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A b s t r a c t .  
Binocular stereo is the process of obtaining depth information from a 

pair of left and right cameras. In the past occlusions have been regions 
where stereo algorithms have failed. We show that, on the contrary, they 
can help stereo computation by providing cues for depth discontinuities. 

We describe a theory for stereo based on the Bayesian approach. We 
suggest that a disparity discontinuity in one eye's coordinate system always 
corresponds to an occluded region in the other eye thus leading to an oc- 
clusion co~s~rain~ or monotonicity constraint. The constraint restricts the 
space of possible disparity values, simplifying the computations, and gives 
a possible explanation for a variety of optical illusions. Using dynamic pro- 
gramming we have been able to find the optimal solution to our system and 
the experimental results support the model. 

1 I n t r o d u c t i o n  

Binocular stereo is the process of obtaining depth information from a pair of left and 
right camera images. The fundamental issues of stereo are: (i) how are the geometry and 
calibration of the stereo system determined, (ii) what primitives are matched between 
the two images, (iii) what a priori assumptions are made about the scene to determine 
the disparity and (iv) the estimation of depth from the disparity. 

Here we assume that (i) is solved, and so the corresponding epipolar lines (see figure 1) 
between the two images are known. We also consider (iv) to be given and then we 
concentrate on the problems (ii) and (iii). 

A number of researchers including Sperling[Sperling70], Julesz [:Julesz71]; Mart and 
Poggio[MarPog76] [MarPog79]; Pollard, Mayhew and Frisby[PolMayFri87]; Grimson[Grimson81]; 
Ohta and Kanade[OhtKan85]; Yuille, Geiger and Bfilthof[YuiGeiBulg0] have provided a 
basic understanding of the matching problem on binocular stereo. However, we argue that 
more information exists in a stereo pair than that exploited by current algorithms. In 
particular, occluded regions have always caused difficulties for stereo algorithms. These 
are regions where points in one eye have no corresponding match in the other eye. Despite 
the fact that they occur often and represent important information, there has not been a 
consistent at tempt of modeling these regions. Therefore most stereo algorithms give poor 
results at occlusions. We address the problem of modeling occlusions by introducing a 
constraint that relates discontinuities in one eye with occlusions in the other eye. 

Our modeling starts by considering adaptive windows matching techniques [KanOku90], 
and taking also into account changes of illumination between left and right images, which 
provide robust dense input data to the algorithm. We then define an a prior/probabil i ty 
for the disparity field, based on (1) a smoothness assumption preserving discontinuities, 
and (2) an occlusion constraint. This constraint immensely restrict the possible solutions 
of the problem, and provides a possible explanation to a variety of optical illusions that  
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so far could not be explained by previous theories of stereo. In particular , illusory dis- 
continuities, perceived by humans as described in Nakayama and Shimojo [NakShi96], 
may be explained by the model. We then apply dynamic programming to exactly solve 
the model. 

Some of the ideas developed here have been initiated in collaboration with A. Chain- 
boll and S. Mallat and are partially presented in [ChaGeiMalgl]. We also briefly mention 
that an alternative theory dealing with stereo and occlusions has been developed by 
Belhumeur and Mumford[BelMumgl]. 

It is interesting to notice that, despite the fact that good modelling of discontinuities 
has been done for the problem of segmentation (for example, [BlaZis87][GeiGir91]), it is 
still poor the modeling of discontinuities for problems with multiple views, like stereopsis. 
We argue that the main difficulty with multiple views is to model discontinuities with 
occlusions. In a single view, there are no occlusions ! 

2 Matching intensity windows 

We use adaptive correlation between windows. At each pixel, say l on the left, we consider 
a window of pixels that include I. This window is rectangular so as to allow pixels from 
above and below the epipolar line to contribute to the correlation (thereby discouraging 
mismatching due to misallignment of epipolar lines). The correlation between the left and 
right windows, II W~ - W ~  II, is a measure of similarity. A major limitation of using large 
windows is the possibility of getting "wrong" correlations near depth discontinuities. To 
overcome this limitation we have considered two possible windows, one (window-l) to 
the left of the pixel l and the other (window-2) to the right (see figure 1). Both windows 
are correlated with the respective ones in the right image. The one that has better 
correlations is kept and the other one discarded. Previous work on adaptive windows is 
presented in [KanOkug0]. 
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Fig. 1. (a) A pair of ~ames  (eyes) and an epipolar line in the lelt jCrame. (b) The two windows 
in the left image and the respective ones in the right image. In the left image each window shares 
the "center pixel" l. The window.1 goes one pixel over the right of l and window-~ goes one over 
left to I. 

2.1 P r o b a b i l i t y  of  m a t c h i n g  

If a feature vector in the left image, say W~, matches a feature vector in the right image, 
say W~,  If W~ - W ~  II should he small. As in [MarPog76][YuiGeiBu190], we use a 
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matching process Mlr that is 1 if, a feature at pixel I in the left eye matches a feature at 
pixel r in the right eye, and it is 0 otherwise. Within the Bayes approach we define the 
probability of generating a pair of inputs, W L and W R, given the matching process M 
by 

- ~ '~ ,~ {M, . [ I IW~-W~I I ]+e (1 -M,~ ) } , , . "  
P~.p~t(W L, WRIM) = e /~1 (1) 

where the second term pays a penalty for unmatched points ( Mzr = 0), with e being 
a positive parameter to be estimated. C1 is a normalization constant. This distribution 
favors lower correlation between the input pair of images. 

2.2 Uniqueness and an occlusion process 

In order to prohibit multiple matches to occur we impose that 

/9"-1 N--I 

Z M"" ---- 0' I and ~ M  L, = 0 , 1 .  
l = 0  r = O  

Notice that these restrictions guarantee that there is at most one match per feature, 
and permits unmatched features to exist. There are some psychophysical experiments 
where one would think that multiple matches occur, like in the two bars experiments (see 
figure 5). However, we argue that this is not the case, that indeed a disparity is assigned 
to all the features, even without a match, giving the sensation of multiple matches. This 
point will be clearer in the next two sections and we will asume that uctiquertess holds. 
Than, it is natural to consider an occlusion process, O, for the left (O L) and for the right 
(O R ) coordinate systems, such that 

N - 1  N - 1  

O~(M)= I -  ~ Mi,r and Of(M)=1-  ~ M,,,. (2) 
r----0 I=0 

The occlusion processes are 1 when no matches occur and 0 otherwise. In analogy, we 
can define a disparity field for the left eye, D L, and another for the right eye, D a, as 

N-I N-1 

D ~ ( M ) ( 1 - O ~ ) =  ZM' , r ( r - l )  and D ~ ( M ) ( 1 - O ~ ) =  ~ M , , , ( r - l ) .  (3) 
r = O  1=0 

where D L and D R are defined only if a match occurs. This definition leads to integer 
values for the disparity. Notice that D~ R r = DI+D~ and D~ = D_D~. These two variables, 

O(M) and D(M) (depending upon the matching process M), wiU be useful to establish 
a relation between discontinuities and occlusions. 

3 Piecewise  smooth  functions 

Since surface changes are usually small compared to the viewer distance, except at depth 
discontinuities, we first impose that the disparity field, at each eye, should be a smooth 
function but with discontinuities (for example, [BlaZis87]). An effective cost to describe 
these functions, (see [GeiGir91]), is given by 



428 

v . j f  ( M )  = - z . ( 1  + _ + 

where/~ and 7 are parameters to be estimated. We have imposed the smoothness criteria 
on the left disparity field and on the right one. Assigning a Gibbs probability distribution 
to this cost and combining it with (1), within the Bayesian rule, we obtain 

(4) 

where Z is a normalization constant and 

lr 

R D R 2 i E .oL . 

where we have discarded the constant 29' + E(N - 1)N. This cost, dependent just upon 
the matching process (the disparity fields and the occlusion processes are functions of 
Ml,), is our starting point to address the issue of occlusions. 

4 O c c l u s i o n s  

Giving a stereoscopic image pair, occlusions are regions in space that cannot be seen by 
both eyes and therefore a region in one eye does not have a match in the other image, 
To model occlusions we consider the matching space, a two-dimensional space where the 
axis are given by the epipolar lines of the left and right eyes and each element of the 
space, Mz~, decides whether a left intensity window at pixel / matches a right intensity 
window at pixel r. A solution for the stereo matching problem is represented as a path 
in the matching space(see figure 2). 

4.1 Occlusion cons t ra in t  

We notice that in order for a stereo model to admit disparity discontinuities it also has 
to admit occlusion regions and vice-versa. Indeed most of the discontinuities in one eye's 
coordinate system corresponds to an occluded region in the other eye's coordinate system. 
This is best understood in the matching space. Let us assume that the left epipolar line is 
the abscissa of the matching space. A path can be broken vertically when a discontinuity 
is detected in the left eye and, can be broken horizontally when a region of occlusion 
is found. Since we do not allow multiple matches to occur by imposing u~iq~e~ess then 
, almost always, a vertical break (jump) in one eye corresponds to a horizontal break 
0ump) in the other eye (see figure 2). 

Occl~sio~ co~strai~: A d~co~i~ity i~ o~e aye correspond ~o a~ occl~io~ i~ ~ha oXher 
aye a~d vice-versa. 

Notice that this is not always the case, even if we do apply ~nique~ess. It can be 
violated and induces the formation of illusions which we discuss on the section 7. 
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Fig. 2. (a) A ramp occluding a plane. (b) The matching space, where the left and right epipolar 
lines are for the image of (a). Notice the S~lmmetr~l between occlusions and discontinuities. Dark 
lines indicates where match occurs, Mr. = 1. 

4.2 M o n o t o n i c i t y  cons t r a in t  

An alternative way of considering the occlusion constraint is by imposing the monotonic- 
ity of the function F~ = l + Dr, for the left eye, or the monotonicity of F~ = r + Dr R. 
This is called the monotonicity constrain~ (see also [ChaGeiMal91]). Notice that F~ and 
F~ are not defined at occluded regions, i.e. the functions F~ and F~ do not have support 
at occlusions. The monotonicity of F~, for an occlusion of size o, is then given by 

L Fi+o+1 - i~t > 0, or Df+o - Df > -o, V~ 
l+o 

L =Of=O and ~ (1-of,)=O where 01+o§ 1 
P=I+I 

(8) 

and analogously to F~ R. The monotonicity constraint propose an ordering type of con- 
straint. It differs from the known orders constraint in that it explicitly assumes (i) 
occlusions with discontinuities, horizontal and vertical jumps, (ii) uniqueness. Wc point 
out that the monotonicity of F L is equivalent to the monotonicity of F R. The mono- 
to~icit~I constraint can be applied to simplify the optimization of the effective cost (5) as 
we discuss next. 

5 Dynamic Programming 

Since the interactions of the disparity field Df  and D~ are restricted to a small neigbor- 
hood we can apply dynamic programming to exactly solve the problem. 

We first constrain the disparity to take on integral values in the range of ( -0 ,  8) 
(Panum's limit, see [MarPog79]). We impose the boundary condition, for now, that the 
disparity at the end sides of the image must be 0. 

The dynamic program works by solving many subproblems of the form: what is the 
lowest cost path from the beginning to a particular (/, r) pair and what is its cost? These 
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subproblems are solved column by column from left to right finally resulting in a solu- 
tion of the whole problem (see figure 5). At each column the subproblem is considered 
requiring a set of subproblems previously solved. Because of the mo~o~o~ici~y co~sgrai~ 
the set of previously solved subproblems is reduced. More precisely, to solve the subprob- 
lem (l, r), requires the information from the solutions of the previous subproblems (z, y), 
where y < r and m < I (see shaded pixels in figure 5). Notice that the mono~onici~y 
eonscrai~ was used to reduce the required set of previously solved subproblems, thus 
helping the efficiency of the algorithm. 

6 I m p l e m e n t a t i o n  and  R e s u l t s  

A standard image pair of the Pentagon building and environs as seen from the air are 
used (see figure 3 (a) and (b)) to demonstrate the algorithm. Each image is 512 by 512 
8-bit pixels. The dynamic programming algorithm described above was implemented in 
C for a SPARCstation 1+; it takes about 1000 seconds, mostly for matching windows 
(~ 75% of the time). The parameters used were : 7 = 10; # = 0.15; e = 0.15; 0 = 40; 
w = 3; and the correlation II W ~  - W ~ n L ,  II has 'been normalized to values between 
0 and 1. The first step of the program computes the correlation between the left and 
right windows of intensity. Finally the resulting disparity map is shown in figure 3. The 
disparity values changed from - 9  to +5. 

The basic surface shapes are correct including the primary building and two over- 
passes. Most of the details of the courtyard structure of the Pentagon are correct and 
some trees and rows of cars are discernible. As an observation we note that the disparity 
is tilted indicating that the top of the image is further away from the viewer than the 
bottom. Some pixels are labeled as occluded and these are about where they are expected 
(see figure 3). 

7 I l l u s i o n s  a n d  d i s p a r i t y  a t  o c c l u s i o n s  

In some unusual situations the mogoto~icicy constrain~ can be broken, still preserving the 
uniqueness. We show in figure 4 an example where a discontinuity does not correspond 
to an occlusion. More psychophysical investigation is necessary to asserts an agreement 
of the human perception for this experiment with our theory. This experiment is a gen- 
eralization of the double-nail illusion [KroGri82], since the head of the nail is of finite 
size (not a point), thus we call it the double-hammer illusion. 

7.1 Disparity limit at occluding areas and Illusory discontinuities 

At occluded regions there is no match and thus we would first think not to assign a 
disparity value. Indeed, according to (3) and (5) a disparity is just defined where a 
match exist, and not at occlusions. However, some experiments suggest that a disparity 
is assigned to the occluded features, like in the two-bars experiment illustrated in figure 5. 

The possible disparity values for the occluded features are the ones that would break 
the mor~o:onicigy constrgi~L This is known as Panum's limit case. Nakayama and Shi- 
mojo [NakShi90] have shown that indeed a sensation of depth is given at the occluded 
features according to a possible limit of disparity. If indeed, a disparity is assigned to the 
occluded regions than a disparity discontinuity will be formed between the occluded and 
not occluded regions. We have produced a variation of the Nakayama and Shimojo exper- 
iments where indeed a sensation of disparity at occluded features and illusory contours 
are produced (see figure 5). We then make the following conjecture 
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Fig.  3. A pair of (a} left and (b) right images of the pentagon, with horizontal epipolar lines. 
Each image is 8-bit and 51~ by 51~ pizels. (c} The final disparity map where the values changed 
from - 9  to +5. The parameters used where: '7 = 10; /.L = 0.15; e = 0.15;8 = 40; oJ = 3. In a 
SPARCstation 1-/-, the algorithm takes about 1000 seconds, mostly for matching windows (.~ 75 
of the time}. (d} The occlusion regions in the right image. They are approzimately correct. 

C o n j e c t u r e  1 ( o c c l u d e d - d i s p a r i t y )  The perceived disparity of occluded features ks the 
limit of their possible disparity values (Panum's  limit case), i f  no other source of infor- 
mation is given. 

This conjecture provides a method,  tha t  we have used, to fill in the d ispar i ty  for 
occluded features without  having to assing a match.  

Acknowledgements: We would like to thank A. Chambol l  and S. Mal la t  for the s t imu- 
lat ing conversations, and for their par t ic ipa t ion  on the ini t ial  ideas of this paper  and D. 
Mumford for many  useful comments.  
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Fig .  4. The double-hammer illusion. This figure has a square in front of another larger square. 
There is no region of occlusion and yet there is a depth discontinuity. 
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Fig .  5. (a) An illustration of the dynamic programming. The subproblem being considered is the 
(l, I + D~) one. To solve it we need the solutions from all the shaded pizels. (b) When fused, 
a 3-dimensional sensation of two bars, one in front of the of the other one, is obtained. This 
suggests that a disparity value is assigned to both bars in the left image. (c) A stereo pair of the 
type of Nakayama and Shimojo experiments. When fused, a vivid sensation of depth and depth 
discontinuity is obtained at the occluded regions (not matched features). We have displaced the 
occluded features with respect to each other to give a sensation of different depth values for the 
occlude.d featui'es, supporting the disparity limit conjecture. A cross fuser should fuse the left and 
the center images to preceive the blocks behind the planes. An uncross fuser should use the center 
and right images. 
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