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A b s t r a c t .  Projective distortion of surface texture observed in a perspec- 
tive image can provide direct information about the shape of the underlying 
surface. Previous theories have generally concerned planar surfaces; in this 
paper we present a systematic analysis of first- and second-order texture 
distortion cues for the case of a smooth curved surface. In particular, we 
analyze several kinds of texture gradients and relate them to surface orien- 
tation and surface curvature. The local estimates obtained from these cues 
can be integrated to obtain a global surface shape, and we show that the two 
surfaces resulting from the well-known tilt ambiguity in the locM foreshort- 
ening cue typically have qualitatively different shapes. As an example of a 
practical application of the analysis, a shape from texture algorithm based 
on local orientation-selective filtering is described, and some experimental 
results are shown. 

1 I n t r o d u c t i o n  

Although direct information about depth and three-dimensional structure is available 
from binocular and dynamical visual cues, static monocular images can also provide im- 
portant constraints on the structure of the scene. For example, the simple line drawing 
shown in Fig. 1 gives a fairly convincing impression of a receding plane covered with cir- 
cles. Nevertheless, it is far from trivial to determine precisely from which image qualities 
this interpretation is derived. 

Fig. 1. This image of a slanting plane covered with circles illustrates several forms of projective 
distortion that can be used to estimate surface shape and orientation. 

The fact that projective texture distortion can be a cue to three-dimensional surface 
shape was first pointed out by Gibson [5]. His observations were mostly of a qualitative 
nature, but during the four decades which have passed since the appearance of Gibson's 
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seminal work, many interesting and useful methods for the quantitative recovery of sur- 
face orientation from projective distortion have been proposed; see e.g. [3] for a review. 
Furthermore, psychophysical studies (e.g. [I, 2]) have verified that texture distortion 
does indeed play an important role in human perception of three-dimensional surfaces. 
However, in our view there are two important issues which have not received enough 
attention in previous work. 

Firstly, most of the proposed mechanisms are based on the assumption that the 
surface is planar. As pointed out by many authors, real-world physical surfaces are rarely 
perfectly planar, so the planarity assumption can at best be justified locally. However, 
limiting the size of the analyzed region is generally not enough. We show in this paper 
that even for infinitesimally small surface patches, there is only a very restricted class 
of texture distortion measures which are invariant with respect to surface curvature. 
Gibson's gradient of texture density, for example, does not belong to this class. 

Secondly, the possibility of using projective texture distortion as a direct cue to sur- 
face properties has not been fully exploited in the past. For example, a local estimate 
of a suitably chosen texture gradient can be directly used to estimate the surface ori- 
entation. Although this view of texture distortion as a direct cue predominates in the 
psychophysical literature, most previous work in computational vision has proposed in- 
direct approaches (e.g. backprojection) where a more or less complete representation of 
the image pattern is used in a search procedure. 

The main purpose of the present work is to analyze the use of projective distortion as a 
direct and local cue to three-dimensional surface shape and orientation. We concentrate 
on those aspects that depend on the surface and imaging geometry, and not on the 
properties of the surface texture. Whereas most previous work has assumed that the 
scene is planar and sometimes also that the projection is orthographic, we study the 
more general case of a smooth curved surface viewed in perspective projection. Early 
work in the same spirit was done by Stevens [7], who discussed the general feasibility 
of computing shape from texture, and derived several formulas for the case of a planar 
surface. 

A more detailed account of the work presented here can be found'in [4]. 

2 Local Geometry of the Perspective Mapping 

Figure 2a illustrates the basic viewing and surface geometry. A smooth surface S is 
mapped by central projection onto a unit viewsphere E centered at the focal point. This 
spherical projection model has the advantage that it treats all parts of the field of view 
equally, and it is equivalent to the ordinary perspective projection onto a fiat image plane 
in the sense that if one of these projections is known, the other can be computed. 

In the following we will make use of several concepts from standard differential geom- 
etry; see e.g. O'Neill [6] for background. Consider a small patch around the point p in the 
image. Assuming that this patch is the image of a corresponding patch on the smooth 
surface S, we have a local differentiable mapping F from the image to the surface. The 
linear part F, of F is a 2 x 2 matrix called the derivative map, which can be seen both 
as a local linear approximation to F and as an exact mapping from the tangent plane of 
the image (or retina) to the tangent plane of the surface. To first order, we can consider 
the tangent plane of the viewsphere to be the local image of t'he surface. 

A convenient orthonormal basis (t, b) for the tangent plane of the viewsphere at the 
point p is obtained by defining t to be a unit vector in the direction of the gradient of 
distance from the focal point to the surface, and then setting b = p • t. The tangent 
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Fig. 2. a) Local surface geometry and imaging model. The tangent planes to the viewsphere ,~ 
at p and to the surface S at F(p) are seen edge-on but axe indicated by the tangent vectors 
t and T. The tangent vectors b and B are not shown but are perpendicular to the plane of 
the drawing, into the drawing, b) The derivative map F, can be visualized by an image ellipse 
which corresponds to a unit circle in the surface. 

direction t is usually called the tilt direction. The angle a between the viewing direction 
p and the surface normal N is called the slant of the surface. Together, slant and tilt 
specify the surface orientation uniquely. 

We also define an orthogonal basis (T, B) for the tangent plane to the surface S at 
F ( p )  as the normalized images under F, of t and b respectively. 

2.1 F i r s t - O r d e r  Di s to r t ion :  F o r e s h o r t e n i n g  

Starting with Gibson [5], much of the literature on shape from texture has been concerned 
with texture gradients, i.e., the spatial variation of the distortion of the projected pattern. 
However, an important fact which is sometimes overlooked is that texture gradients are 
not necessary for slant perception; there is often sufficient information in the local first- 
order projective distortion (F,) alone. 

F, specifies to first order how the image pattern should be "deformed" to fit the 
corresponding surface pattern. For a frontoparallel surface, F, is simply a scaling by the 
distance, but for a slanted and tilted surface it will contain a shear as well. It can be 
shown that in the bases (t, b) and (T, B), we have the very simple expression 

(1) 

where r = IIF(p)II is the distance along the visual ray from the center of projection to 
the surface. The characteristic lengths (m, M) have been introduced to simplify later 
expressions and because of their geometric significance: F, can be visualized by an image 
ellipse corresponding to a unit circle in the surface (Fig. 2b). The minor axis of the ellipse 
is aligned with t and has the length 2m, and the major axis has the length 2M. 

The ratio m/M is called the foreshortening of the pattern. We see that magnitude 
and direction of foreshortening determine slant a uniquely, and tilt t up to sign. 
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3 S e c o n d - O r d e r  D i s t o r t i o n :  T e x t u r e  G r a d i e n t s  

We are now prepared to take a closer look at the information content of texture gradients, 
i.e., various measures of the rate of change of projective texture distortion. Gibson [5] 
suggested the gradient of texture density as a main cue. Many other texture gradients 
have subsequently been considered in the literature, see e.g. Stevens [7] or Cutting and 
Millard [2]. These authors have restricted the analysis to the case of a planar surface. 

In this section we reexamine the concept of texture gradients for the more general 
case of a smooth curved surface. The analysis of texture gradients can be divided into 
two relatively independent subproblems; firstly, gradient measurement, and secondly, 
gradient interpretation. Here we concentrate on the interpretation task, but one specific 
measurement technique is described in Sect. 5. 

3.1 D i s t o r t i o n  G r a d i e n t s  

The most obvious way of defining the rate of change of the projective distortion is by 
the derivatives of the characteristic lengths M and m defined by (1). This definition 
encompasses most of the texture gradients that have been considered in the literature, 
e.g. the compression gradient ~lVm, the perspective gradient ~2VM, the foreshortening 
gradient Ve = (~I/~2)V(m/M), the area gradient VA = ~ I ~ V ( m M ) ,  and the density 
gradient Vp = psV(1/(mM)) ,  where ~1,~2 and ps are unknown scale factors. 

We will refer collectively to such gradients as distortion gradients. They do not all 
provide independent information, since by the chain rule the gradient of any function 
f (M,  m) is simply a linear combination of the basis gradients V M  and Vm. 

In practice it makes more sense to consider the normalized gradients ( V M ) / M  and 
(Vm)/m,  since these expressions are free of scale factors depending on the distance to 
the surface and the absolute size of the surface markings. Explicit expressions for these 
gradients are given by the following proposition: 

P r o p o s i t i o n  1 Basis  t e x t u r e  g rad ien t s .  In the basis (t, b), where t is the tilt direc- 
tion, the basis texture gradients are given by 

V m _  1 { 2 s i n a + r x ,  tana~ (2) 
m COS O" r ' r  s i n  f f  

- - ~ - - -  tans (3) 

where r is the distance from the viewer, a is the slant of the surface, tot is the normal 
curvature of the surface in the tilt direction, and r is the geodesic torsion, or "twist", of 
the surface in the tilt direction. 

From Proposition 1 it is straightforward to derive explicit expressions for gradients of 
any function of m and M. For example, we obtain the normalized foreshortening gradient 

Ve 1 ( s ina  + rx, t a n a )  
e cos a \ r r  sin a (4) 

and the normalized density gradient 

V p _  1 ( 3 s i n a + r x ,  t a n a ~  
7 - cos a k r r  sm a / (5) 
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Proposition 1 and equations (4-5) reveal several interesting facts about texture gradi- 
ents. Firstly, the minor gradient Vm depends on the curvature parameters x~ and T, 
whereas the major gradient VM is independent of surface curvature. This is important 
because it means that ( V M ) / M  can be used to estimate the local surface orientation, 
and hence to corroborate the estimate obtained from foreshortening. Furthermore, unlike 
foreshortening, ( V M ) / M  yields an estimate which has no tilt ambiguity. 

Secondly, the direction of any texture gradient which depends on m, such as the 
foreshortening gradient or the density gradient, is aligned with the tilt direction if and 
only if the twist r vanishes, i.e., if the tilt direction happens to be a principal direction in 
the surface. This is of course always true for a planar surface, but for a general curved 
surface the only distortion gradient guaranteed to be aligned with tilt is (VM) /M.  

Thirdly, the complete local second-order shape (i.e. curvature) ors  cannot be estimated 
by distortion gradients. The reason is that it takes three parameters to specify the surface 
curvature, e.g. the normal curvatures ~t, xb in the T and B directions and the twist r. 
The Gaussian curvature, for example, is given by K = Xt~b -- 7 "2. However, the basis 
gradients (2) and (3) are independent of the normal curvature t%. 

3.2 L e n g t h  Grad ien t s  

The concept of distortion gradients can be generalized. Distortion gradients are defined 
as the rate of change of some function of the characteristic lengths rn and M, everywhere 
measured relative to the tilt direction which may vary in the image. An alternative 
procedure could be to measure the rate of change in a fixed direction in the image of 
projected length in some direction w. It is a non-trivial fact that when w coincides with 
the tilt or the perpendicular direction, this measure is equivalent to the corresponding 
distortion gradient. However, a gradient can be computed for projected lengths in any 
direction, not just t and b. This way we can obtain information about the surface shape 
which cannot be provided by any distortion gradient. 

A particularly useful example is the derivative in some direction of the projected 
length measured in the same direction. This derivative could e.g. be estimated in a given 
direction by measuring the rate of change of the distances between the intersections of 
a reference line with projected surface contours. We have shown that the normalized 
directional derivative computed this way in the direction w -- a t  +/3b is given by 

+ cos2, )'  
- c~tana 2 +  cos a (a~_ + j32 costa) ] (6) 

which at a planar point simplifies to - 2 a  tan a. 
Note that a = 0 in the direction perpendicular to the tilt, so that this derivative 

vanishes. This observation is in keeping with Stevens' [7] suggestion that the tilt of a 
planar surface can be computed as the direction perpendicular to the direction of least 
variability in the image, and we now see that this suggestion is in principle valid for 
curved surfaces as well. However, this direction is not necessarily unique; for a non- 
convex surface with sufficiently large negative curvatures the derivative may vanish in 
other directions as well. 

It is also worth noting that the normalized directional derivative (6) can be measured 
even for textures that only exhibit variation in a single direction (such as wood grain), 
whereas there is no obvious way to measure neither first-order distortion (foreshortening) 
nor distortion gradients for such textures. For a planar surface, it suffices to measure 
this derivative in two perpendicular directions in order to determine the surface normal 
uniquely. 
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4 G l o b a l  A n a l y s i s  

Obtaining local estimates of surface shape is only the first step in the estimation of shape 
from texture. The local estimates must then be combined to obtain a global surface 
description, and in this process ambiguities existing at the local level can sometimes be 
resolved. In the next subsection we will examine one such possibility in more detail. 

4.1 T h e  P h a n t o m  Sur face  

Consider the common situation that local foreshortening is used to estimate surface ori- 
entation. We pointed out in Sect. 2 that foreshortening only determines tilt up to sign, 
leading to two mutually exclusive estimates of the local surface normal. By integrating 
these two sets of surface normals we can in principle obtain two global surface descrip- 
tions. We can then use any a priori knowledge we might have about the surface shape 
(e.g. that it is approximately planar) to decide which of the two surfaces is more likely 
to be correct. 

The latter possibility has generally been overlooked in the literature, most likely 
because the relation between the two surfaces is trivial if orthographic projection is 
assumed. In this case the two surface normals are related by a reflection in the optical 
axis, which corresponds to a reflection of the two surfaces in a plane perpendicular to 
the optical axis. Hence, both surfaces will have the same qualitative shape. 

In perspective projection, however, the relation is much more interesting and useful. 
The sign ambiguity in the tilt direction now corresponds to a reflection of the surface 
normal in the line of sight, which varies with position in the visual field. For example, if 
the true surface has a constant surface normal (i.e., it is planar), then the other set of 
surface normals will not be constant, i.e., it will indicate a curved surface. We will call 
this surface the "phantom surface" corresponding to the actual surface. Strictly speaking, 
we must first show that the surface normals obtained this way are integrahle, so that the 
phantom surface actually exists. It turns out that this is indeed the case, and that  there 
is a very simple relation between the true surface and the phantom surface: 

P r o p o s i t i o n 2  P h a n t o m  surface.  Let S be a surface parameterized by the distance r 
along the visual rays p, i.e., S = {r : r = r(p)  p} for points p in some region of the 
viewsphere S .  Then S has everywhere the same magnitude and direction of foreshortening 
as the corresponding phantom surface S, obtained by inversion of S in the sphere 27 
followed by arbitrary scaling, i.e., 

K 
= {~: ~ = ~ p} (7) 

where K is an arbitrary positive constant. The phantom surface S has everywhere the 
same slant but reversed tilt direction with respect to the true surface S. 

An interesting observation is that the phantom surface and the true surface are equivalent 
if and only if r (p)  is constant, i.e., if the eye is looking at the inside of a sphere from the 
center of that sphere. 

T h e  P h a n t o m  Sur face  of  a P l a n e  For a planar surface, Proposition 2 takes a very 
simple form. It  is well-known, and easy to show, that inversion in the sphere maps planes 
to spheres (see Fig. 3). More precisely, we have the following corollary to Proposition 2: 
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C o r o l l a r y  3= The phantom surface of a plane with surface normal N is a sphere passing 
through the focal point and with its center anywhere along a line from the focal point in 
the direction of N. 

X 
Phantom surface (sphere) 

Yiewspher~ ........ / 

' ""; Z 

[ sN 

I%r %,%=. i.lo* ~176 

Fig. 3. This drawing shows the intersection of the XZ-plane with the plane Z cos a -  X sin a = 6 
and the corresponding phantom surface (a sphere) (X + K sin a)2 -k y2 + (Z - K cos a)2 = K 2. 
K is in a~bitrary scaling constant which in this example has been set to 8/2. 

5 A n  Application of the Theory 

So far we have not discussed how the length measurements needed for the computation 
of first- and second-order projective distortion can be obtained in practice. The prob- 
lem is easy if the surface texture consists of well-defined texture elements (texels), but 
unfortunately the problem of texel identification is very hard for most natural textures. 
In this section we will briefly describe a method for computing the projective distortion 
without first identifying texture elements. This will also serve to illustrate how some of 
the general theoretical principles outlined in the previous sections can be used in practice. 
A detailed description of the method can be found in [3]. 

The approach is based on a proposition (proven in [3]) which states that the second 
moment matrix pi of the spectrogram of the image intensities is related to the spectro- 
gram of the reflectance of the surface pattern by the simple relation 

I~i = F,r IJrF, (8) 

under the simplifying assumption that the image intensity at a point is directly propor- 
tional to the reflectance at the corresponding point in the surface. 

If Pr is known and Pl can be measured, we can recover the eigenvalues (m, M) and 
corresponding eigenvectors of F, by factoring (8), and then use (1) to compute slant and 
tilt up to sign. Under the assumption that the surface reflectance pattern is isotropic, i.e., 
that Pr is a multiple of the identity matrix, the eigenvectors of Pi and F, will be the same, 
and the eigenvalues of F, will be the square root of the eigenvalues of p~. Of course,/~/ 
(and hence F,)  can only be recovered up to the unknown scale factor in Pr. Assuming that 
this factor does not vary systematically in the surface, the normalized major gradient 
(3) can be computed, providing an independent estimate of surface orientation. This 
estimate has no tilt reversal ambiguity. 
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In our implementation the image spectrogram is sampled by convolving the image 
with a set of complex 2-D Gabor filters, tuned to a range of spatial frequencies and 
orientations. 

The results obtained with a synthetic image are shown in Fig. 4. The synthetic image 
shows a planar surface covered by a random isotropic reflectance pattern, generated 
to have an approximately Gaussian power spectrum. The surface is slanted 60 ~ in the 
vertical direction with respect to the optical axis of the camera. The surface is viewed in 
perspective with a visual angle of approximately 59 ~ across the diagonal of the image. 

Synthetic image 
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Fig. 4. Estimation of surface orientation from first- and second-order projective distortion. 

The top row shows the original image (left), the estimated local distortion/~i repre- 
sented as ellipses on a superimposed 8 x 8 grid (middle), and a rescaled representation 
of Pi where all the ellipses have been given the same size to allow a better assessment of 
their shapes. 

The bottom row shows the estimated local shape, obtained by first transforming each 
local/Ji to a plane perpendicular to the line of sight and then applying (8). The left image 
in this row shows the first estimate of surface orientation obtained from foreshortening, 
the middle image shows the second estimate obtained by reflecting the first surface nor- 
mal in the line of sight, and the third image shows an independent estimate of surface 
orientation, obtained from the normalized major gradient. 

Note that the second estimate from foreshortening indicates a curved surface, as a 
result of the varying angle between the line of sight and the surface normal. As was 
shown in Sect. 4, this "phantom surface" is obtained from the true surface by inversion 
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in the sphere. The estimate from the major gradient is significantly more noisy than the 
other estimates, which was to be expected since it is based on the spatial derivatives 
of an estimated quantity. Nevertheless, it is obviously stable enough to resolve the tilt 
ambiguity in the estimate from foreshortening. 

6 C o n c l u s i o n  

Quantitative information about three-dimensional surface shape is directly available in 
the local projective texture distortion and its first spatial derivatives. Local surface orien- 
tation can be estimated independently of surface curvature from foreshortening if isotropy 
is assumed, and from the major gradient if spatial invariance of the surface pattern is 
assumed. All other texture distortion gradients depend on surface curvature and surface 
orientation in combination, but they are independent of the normal curvature in the 
direction perpendicular to the tilt. Hence, Gaussian curvature cannot even in theory be 
recovered from distortion gradients. 

Length gradients can be considered as a generalization of the distortion gradients. By 
measuring directional derivatives of projected lengths in a number of different directions it 
is in theory possible to estimate both surface orientation and surface curvature. However, 
this approach remains to be tested empirically. 

The global consistency of local estimates can often be exploited to resolve local am- 
biguities. We have shown that the well-known tilt ambiguity in the local foreshortening 
cue can lead to qualitatively different interpretations at the global level. 

We have briefly described one method for measuring first- and second-order projec- 
tive distortion. However, much further research is required to test the usefulness and 
robustness of this approach with various natural textures in natural viewing conditions, 
and there are also many possible variations of the basic scheme to be explored. 
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