightness constancy equation and the sta- 
tionarity of the intensity gradient (SIG) are ill-conditioned when characteristic 
gray patterns occur on the image. In particular, both are ill-conditioned when- 
ever the gray level variation is linear, while the SIG equations are ill-conditioned 

3 It is worth noting that in the work by Fleet et al. [12] this is performed by apply- 
ing multiple filtering stages tuned to characteristic frequency bands in the image 
sequence. 



66 

at gray level corners and are best conditioned at maxima of the image brightness. 
This fact explains why the optical flow, computed by means of the constraint 
equations expressed in (1), is much less dense than applying all three equations 
(3) 4. Therefore, whenever the gray level pattern is not a corner or a maximum, 
all three equations are somehow "weak", in the sense that  equation pairs do not 
intersect at right angles, or they are weakly well-conditioned. 

In figure 3 a synthetic test scene is presented, containing two uniform squares 
(composing six corners and one gray value extremum) and three peaks: the one 
in the upper right corner is a Gaussian function, the other two in the lower 
left corner are a dot (formed by a 3x3 pixels window) and an inverse exponen- 
tial function (e-~) .  The dominance of the determinants for each image point 
is shown in figure 3 (c). Dark pixels correspond to a maximum for det M1, the 
middle gray identifies pixels where det Ma is maximum, and bright pixels corre- 
spond to a maximum for det M2. The areas where det M2 is prevalent are very 
small and limited to the peaks in the image intensity. It is now evident that  not 
all the equations are "well tuned" to "sense" the temporal variation of every in- 
tensity pattern. But, rather, each equation is best suited to compute the motion 
of a particular intensity distribution. 
How can we find the correct solution in this case? Let us consider the problem 
from another point of view. Suppose the constraint lines to be stochastic pro- 
cesses, where the intersection has a given probability to occur at a given point. 
Supposing two equation pairs to have a determinant above a given threshold Th 
(stating the intersection to be admissable), it is possible to consider the proba- 
bility of the intersections of both line pairs and try to maximize the a posteriori 
probability. In the (u, v) space this corresponds to move one intersection point 
toward the other, according to their probability. If the two intersections have 
the same probability (or the three intersection points, obtained from the three 
equation pairs, are the vertexes of an ibsoscile triangle), then the most probable 
solution will be located at a point in the middle of the line connecting the two 
intersections. It is worth noting that this point does not correspond to the least 
squares solution. 
Taking the value of the determinant for each equation pair, this corresponds to 
consider as the correct solution the "center of mass" of the two points, where 
the "mass" of each point is the value of the respective matrix determinant. In 
general the correct velocity will be given by: 

V = = �9 (7) 
LN~ + N / j  Dh- t -Dj  

where N/u b~ M/2 - b2/~]12 Mll b 1/~/[_._/21 = ' -i "~i and N/~ = b~ �9 - are the numerators 
of the expression for Vi = (ui ,  vi), as from equation (6), and Di = det Mi .  In 

4 By applying equations (3) also the corners in the image brightness contribute to the 
flow computation. 
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F ig .  3. (a) Synthetic image used to characterize the behaviour of the contraint equa- 
tions in response to different intensity patterns.  (b) Values of the determinants for the 
three equations (left M1, middle Ms,  right M3), the gray value codes the determinant  
values, light gray is 0, dark represent a negative value and bright a positive value. 
(c) Dominance of the determinants for the constraint equations applied to the test 
image. White  values indicate that  det Ms  is the greatest determinant,  gray and black 
are points where det M1 or det M3 have the greatest values. The last image on the 
right shows the absolute value of the difference between the two greatest determinant  
values. The zero value is coded as bright gray. 
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Fig. 4. Optical flows computed by using the weighted sum of the best intersections. 
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the general case, selected m constraints from the total n equations, we obtain: 

I ' m + l  

[:]-- 
m+l 

. i=l  

m+l 

i=l  

(8) 

where the selected m constraints are the best tuned to the local intensity profile. 
The results of some experiments are reported in figure 4. They are the SRI 

t ree  s equence  (left) a sequence acquired by an outdoor vehicle travelling along a 
direction almost parallel to the camera optical axis (courtesy of NIST) (middle) 
and the cone s equence  acquired at UMASS (right). In the first sequence the 
camera was moving on the ground plane along a direction orthogonal to the 
optical axis. It is interesting to note that  the pattern constituted by the branches 
of the foreground tree can not be tracked very well because of occlusions with 
the background. This is an intrinsic limitations of the constraints applied and 
could be overcomed by taking into account the occlusions explicitely or being 
able to detect them from the behaviour of the constraint equations. 
The last sequence has been acquired from a camera moving along a corridor. 
There are two aspects in this sequence: the images have a poor resolution in 
intensity, about 6 bits (the image shown has been enhanced to improve visibility), 
and there are few features in the sequence, most of them are lines and corners in 
the cones, while the walls and ceiling are quite uniform in intensity. Nonetheless 
the optical flow is computed correctly and the position of the FOE agrees to the 
trajectory of the camera which can be estimated from the image sequence. 

5 C o n c l u s i o n  

In this paper we have addressed the problem of combining multiple constraints 
to compute the optical flow field from an image sequence. 

One of the main aspects which has been outlined in this paper is that  the 
response of a given constraint, strictly depends on the local distribution of the 
image intensity. Therefore, the choice of the costraints to be applied should 
depend on the local structure of the image brightness and not only on the con- 
fidence associated to the measurement. In fact, there are examples where the 
local image structure does not allow to apply a given constraint at all, or the 
information obtained is completely wrong. These observations lead to the con- 
clusion that ,  in order to compute the optical flow field from an image stream, 
the constraints to be applied to the image sequence should not be chosen only 
on the basis of the motion to be detected, but also on the local image structure. 
Not all the equations are equally suitable for computing the flow field at all im- 
age points. We have demonstrated, both analitically and with experiments, that  
the same equations applied to different brightness structures can give exact or 
wrong estimates. 
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At present we have set up a theoretical framework and performed several experi- 
ments,  providing encouraging results to pursue the research along this direction. 
We are now making a quanti tat ive analysis of the results, aimed to an evaluation 
of the real accuracy and reliability of the method.  
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