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Abs t rac t .  Use of discrimination nets for many-to-one pattern matching 
has been shown to dramatically improve the performance of the Knuth- 
Bendix completion procedure used in rewriting. Many important appli- 
cations of rewriting require associative-commutative (AC) function sym- 
bols and it is therefore quite natural to expect performance gains by using 
similar techniques for AC-completion. In this paper we propose such a 
technique, called AC-discrimination net, that is a natural generalization 
of the standard discrimination net in the sense that if no AC-symbols 
are present in the pattern, it specializes to the standard discrimination 
net. Moreover we show how AC-discrlmination nets can be augmented 
so as to further improve the performance of AC-matching on problems 
that are typically seen in practice. 

1 I n t r o d u c t i o n  

Term matching is a fundamental opera t ion in equational and functional pro- 
gramming and in various theorem proving methods, such as the many variants 
of the completion procedure [3]. In these applications the problem usually occurs 
in the form of many-to-one matching, where one has to determine for a given set 
of terms t l , . . . ,  tn, also called patterns, if  one matches a specified term s, called 
the subject. For instance, in a completion procedure the patterns to be considered 
are the left-hand sides of current rewrite rules, which may dynamically change. 

The most efficient many-to-one matching algorithms use trie-like data  struc- 
tures, called discrimination nets, and corresponding tree automata,  that  allow 
one to factor out common expressions in a given set of patterns. Since com- 
pletion procedures spend most of their t ime on normalization of terms (which 
consists of repeated steps of matching followed by term replacement), sophisti- 
cated matching algorithms based on discrimination nets may result in dramatic 
speedups, as has been demonstrated by Christian [1]. 

An important  application of completion is to associative-commutative rewrite 
systems, which require a suitably modified operation, called associative-commu- 
tative matching (or AC-matching). One-to-one AC-matching is an NP-comple te  
problem, but  can be solved in polynomial time if patterns are restricted to lin- 
ear terms (without multiple occurrences of variables) [2]. The essential compo- 
nent of the one-to-one AC-matching algorithm described by Benanav, Kapur, 
and Narendran [2] is the application of maximum bipartite graph matching. In 
fact, Verma and Ramakrishnan [13] showed that  the two problems, associative- 
commutative matching and maximum bipartite graph matching are mutually 
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reducible, so that complexity bounds for one problem also apply to the other. 
The best currently known lower bound for AC-matching is O(mnl"5), where m 
refers to the size of the pattern and n to the size of the subject. 

In many applications, however, many-to-one matching is needed. Since AC- 
matching takes up most of the computation time in associative-commutative 
completion procedures--and discrimination nets had resulted in considerable 
speedups of standard complet ion-- there have been at tempts to adapt  discrimi- 
nation nets to AC-matching. These at tempts have not been entirely satisfactory. 
In this paper, we demonstrate that  discrimination nets, in combination with bi- 
parti te graph matching, can indeed be applied to do AC-matchlng efficiently. 
We propose associative-commutative discrimination nets, which are hierarchi- 
cally structured collections of standard discrimination nets, with bipartite graph 
matching being used to combine the results from one level of the hierarchy so 
as to make them available to the next higher level. This approach applies to 
all different kinds of discrimination nets that  have been proposed in the lit- 
erature (deterministic or nondeterministic, adaptive or non-adaptive), and an 
associative-commutative net specializes to a standard discrimination net if ap- 
plied to terms with no associative-commutative operators. The algorithm solves 
the many-to-one matching problem, but is of the same asymptotic complexity 
as the best current algorithm for the simpler problem of one-to-one matching. 

The paper is organized as follows. In the next section we introduce some 
terminology and give a general definition of discrimination nets. In Section 3 we 
briefly discuss the reduction of associative-commutative matching to a matching 
problem on flattened terms. In Section 4 we introduce associative-commutative 
discrimination nets, design a corresponding matching algorithm, and analyse its 
complexity. In practical applications of associative-commutative matching, the 
bipartite graph matching problems that  need to be solved are of a special form, 
which we exploit in Section 5 to improve the algorithm. Nonlinear matching is 
briefly discussed in Section 6. In the concluding section we summarize our results 
and compare them to other recent work. 

2 D i s c r i m i n a t i o n  N e t s  

We shall consider terms built from a given finite set of function symbols ~" and 
a (countable) set of variables 12. We use the symbols s and t to denote terms, 
f and g to denote function symbols, and z, y, and z to denote variables. The 
arity of a function symbol / is denoted by a ( f ) .  I f t  is a term f ( t l ,  . . . ,  t,~), then 
11 , . . . ,  in are called the top-level arguments of t. 

The expression tip denotes the subterm of t at position p. Positions may, for 
instance, be represented as sequences of integers. So, if pl = pq~ (that is, p is a 
prefix of pl), then tip, is a subterm of t[p. We use A for the top-most position 
(t]A = t). By t(p) we denote the symbol at position p in t. The-symbol t(A) is 
also called the top-most, or root, symbol of *. For example, 2 is a position in 
t = f(a,g(a,b)) and t[2 = g(a,b), while t ( 2 ) =  g. 
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The application of a substitution ~r to a term t is written f~r. A term t is 
said to match another term s (and s is called an instance of t) if there is a 
substitution ~, such that  s = tg. 

In term re~vriting, efficient matching algorithms have been designed that  
employ an indexing technique similar to tries based on so-called discrimination 
nets. In defining discrimination nets, we have to refer to "partially constructed" 
terms. By a skeleton we mean a set S of pairs (p, fv) of positions and function 
symbols, where (i) S contains a pair with first component p whenever it contains 
one with first component p.i, and (ii) if p.i is a first component of some pair 
in S, then i < a ( h  ). Given a (non-empty) skeleton S, we define its fringe 
to be the set of all positions p.i, such that  S contains a pair (p, fy), where 
1 < i < a ( fv )  , but contains no pair with first component p.i. The fringe of 
the empty skeleton is defined to be {A}. Skeletons and corresponding fringes 
can conveniently be represented as terms built from function symbols and some 
special constant [] not contained in F :  the fringe consists of all positions at 
which [] occurs, while the remaining positions, with their corresponding function 
symbols, determine the skeleton. For example, the term f ( � 9  g(a, •)) represents 
the skeleton {(A, f ) ,  (2, g), (2.1, a)} with corresponding fringe {1, 2.2}. 

A term t is said to be compatible with a skeleton S if for every pair (p, fv) in 
S either p is a position in t and t(p) = fp, or else some prefix o f p  is a variable 
position in ~. A set M of terms is said to be compatible with S if each term in 
M is. If M is compatible with S, we say that  p is a discrimination position (for 
M and S) if it is a position in the fringe of S and t(p) is a function symbol (not 
a variable), for some term t in M. 

Let w be a new constant not contained in ~ .  A matching tree is a tree 
where the edges are labelled by symbols from .T U {w} and with each node u 
is associated a non-empty set of terms M~, (the match set), a skeleton Su (the 
partial match), and, i fu  is not a leaf, a position p~, (the discrimination position), 
such that  (i) the empty skeleton is associated with the root of the tree; (ii) p~, is 
a discrimination position for M~ and Su, for each non-leaf node u; and (iii) for 
each edge (u, v), S~ = S~ U {(p,,, f )} ,  where f is the label of (u, v), and M~ is 
the set of all terms in M,, that are compatible with S,.  Note that,  for each node 
u, the match set M~ is compatible with the skeleton S,,. 

A discrimination net is a maximal matching tree that  contains no dupli- 
cate nodes. (A node v ~ is a duplicate of another node v, if there are two edges 
(u, v) and (u, v') that  are labelled by the same symbol.) In other words, a dis- 
crimination net is a matching tree to which no edges can be added. Thus, in a 
discrimination net there is no discrimination position for Mu and Su, for any leaf 
u. We also say that  D is a discrimination net for the set of terms M associated 
with its root. Observe that,  if  D is a discrimination net for  M, all discrimination 
positions Pu must be positions in some term t of M. Furthermore the discrimi- 
nation positions along any branch in D are distinct, so that any discrimination 
net for a finite set of terms M has to be finite. 

The construction of a discrimination net for a given (finite) set of terms T 
is straightforward. An initial matching tree consists of a single node u labelled 
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by Mu = M and S~ = 0. If for some leaf v in a given matching tree there exists 
a discrimination position p, for M, and S,,  then the tree can be expanded 
correspondingly. If there are no further discrimination positions, the process 
terminates with a discrimination net. Since for any given leaf, there may be 
different discrimination positions to choose from, different discrimination nets 
may be obtained from a given initial set of terms M. In this sense our definition 
characterizes adaptive discrimination nets. Discrimination nets have typically 
been constructed according to some fixed order in which positions are chosen, 
e.g., left-to-right preotder as in [4]. The construction of discrimination nets can 
be optimized via a suitable choice of discrimination positions, in order to improve 
the matching time and decrease the size of the discrimination net, see [11]. A 
discrimination net for the set of terms {f(a, a), f(a, ~)} is shown in Figure l(a).  

Let T be a set of linear terms (that is, terms without multiple occurrences 
of the same variable) and D be a discrimination net for T. We define a corre- 
sponding matching automaton A as follows. The nodes of D are the states of A, 
with the root being the initial state and the leaves being final states. On a given 
input term s, the automaton makes a transition u --~ v, if D contains an edge 
(u, v) labelled by the symbol f and either s(p~) = f or else s(p~,) is a variable 
and f = w. The automaton is said to succeed, if it reaches a final state, and is 
said to fail, otherwise. 

We emphasize that these matching automata  are deterministic (at any given 
moment an automaton may make at most one transition) and inspect each input 
symbol at most once. It can be proved that if an automaton reaches a final state 
v, then M, contains exactly those terms of T which match s. If the automaton 
fails, then the input term s is matched by no term in T. There are obvious 
optimizations of matching automata,  such as merging equivalent states (which 
may be expressed in the discrimination net by labelling edges by sets of symbols); 
for further details see [11]. For example, Figure l(b)  shows an optimized version 
of the above net. 
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Fig.  1. (a) A discrimination net for {1:  f(a, a), 2:  f(a, ~)} and (b) its optimiza- 
tion. 
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In dealing with nonlinear patterns one would first apply discrimination nets 
to linearized versions of the given terms, where different occurrences of the same 
variable are considered different, and in a second phase check whether the pro- 
posed instantiations for all occurrences of the same variable are consistent; see 
also Section 6. 

It is possible to slightly change the definition of discrimination nets. We say 
that  a term t is strongly compatible with a skeleton S if for every pair (p, fp) 
in S, p is a position in t and either t(p) = h or else t(p) is a variable and 
fp = w. If t is compatible with S, then some instance of g, but not necessarily t 
itself, is strongly compatible with S. For example, both f (z ,  a, b) and f(b, a, a) 
are compatible with the skeleton {(A, f) ,  (1,b)}, but only the second term is 
strongly compatible. 

Let discrimination nets be defined as before, but with condition (iii) replaced 
by: (iii') for each edge (u, v), S~ = S~ U {(p~,, f)},  where f is the label of (u, v), 
and M~ is the set of all terms in M~, that  are strongly compatible with S~. Such 
discrimination nets can be used as nondeterministic automata,  as follows. There 
is a transition u ~ v if D contains an edge (u, v) labelled either by the sym- 
bol ~v or else by the symbol f ,  where s(p,,) = f .  Thus, there may be different 
transitions from a state on the same input. Whenever a final state is reached, 
the corresponding match set contains only patterns that  match the input term, 
but may not contain all such patterns. For further details see Christian [1]. Fig- 
ure 2 illustrates the differences between the deterministic and nondeterministic 
versions of a discrimination net. 

1,2,3} 
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Fig.  2. Deterministic (a) and nondeterministic (b) discrimination nets for 
{1: f (~ , a ,  b), 2:  f(b,a,a), 3 : f (~ , a ,  y)} 
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Nondeterministic au toma ta  may require that  all possible computat ion se- 
quences be enumerated, so that  the same symbol of the input term s may have 
to be inspected repeatedly, as often as once for every pat tern.  Therefore they 
may be less efficient than deterministic au toma ta  in practice. On the other hand, 
they are smaller in size and can often be more easily updated,  as pat terns  can 
readily be added to or deleted from T. Thus, in applications where the set of 
terms to match with keeps changing (such as in completion procedures), non- 
deterministic au tom a t a  may be preferable, while for fixed sets T deterministic 
au toma ta  are more efficient. 

The associat ive-commutative matching algorithm proposed in this paper  is 
based on the use of discrimination nets, but applies to any version thereof, 
whether deterministic or nondeterministic, adaptive or non-adaptive.  For reasons 
of simplicity, our exposition is given in terms of deterministic au tomata .  

3 A s s o c i a t i v e - C o m m u t a t i v e  M a t c h i n g  

Let AC be a set of associativity and eommuta t iv i ty  axioms 

: y), z) 

v) : f(v, 

for some function symbols f .  We write f E AC to indicate that  f is such an 
associat ive-commutative symbol,  and denote by =AC the equational theory in- 
duced by the set of equations AC. Thus, s =AC t if  and only if s and t are 
equivalent under associativity and commutat ivi ty.  

A term r is said to AC-match another  term s if there exists a substi tution 
o-, such tha t  to- =AC s. We shall first consider the problem of deciding, for given 
linear terms t l , . . . ,  try, which ones AC-match  a specified term s. 

In dealing with associativity and commuta t iv i ty  it is of advantage to "flatten" 
terms and allow varying arity for AC-symbols.  More precisely, if  f is an AC- 
symbol,  then ] ( X )  is a syntactically valid term, if the sequence of terms X 
consists of at  least two terms. (We denote the length of a sequence X by ]XI. ) 

By L we denote the set of all rewrite rules (also called flattening rules) of 
the form 

f ( X , f ( Y ) , Z ) - - + f ( X , Y , Z ) ,  f E A C ,  I X l §  IYI>2.  

Terms that  can not be rewritten by L are said to be fiat. The normal  form of a 
te rm t under the flattening rules is denoted by 3. Let us denote by ~ the smallest 
symmetr ic  rewrite relation (also called the permutation congruence) for which 

f ( X , u , Y , v , Z )  ~ I ( X , v , Y , u , Z ) ,  if f e AC. 

It is well-known that  the flattened versions of terms equivalent under AC are 
unique up to the permuta t ion  congruence. Consequently, a term ~ AC-matches  
a term s if and only if there exists a substi tution o-, such that  to- ~ ~. If  we 
assume that  xo- is a flat term, for all variables ~, then 3o- is almost a flat term as 
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well. The only subterms to which a flattening rule can be applied are of the form 
f(Y, z~, Y') ,  where f E AC and ~o" = f (g) ,  for some AC-symbol  f ,  in which 
case f(Y, f (Z) ,  Y')  will be flattened to f(Y, Z, Y'). The same effect is achieved 
by subst i tut ing for z, not the term f (Z ) ,  but instead the sequence of terms Z. 
Denoting by ~ this substitution, with sequences of terms substi tuted for variable 
arguments  of AC-symbols,  we find that  t--~ ..~ ~ is equivalent to t ~  -.~ s. 

In sum, the AC-matching problem can essentially be reduced to ordinary 
matching up to permutat ion of arguments of AC-symbols,  provided terms are 
flattened first. Henceforth, we shall consider only flattened linear terms and 
speak of AC-matching  to refer matching up to permutat ion.  In the next section 
we apply discrimination nets to this problem. 

4 A s s o c i a t i v e - C o m m u t a t i v e  D i s c r i m i n a t i o n  N e t s  

The AC-nesting depth at  a position in a term is recursively defined as follows. 
The AC-nesting depth at A is 0. I f  n is the AC-nesting depth at position p 
in t, then the AC-nesting depth at a position p.i in t is n + 1, if  f(p) is an 
AC-symbol ,  and n, otherwise. The AC-nesting depth of a term is the max imum 
AC-nesting depth of any of its positions. By the top-layer t of a term t we mean 
the expression obtained from t by removing all subterms at positions with non- 
zero AC-nest ing depth. For example, i f  f E AC and g ~ AC, then the top-layer 
of g(a, f(b, c)) is g(a, f). Observe that  the top-layer of a term is a syntactically 
valid term if AC-symbols  are regarded as constants. I f t  contains no AC-symbols,  
then t = t. Furthermore,  if  s --~ t, then ~ = t. 

Now suppose s and t are fiat terms, such that  t~r ,-~ s, where zo" may be a 
sequence of terms, if  �9 occurs as argument  of an AC-symbol  in t. Then (i) 
matches ~ and (ii) for all positions p of AC-nesting depth 0 in t, i f  t(p) is an 
AC-symbol ,  then (tJv)~r ~ sip. Conversely, if  (i) and (ii) are satisfied for some 
substi tution ~r, then t~r ~ s. In other words, AC-matching can be characterized 
in terms of conditions (i) and (ii). 

Condition (i) represents a standard matching problem. Let us consider condi- 
tion (ii). Suppose t [ p :  f ( ~ l , . . . ,  tin) and s]v : f ( s l , . . . ,  sn), where f E AC. Let 
us also assume, without loss of generality, that  for some k, 0 < k < m, no term 
Q , . . . ,  tk is a variable, while all terms tk+l , . . . ,  tm are variables. Define a bipar- 
tite graph G : (V1 U V2, E),  with V1 = { s l , . . . ,  s,~}, V2 = { t~ , . . . ,~k},  and E 
consisting of all pairs (sl, t j) ,  such that  slur ..~ t j ,  for some substi tution ~. I t  can 
easily be seen that  if (a) either n : m or n > m > k, and (b) there is a matching 
of size k in the bipart i te  graph G, then f($~,...,tin)o" ,.~ f ( s~ , . . . ,  s,~), for some 
substi tution cr and hence condition (ii) is satisfied. (Recall that  we consider only 
linear terms.) 

In sum, a flat term t AC-matches  another flat term s if and only if (i) the 
top-layer of t matches the top-layer of s and (ii) maximal  AC-subterms of s 
are AC-matched  by corresponding subterms of t. The second condition can be 
checked by AC-matehing proper subterms of t and s and using bipart i te  graph 
matching.  The above observations motivate the following definitions. 
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If  T is a set of terms, we denote by 2~ the set of all top-layers of terms in 
T. In a discrimination net for such a set 2fi, nodes v, for which there is an edge 
(u, v) labelled by an AG-symbol,  are called AC-nodes. Furthermore, we denote 
by L~ the set of all terms flp~, for which t C T, t E M~, and p~, is a non-variable 
position in t; and by R~ the set of all non-variable terms tha t  occur as top-level 
arguments  of terms in L~. 

An AC-diserimination net is a hierarchically structured collection of stan- 
dard discrimination nets. Formally, an AC-discrimination net for a set of flat 
terms T consists of (i) a s tandard discrimination net D (the top-level net) for 
the set ~" of top-layers of T, and (it) associated with each AC-node v in D, an 
AC-discrimination net (an AC-subnet)  for the set R , .  By the depth of an AC- 
discrimination net for T we mean the maximal  AC-nesting depth of any term 
in T. 

An AC-discrimination net for a set of terms T defines an AC-matching  au- 
tomaton,  which is deterministic and inspects each input symbol at most  once, 
but  differs from a s tandard matching au tomaton  in tha t  it dynamical ly computes 
current match sets. 

The a lgor i thm/ re -match ,  which accepts as input a flat term s and an asso- 
ciat ive-commutat ive discrimination net D for a set of fiat terms T, is defined as 
follows: 

1. Let u be the root of D, D'  its top-level s tandard discrimination net, and M" 
be T. 

2. I f  u is leaf, then return M~, fq M~'. 
3. Otherwise, let (u ,v)  be the edge in D' corresponding to the symbol f = 

s(p~). (If  f is a variable, the corresponding edge is the one labelled by w.) 
4. I f  v is an AC-node, then sip ~ is a term f ( s l , . . . ,  s,~). Recursively apply the 

algori thm AC-raateh to each term sl and the AC-subnet  D,  associated with 
v, to determine which terms in R,  AC-match  s~. 
Define, for each term t = f ( Q , . . . ,  tk, ~ k + l , . . . ,  z,,~) in L, with non-variable 
arguments  t l , . . . ,  tk, a bipart i te  graph Gt with vertices s l , . . . ,  sn and t l , . . . ,  
t~ and with all pairs (s~, t j) ,  for which s~ AC-matches  tj ,  as edges. I f (a )  either 
n = m or else n > m > k, and (b) there is a matching of size k in the graph 
Gt, then t AC-matches  f ( s x , . . . ,  sn). 
Let L" be the set of all terms in L~ that  AC-match  f ( s i , . . . ,  s,~). Let M" be 
the set of all terms in M ' ,  such that  either tip, is a variable, for some prefix 
p' ofpu,  or else t]p~ is in L ' .  

5. Let u be v and M~' be M" and go to step 2. 

This  algorithm is correct: 

T h e o r e m  1. Let D be an associative-commutative discrimination net for a set 
of flat terms T,  and let s be a flat term. Then the algorithm t C - m a t c h  returns, 
for input D and s, the set of all terms in T that AC-match  s. 

Proof. The proof  is by induction on the depth of D. Let T '  be the set returned 
by AC-mateh for input D and s and let t be a term in T ' .  We first prove that  (i) 
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matches ~ and (ii) for all positions p of AC-nesting depth 0 in t, if  t(p) is an 
AC-symbol, then tip AC-matches sip. 

Let u be the root of the top-layer discrimination net D I of D and let v be 
the final state that  is reached by the matching automaton A I defined by D ~ on 
input ~. The same node v is the last one reached by At-thatch. Since t is in M~, 
we may infer that  ~ matches ~. 

Let p be a position of AC-nesting depth 0 in t, and suppose tip = f ( t l , . . . ,  tin) 
and sip = f ( s l , . . . ,  s,~), for some AC-symbol f .  Let (u', v') be the edge consid- 
ered in step 3 of AC-raatch at the time when the symbol at position p in s is 
inspected. Since any AC-subnet of D is of smaller depth, we may use the in- 
duction hypothesis to infer that  the set M~ computed in the succeeding step 4 
contains only terms t' such that ~' [p AC-matches sip. Thus, conditions (i) and (ii) 
are indeed satisfied for ~. 

On the other hand, it can easily be seen that  that  if a term t is contained in 
T but  not in T ~, then t does not AC-match s. This completes the proof. [] 

T h e o r e m 2 .  Let D be an associative-commutative discrimination net for a set 
of fiat terms T, and let s be a fiat term. The algorithm At-match determines 
the set of all terms in T that A t -match  s in time O(n) + O(mnl"5), where n is 
the size of the subject term s and m is the sum of the sizes of all pattern terms 
in T. 

Proof. First note that  each symbol in the input term s is inspected at most once. 
If the symbol inspected is not AC, then its processing takes only a constant 
amount  of time (steps 3 and 5). 

In the case of an AC-symbol, which is the root of a subterm f ( s l , . . . ,  s~)  
of s, we need to apply a bipartite graph matching algorithm to graphs Gt, for 
certain sets of patterns t, all of which are subterms of terms in the initial set 
T. Let ni + mt be the number of vertices in Gt. Then the number of edges is 
at most nimt, and a maximum bipartite matching on Gt can be computed in 
time O(mtn~x/~, ). The total time for all bipartite matchings on graphs with 
V1 = { s l , . . . ,  s,~,} is thus no more than O(mn~'5). Since ~ ,  n~ < n, the total 
t ime for all bipartite graph matchings done during the course of the algorithm 
is no more than O(mnl'S). 

Furthermore, the computation of current match sets M~ and returned match 
sets M~ fq M~ can be done in time proportional to the size of the sets involved, 
which is no more than m. Therefore the total time for all of these operations 
cannot exceed O(nm). We have thus established the desired bound of O(n) + 
O(mn 1"5) on the running time of AC-raatch. [] 

Finally, a few remarks about the space complexity of the discrimination net. 
The time to build the discrimination net is directly related to its space complex- 
ity, and the size of the discrimination net can become quite large. In fact, the 
worst-case lower bound on space of a discrimination net is exponential in the 
number of terms [11]. However, at the expense of increasing the matching time 
it is possible to reduce the space complexity. One approach is to build a nonde- 
terministic net based on strong compatibility. Another approach that  can yield 
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much bigger space reductions is to build a different kind of discrimination net 
based on root-to-leaf path sequences which contain both positions and function 
symbols. Details about such nets appear in [10, 12, 8]. 

5 S e c o n d a r y  A u t o m a t a  

In the above AC-matching algorithm we have applied indexing techniques to the 
non-AC portions of given pattern terms, and have used bipartite graph matching 
to deal with AC-snbterms. The running time of the algorithm is dominated 
by the cost of bipartite graph matching. The bipartite graphs that  have to be 
considered are of the form G = (V1 t3 V~, E), where V1 = {sl . . . .  , sz} is a set of 
input subterms, V2 = {r tk} is a set of pat tern subterms, and E contains 
an edge (s~, tj) if and only if tj AC-matches sl. 

More precisely, the terms Q , . . . ,  tk are the non-variable top-level arguments 
of some occurrence of an AC-operator in a pattern term. It appears that  in 
practice the number k is usually quite small. For instance, in all the associative- 
commutative rewrite systems listed by ttullot I5], there are no AC-subterms with 
more than two non-variable arguments. We have also analysed several benchmark 
problems for AC-completion, such as certain group examples similar to the ones 
used by Christian [1]. In one typical example, a total of 128 rewrite rules were 
generated during the completion of a canonical system of 35 rules. There were 
183 occurrences of AC-symbols on the left-hand sides of these rules, of which 
81 had only variables as arguments, while the remaining ones had only one non- 
variable argument. In the examples we looked at, there was only one instance 
of an AC-subterm with more than two non-variable arguments. (The number of 
non-variable arguments in that case was four.) 

These observations have led us to design special techniques, called secondary 
automata,  to efficiently handle bipartite graph matching for cases where V2 is 
small, say k < 4. 

Suppose graphs are represented by adjacency matrices, with rows correspond- 
ing to nodes sl and columns corresponding to nodes tj.  The edge set E is com- 
puted row by row, as the algorithm At-match is applied to each term sl. Let us 
denote by Gi the subgraph of G consisting of the first i rows. 

For example, suppose we have one pattern f(g(a, b), g(a, ~), y)), where only 
f is an AC-symbol. We need to look at bipartite graphs G = (V1 U V2,E), 
with V2 = {g(a, b), g(a, ~)}. The sets V1 and E depend on the input term. For 
an input term f(g(a, d), g(a, c), g(a, b)), we have V1 = {g(a, d), g(a, c), g(a, b)}. 
The two terms g(a, d) and g(a, c) are AC-matched only by the second term in 
V2, while g(a, b) is AC-matched by both pat tern subterms, so that  we obtain 
adjacency matrices 

1 

The maximum graph matching is of size 2. 



71 

Let us classify bipartite graphs G = (V1 U V2, E) with IV21 = k, according to 
the size of a maximum matching and the subset of vertices in V2 matched in a 
maximum matching. More precisely, a matching characteristic is a collection 6 of 
d-element subsets of V2, where d < k. We say that  G has matching characteristic 
6 if, for every set M E 6, there exists a maximum matching of G on which each 
vertex in M, but no vertex in V2 \ M ,  is incident. (Thus, the size of the maximum 
matching is d.) Note that there are only finitely many different sets 6, for any 
fixed number k. 

For example, graphs G1 and G2 above have matching characteristic {2}, 
while Ga has matching characteristic {1, 2}. 

We define an automaton Sk, for each k, as follows. Each matching charac- 
teristic 6 is represented by a unique state of Sk. The input symbols for Sk are 
bitstrings b of length k (each such bitstring representing a possible row in ad- 
jacency matrix). There is a transition from 6 to 6 ~ on input b if there is some 
graph G of matching characteristic 6 and with adjacency matrix A, such that  
the graph G ~ defined by the adjacency matrix obtained from A by adding row b, 
has matching characteristic 6 ~. There is exactly one state 6o with [6ol = 0, which 
is taken as the initial state of Sk; and exactly one state 6~ with 16hi = k, which 
is taken as the only final state of Sk. We call Sk a secondary automaton. 

The secondary automata S~ is shown in Figure 3. The states are numbered, 
with matching characteristic as indicated. For instance, state 3 has matching 
characteristic {{1}, {2}), which is the property of any graph G = (V1 U V2, E), 
where V2 has two elements, E is non-empty, and all edges are incident on the 
same element (either the first or the second) of Vs. 

1 1 ~  / /01 

3 ~ ( ~ A  10 

Fig.  3. Secondary automaton of depth 2. 

Observe that  all transitions lead from a state representing matchings of size 
d to a state representing matehings of size d + 1. In fact, we have: 
L e m m a  3. Let G = (V1 t5 V2, E)  and G' = (V~ U V2, E') be bipartite graphs, such 
that V~ : V1 (3 {v} and E' : E U E~, where E~ is a set of edges (v, v'), with 
v ~ E V2. Also, let d be the size of a mazimum matching in G. Then G I has either 
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a maximum matching of size d + l ,  or else has the same matching characteristics 
as G ,  

Pro@ Let the match ing  characteristics of G and G'  be 5 and 5' respectively. 
Suppose G'  has a max imum matching of size d, 5 ~s 5' and M '  E 5' \ 5. For any 
M E 5, there must be a vertex w E M '  such that  w ~ M. Clearly, v is matched 
with a vertex u E M because otherwise M '  would be either of size d + 1 or 
included in 5. Let v' be the vertex matched with u in a matching characterized 
by M. If  v' is not matched with any vertex in M' ,  then M '  C 5, which is a 
contradiction. Suppose u'  is v"s match in M' .  If  u'  C M, one can repeat the 
above argument  until a vertex w C V2 but w ~ M is found; otherwise, we take 
w = u'.  In both  cases, we have shown for G'  the existence of max imum matchings 
of size d + 1 incident upon the subset M U (w} of V2. A contradiction. [] 

As an immediate  corollary we obtain: 

C o r o l l a r y  4. Let G = (V1 U V2, E) be a bipartite graph with IVI I = l and IV2] = 
k. Let A be the corresponding adjacency matriz, and Ai be the i-th row of A. 
Then the secondary automaton Sk, for input A1 �9 �9 Al, will reach the state 5 that 
represents the matching characteristics of G. 

In the context of the algorithm At-match  the secondary au toma ta  can be used 
in step 4, to determine whether there exists a bipart i te  matching of the required 
size. The number  of states in a secondary au tomaton  increases exponentially with 
k, so that  these au tom a t a  are only practical for small values ofk.  (The au tomaton  
$1 has only two states, while $2 has five, and $3 sixteen.) Fortunately, the value 
of k tends to be small enough in practical examples, as we have mentioned above. 

Secondary au toma ta  can also be adapted to yield the actual matching sub- 
stitutions. If, in traversing a secondary automaton,  one can not move to a new 
state on a row of the adjacency matr ix,  the input subterm corresponding to the 
row is a candidate term for the substitution of some variable ~k+l," �9 ", ~m. By 
keeping track of such candidates, once the AC-matching is done, one can find 
consistent substitutions for all the variables in a pat tern.  For instance, in the 
pat tern  f (g(a,  ~), g(b, y)) and the subject f (g(a,  b), g(b, c)), where both f and g 
are in AC, y has two candidate substitutions a and c while ~ has only b. From 
these candidates, one can determine the final substi tution �9 ~-~ b and y ~-~ e once 
the algori thm has finished. 

T h e o r e m S .  All bipartite matching problems at all AC-nodes visited during 
traversal of an AC-discrimination net for a set of fiat terms, with total size 
m, on behalf of an input term of size n can be done in O(mn)  time. 

Proof. Since the transition function at each state of a secondary au tomaton  of 
depth k can be implemented as a k-dimensional table, each transit ion takes 
O(k).  Thus, using the notat ion as in proof of Theorem 2, a m a x i m u m  bipar- 
tite matching on Gt can be computed in t ime O(mtni ) .  Therefore, the t ime to 
compute max imum bipart i te  matchings on graphs with V~ = { s l , " . ,  s,~} is no 
more than  O(mni )  and the total  t ime for all bipart i te matchings done during 
the course of AC-match is no more than O(mn) .  [] 
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6 Nonlinear Matching 

The above (polynomial-time) algorithm applies to linear pattern terms. In its 
simplest form, the algorithm just  determines which patterns AG-match a given 
input term. In situations where most match at tempts are likely to fail (as is typ- 
ical of theorem proving applications), it may thus make sense to use this version 
of the algorithm as a "filter," to quickly sort out failed matching attempts.  In 
case of success, a single substitution for a pattern can easily be extracted during 
the algorithm, which is sufficient for the purpose of rewriting with linear terms. 

In the case of nonlinear terms, we apply the matching algorithm to linearized 
versions of patterns in a first phase, and, in a second phase, check whether the 
proposed substitutions for different occurrences of the same variable are con- 
sistent. This requires that  all matching substitutions be computed, and the 
AC-matching algorithm has to be extended correspondingly. In particular, we 
have to compute all maximal bipartite graph matchings--instead of just  deter- 
mining whether a maximum-sized matching exists. (The nonlinear AC-matching 
problem is NP-eomplete ,  so that  a considerable increase in computing time, as 
compared to linear AC-matching, is not surprising.) 

7 Concluding Remarks 

In this paper, we have proposed a new data structure, called AC-discrimination 
nets, and used it to speed up many-to-one AC-matching. In any set of patterns 
the nesting depth of AC-symbols defines a number of levels of non-AC-parts.  An 
AC-discrimination net is a collection of standard discrimination nets, structured 
in a way that  reflects this hierarchy. The AC-matehing algorithm, recursively 
traversing the levels of the net, uses bipartite graph matching on each level to 
interpret and combine the AC-matching results from lower levels. If no AC- 
symbols are present in the patterns, the AC-discrimination net specializes to a 
standard discrimination net. 

We have also proposed secondary automata  as a novel data structure for 
further speeding up matching of AC-patterns typically encountered in practice. 
Secondary automata  are only dependent on the number of non-variable argu- 
ments within AC-subterms of the pattern, so that  all AC-subterms having the 
same number of non-variable arguments can be handled by a single secondary 
automaton.  This feature makes it attractive for completion as there is no need 
to create them dynamically when patterns change. 

Let us briefly discuss some of the other proposals for many-to-one AC-  
matching. Lugiez and Kounalis [6] proposed an algorithm to compile pattern 
matching of AC function definitions in functional languages. In their approach 
a complete pat tern tree (that guides matching) is constructed by enumerating 
certain AC terms. Such an enumeration appears to be prohibitively expensive in 
terms of both time and space. Nicolaita [9] described a method-which is based 
on Christian's discrimination net [1]. The main drawback with his method is 
that  it requires that the arguments of AC-subterms in the patterns as well as in 
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the subject be ordered. It is not clear whether the ordering constraints can be 
efficiently maintained in completion, where both the patterns and the subjects 
keep changing dynamically. (The kind of ordering to be used is left unspecified 
and the complexity of the algori thm is left open.) Lugiez and Moysset describe a 
bot tom-up procedure for AC-matching in which patterns are preprocessed into 
a large nondeterministic tree automaton [7]. The running time of the algorithms 
is not analysed, but  the construction of a deterministic automaton (from the 
nondeterministic one) is bound to be expensive. 

Finally we remark that  our linear matching algorithm can be directly used 
to deal with function symbols that are only commutative, in which case no 
flattening rules are applied to such function symbols. For function symbols that  
are only associative we simply need to replace bipartite graph matching with 
ordered bipartite matching. 
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