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Abstract. We present a new approach to relative stereo and motion re- 
construction from a discrete set of point correspondences in completely 
uncalibrated pairs of images. This approach also yields new projective in- 
variants, and we present some applications to object recognition. Finally, 
we introduce a new approach to camera self-calibration from two images 
which allows full metric reconstruction up to some unknown scale factor. 
We have implemented the proposed methods and present examples using 
real images. 

1 I n t r o d u c t i o n  

Proposition. Given a set of uncalibrated images of a collection of unknown 
points, these points and the corresponding perspective transformations can only 
be reconstructed up to a 3D collineation [10]. 

This proposition is the implicit basis for several recent techniques for relative 
reconstruction from weakly calibrated stereo pairs. These methods fall into two 
broad classes: analytical approaches, that  view reconstruction as the resolution 
of a set of (possibly non-linear) equations (e.g., [3, 10]), and synthetic ones, based 
on purely geometric constructions (e.g., [11]). They rely on accurate estimates 
of the epipolar geometry [4]. In contrast, Boufama et al. [1] have proposed a 
non-linear least-squares method that  bypasses the estimation of the epipoles by 
working directly with the perspective projection matrices. We present an ana- 
lytical approach to relative reconstruction from completely uncalibrated images 
that  follows the same principle, but only involves cubic equations in two vari- 
ables (instead of hundreds in [1]). As shown in Sect. 2, it requires two images of 
at least seven points. The projection matrices (and thus the scene points) are 
reconstructed up to an unknown collineation by solving the corresponding poly- 
nomial equations using symbolic and numerical root-finding techniques. Robust 
reconstruction is achieved by using global non-linear least-squares techniques to 
exploit the constraints associated with a large number of point correspondences. 
We also present new projective invariants and apply them in Sect. 3 to object 
recognition from a stereo pair or from a single image [6, 8, 9]. Finally, we consider 
in Sect. 4 the case of a moving camera with fixed intrinsic parameters and attack 
the problem of self-calibration [4, 5, 7]. We have tested the proposed methods 
using real data  kindly provided by B. Boufama and R. Mohr. These data  consist 
of point matches found automatically in two pairs of images (Fig. 1). 
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Fig. 1. Two pairs of images. The matched points are shown as small white discs. 

1.1 Approach 

We assume that  the reader is familiar with e lementary no t ions  of projective 
geometry [13]. Given fixed world and camera coordinate systems, we associate 
to a pinhole camera a 3 • 4 perspective projection matr ix  M. A scene point P 
whose homogeneous coordinates are (x, y, z, w) projects onto an image point p 
whose non-homogeneous coordinates are (u, v) with 

M l l x  + M12y + M13z + M14w M21x + M22y + M23z + M24w 

u = M31x + M32y + M33z + M34"//3' v =  M31x + M32y + M33z + M34w 

Given a set of point matches observed in several images, Boufama et al. [1] 
used these equations to minimize the distance between the observed image points 
and the projection of the unknown scene points, thereby est imating the projec- 
tion matrices and the points '  coordinates. Instead,  we clear the denominators 
and write two bilinear constraints in these unknowns: 

(uM31 - M l l ) x  + (uM32 - M12)y + (uM33 - Mla)z  + (uM34 - M14)w -~ O, 
(vM31 M21)x + (vM32 - M22)y + (vM33 - M23)z + (vM34 - M24)w = 0. 

(1) 
Since the best we can hope for is to reconstruct the projection matrices and 

the point positions up to a collineation, we can select an arbi t rary  set of five 
(independent) points as a 3D projective basis and perform the reconstruction 
relative to this basis. We choose among the observed points a te t rahedron of 
reference A1,A2,A3,A4 and a unit point A~. Their  homogeneous coordinates are 
by definition (1,0 ,0 ,0) ,  (0 ,1 ,0 ,0) ,  (0 ,0,1,0) ,  (0 ,0 ,0 ,1) ,  and (1,1 ,1 ,1) ;  let us 
denote the image coordinates of their projections by (u~, vi), with i = 1,.., 5. 
Substi tuting the coordinates of Ai in (1) yields MI~ = uiM3~ and M2i = v~M3~ 
for i = 1,.. ,4. Substituting the coordinates of A5 and of some point P in (1) 

yields 

v5 - Vl v5 - v2 v5 - v3 v5 - v4 [ M32 | 
(~--Ul)X (~--u2)y (~--'~3)Z (~--U4)W [ M 3 3 ]  = 0 ,  (2) 
(v-vl)x (v-v:)y \M34/ 

and we obtain a homogeneous quadrat ic  constraint in x, y, z, w only by writing 
tha t  the determinant  of this homogeneous system of equations must be zero. 
Thus three completely uncalibrated views of a sixth point P yield a system of 
three equations in four homogeneous variables or three non-homogeneous ones, 
completely determining these coordinates (up to a three-fold ambiguity [12]). See 
[12] for an implementat ion of the reconstruction, and [9] for a different approach. 
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Equation (2) will provide us with an invariant-based method for matching point 
configurations observed in a single image to 3D projective models, but first we 
are going to present a novel method for binocular reconstruction. 

2 R e l a t i v e  B i n o c u l a r  R e c o n s t r u c t i o n  

2.1 S e v e n - P o i n t  R e c o n s t r u c t i o n  

Rewriting the bot tom two rows of (2) for two views of a scene yields a 4 x 4 
system of linear equations in x, y, z, w: 

v l  1 1 1 1 1 1 1 1 -vl)M I (v (vl v2)M~2 (v 1 __ _ _ v4)M]4 v3)M33 0, (3) 
?.t2 2 2 2 2 2 2 7-- Ul)M I 2 - 

- u3)M~3 (u 2 
_ _ u4)M~4 

V 2 2 2 2 -Vl)M I (v2 2 ( v  2 _ _ _ v4)M~4  3)M 3 
where the superscript i designates a quanti ty attached to image number i. We 
obtain an equation in M 1 and M 2 only by writing that the determinant of this 
system of equations must be zero. It admits four trivial solutions corresponding 
to pairs of matrices such that  M~j = M~j = 0 for j = 1,.., 4 (each pair yields a 
zero column in (3) and thus a zero determinant).  Note that we can use the top two 
rows of (2) to eliminate the coefficients M~I , M~2. Solving for these coefficients 
yields linear expressions in M~3 , M~4 that  can be substi tuted in the original 
determinant. Since each matrix M i is only determined up to some scale factor, 
setting M]4 and M~4 to 1 in the determinant transforms it into an equation of 
degree three in M313 and M23 . Two pictures of seven points yield a system of 
two equations in these two coefficients. The totM degree of this system is nine, 
but eliminating one of the two unknowns yields a resultant of degree seven only 
which factors into five terms, four linear ones associated with the four trivial 
solutions, and one cubic term associated with the non-trivial solutions of the 
problem. This agrees with the result by Faugeras and Maybank stating that seven 
correspondences yield three possible pairs of epipoles [5]. We have implemented 
this method using resultants to reduce the corresponding multivariate equations 
to a single univariate one, solved that  equation using Laguerre 's method, then 
solved for the remaining unknowns one by one by substituting the roots already 
found back into the appropriate resultants. No four of the basis points used 
for the reconstruction should be coplanar, and we have hand-picked five points 
respecting this constraint in our experiments (see [6] for a coplanarity test). 

Figure 2 (top) shows our results. We have reconstructed the scene from the 
perspective projection matrices. Since displaying projective coordinates is not 
particularly enlightening, we have computed a Euclidean reconstruction from 
the projective one, based on calibrated 3D data  provided by B. Boufama and 
R. Mohr: we assigned to the basis points their actual Euclidean coordinates 
and computed the projective transformation mapping these coordinates into the 
projective ones. We then applied the inverse transformation to the remaining 
points. The seven points used to compute the projection matrices are shown as 
black discs, and the reconstructed points are overlaid on top of the calibrated 
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Fig. 2. Relative reconstruction using two completely uncalibrated views and seven 
point correspondences (top) or global least-squares (bottom). 

ones. It is important  to realize that there are three non-trivial solutions for 
each choice of seven points. To select a unique solution, we have computed the 
projection matrices associated with a fixed group of five basis points and different 
choices for the remaining two points, and chosen the solution found for the seven 
points shown in the figure which is the closest to the solutions found for other 
groups. 

2.2 Global  Least-Squares for Binocular Reconstruct ion 

Instead of relying on a minimal number of points to perform the reconstruction, 
we can use non-linear least-squares techniques when many correspondences are 
available. This approach has two main advantages: it yields a unique reconstruc- 
tion and it is relatively immune to noise. The corresponding optimization is 
performed over two variables as opposed to hundreds in [1]. Since the equations 
also have very low degree, we can perform a global least-squares minimization 
by computing all the local minima of the error function through polynomial 
root finding. We have implemented this method, and results are shown in Fig. 
2 (bottom). We have also computed the epipolar geometry from the projection 
matrices. Figure 3 (top) shows the reconstructed epipolar lines, while Fig.3 (bot- 
tom) shows a comparison with results obtained using LIFIA's implementation 
of the weak calibration method described in [4]. 

3 I n v a r i a n t s  

3.1 Binocular  Invariants 

We now apply the approach developed in the previous section to invariant-based 
matching and recognition [6, 8, 9]. The projective coordinates of a point are 
indeed projective invariants. Seven correspondences can be used to reconstruct 
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Ira. Pair 1 

Im. Pair 2 

Weak Calib. [4] 
Seven Points 

Least Squares 
Weak Calib. [4] 

Seven Points 
Least Squares 

Epipole 1 Epipole 2 Av. Dist. 1 Av. Dist. 2 
1.1 1.4 (-126.9,-1245.9) 

(-114.5,-1168.5) 
(-167.5,-1330.1) 
(-173.4,-2747.9) 
(-20.9,-1804.3) 
(-53.9,-1986.8) 

(51.5,1631.6) 
(47.5,1661.8) 
(32.4,1690.3) 

(115.9,2606.6) 
(77.0,2659.4) 
(70.0,2732.8) 

0.9 
1.1 

0.9 
1.1 

1.3 1.3 
1.1 1.1 
1.2 1.2 

Fig. 3. Epipolar geometry. The last two columns of the table show the average distances 
between the points and the epipolar lines in the two images. 

the perspective projection matrices associated with two views, and the non- 
homogeneous coordinates of the sixth and seventh point in the coordinate system 
formed by the first five can then be computed from these matrices and (1). Thus, 
seven stereo matches yield six projective invariants. Following Hartley [8], we use 
the angle between the corresponding homogeneous rays as a measure of the dis- 
tance between two projective points (see [6] for another approach). In fact, the 
situation is a bit more complicated: first, our six invariants correspond to the pro- 

! I I  I I I  jective coordinates of two points. Hence, if /1 = (v 1, v 1 ) and /2  = (v2, v2 ) denote 
the invariant vector pairs associated with two groups of seven points, we measure 
the distance between these invariants by D(I i , I2 )  = max(d(v~,v~2),d(v~,v~)). 
Second, since the equations defining the invariants actually have three solutions, 
we use the minimum of the nine possible angles as a distance measure. We have 
tested this method using the points (numbered from 0 to 13 in Fig. 4(a)-(b)) 
that are visible in both image pairs. We have randomly selected six groups of 
seven matches in the two image pairs (Fig. 4(c)) and compared the correspond- 
ing invariants pairwise. The results are shown in Fig. 4(d); the table entry (r, c) 
is the distance between the invariants of group number r in the first image pair 
and group number c in the second one. Ideally, every diagonal element should 
be close to zero and smaller than any other element in the same row or column. 
In our experiment, all diagonal entries are relatively small. The largest one is 
located in (3, 3), with a value of 18.9 degrees. Except for the two located in (3, 3) 
and (5, 5), all diagonal entries are smaller than the other ones in the same row 
or column. Entries (3, 2) and (3, 5) are smaller than entry (3, 3), and entry (3, 5) 
is smaller than entry (5, 5). 

3.2 A M o n o c u l a r  "Invariant" Surface  

Projective invariants cannot be measured in a single image of points in a general 
3D configuration [2]. Indeed the equation (2) derived from a single image of six 
points is not an invariant, but only a constraint on the value of an invariant 
vector. We use it to hypothesize model-scene correspondences from a single im- 
age: the model of a group of six points consists of the projective coordinates of 
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1 2 3 4 5 6 

(d: 

1115.0 54.1 42.5 53.4 58.2 61.5 
2 57.9 2.0 28.9 25.1 14.9 27.5 
3 37.1i12.4 18.9 58.0 9.0 66.5 
4 61.2 17.9 31.414.4 16.2 39.8 
5 58.0 31.7 32.7145.1 12.0 43.6 
6 67.9 46.2 54.0129.2 62.9 1.9 

l 

Group 11 0] 51111 41 3181 9] 
..Group 21 31 41 iii0111151 61 
Group 31 21121 61 01 5131 9 I 
Group 4 12 91101 6111121 4 I 
]Group512 6 41 31 011]131 

j(c) Group6 3 7 4 2 0610 
1 2 3 4 5 6 

1 0.3 3.5 24.1 12.6 4.1 30.2 

2 3.4 0.i 9.9 9.2 10.5 2.8 

3 4.1 4.0 2.1 1.4 0.8 0.9 

4 31.1 31.9 3.0 0.4 6.0 1.3 

5 1.6 1.6 11.6 ii.0 0.9 10.3 

(eli6 5.3 5.5 0.8 0.5 4.3 0.2 

Fig. 4. Invariants. See text for details. 

the sixth point in the basis formed by the other five (obtained from stereo, for 
example); the da ta  retrieved from the scene yield a quadratic constraint on the 
possible values of these coordinates, defining a hypersurface in ~4 .  Matching 
is achieved by computing the distance between the models in the da t abase  and 
this "invariant" surface. We use as a distance measure the minimum angle be- 
tween a model ray vl and the set of rays v2 associated with the surface points. 
Let f(v2) = 0 be the equation of this surface. We maximize vl �9 v2 under the 
constraints f ( v2 )  = 0 and Iv212 = 1. Using Lagrange multipliers, this amounts  
to solving a system of four quadratic equations in the four coordinates of v2. We 
have tested this method by using the same random groups of points as before. 
We have computed the distance between the ray associated with each model (es- 
t imated using the seven-point method on the first stereo pair) and the invariant 
surface associated with each group in the second image of the second pair. The 
results are similar to those obtained in the stereo case (Fig. 4(e)): the entries 
located in (1, 1), (2, 2), (4, 4) and (6, 6) yield angles smaller than any other entry 
in the same row or column, while entries (3, 3) and (5, 5) are not as good. 

4 S e l f - C a l i b r a t i o n  

So far we have assumed that  our images may be taken by different cameras.  We 
now consider the case of a moving camera  with fixed intrinsic parameters .  In 
this case, Faugeras et al. [4, 5] have recently given a method for self-calibration 
from four images, while Hart ley [7] has shown that  a stereo pair was sufficient 
for recovering the magnifications of the two cameras and their relative positions. 
We address a similar problem, assuming that  we have recovered (as in the pre- 
vious section) the two projection matrices M 1 and M 2 up to some arb i t ra ry  
collineation W. We can write these matrices as 

where pl,  p2 are unknown scale factors, A is an arbi t rary 3 • 3 calibration matr ix,  
B is another  arbi t rary  3 • 3 matr ix,  c and d are arbi t rary 3-vectors, and R and t 
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denote the rotation and translation between the two camera frames. Like Hartley 
[7] we write the projection matrices as M i = [Ki , -K~ai]  (i = 1, 2) and obtain, 
after some algebraic manipulation, the relation R = )~A-1HA, where 

H = K2((1 + dTal) I  + (a2 -- al )dT)K~ 1, A = p2/(pl(1 + dTal)), 

and I denotes the identity matrix. We now take advantage of the fact that  R 
is a rotation matrix, which yields, after some more manipulation, the following 
formula, whose derivation is too tedious to be included here (see [12] for details): 

~IDet(K2)H*(AA T) = t2Det(K1)(AAT)H T. (5) 

Here Sl and t2 are linear expressions in d, related to the symmetric polyno- 
mials in the eigenvalues of H,  and H* is defined by 

H* = Kt((1  + dT a2)I + (al -- a2)dT)K~ 1. 

The above is true independently of the form of A. Let us now assume that  the 
principal point of the camera is known and that  the angle between the u and v 
axes is ~/2. This allows us to rewrite A as a diagonal matrix A = diag(a~,, av, 1), 
where o~, o~v denote the unknown magnifications. Let H~j (resp. H~j) denote the 
( i , j )  entry of H (resp. H*).  Substituting in (5) yields 

- 2 * 2 * * F 2 o~uHll M, I 
slDet(K2) 2 �9 2 �9 �9 [ 2 H = t Det(K ) (6) 

2 �9 2 * H* cz~H~l ~ 33 J H13 1-123 H33 J 

Only five of these equations are independent: for example, summing the three 
equations corresponding to the diagonal elements yields an equation trivially 
satisfied by H and H* [12]. We combine the diagonal and off-diagonal terms to 
eliminate a~,, ~v, which yields 

{ H~tH22 - H~2H~I = O, 
* I - I  * H~2 33 - H~3H22 = 0, (7) 

s~Det2( g2)H;2H~l - t~Det2(K1)H12H21 -- O. 

The total degree of these equations in the coordinates of d is 16. Once d has 
2 and 2 been computed, (x~ a v are obtained from (6). Solutions yielding negative 

2 2 values for a~ or av are discarded. The scene is then reconstructed by computing 
B and c (up to an unknown scMe factor) using (4), then multiplying the projec- 
tion matrices by W -1. This yields a metric reconstruction of the scene (up to 
the same scale factor) in the coordinate system attached to the first camera. 

We have tested this technique on our first image pair, using homotopy con- 
tinuation to solve (7). We assumed that  the centers of our 512 • 512 images 
were located at (256,256) and used the projection matrices found by the global 
least-squares technique of Sect. 2. We found five real solutions yielding positive 

2 and 2 Figure 5 shows the "best" two reconstructions (i.e., those values for a~ a v. 

that "look" the most like the actual house). The first solution (Fig. 5(a)) yields 
au = 1915.4, a~ -- 1546.1. The second one (Fig. 5(b)) is a double root of (7); 
it yields a~ -- 2419.6, o~ -- 1864.6. Both reconstructions are qualitatively quite 
good. To get a quantitative idea of the quality of the reconstruction, we have 
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Fig .  5. Two metric reconstructions using the first image pair. The views have been 
scaled to have approximatively the same size. 

computed the ratios of the lengths of the reconstructed and calibrated edges. 
The  average  ra t io  for our  first r e c o n s t r u c t i o n  is 129.4 wi th  a s t a n d a r d  dev ia t ion  
of 11.7, while the  second  so lu t ion  yie lds  an average  of 162.3 wi th  a s t a n d a r d  de- 
v ia t ion  of  27.6 ( r e m e m b e r  t ha t  the  r econs t ruc t ion  is only  pe r fo rmed  up to  some 
unknown  scale fac tor ) .  In bo th  cases,  the  s t a n d a r d  dev ia t ion  is less t h a n  2070 of 
the  n o m i n a l  (average)  value of the  ra t io .  
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