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Abstract. Detection followed by morphological processing is commonly used in
machine vision. However, choosing the morphological operators and parameters
is often done in a heuristic manner since a statistical characterization of their per-
formance is not easily derivable. If we consider a morphology operator sequence
as a classifier distinguishing between two patterns, the automatic choice of the
operator sequence and parameters is possible if one derives the misclassification
distribution as a function of the input signal distributions, the operator sequence,
and parameter choices. The main essence of this paper is the illustration that mis-
classification statistics, the distribution of bit errors measured by the Hamming
distance, can be computed by using an embeddable Markov chain approach. Li-
cense plate extraction is used as a case study to illustrate the utility of the theory
on real data.

1 Introduction

Pixel neighborhood level feature detection followed by a region level grouping and/or
morphological filtering (see [4], [9], [13], [17]) is a typical operation sequence in a variety
of video and image analysis systems (e.g. document image analysis, video surveillance
and monitoring, machine vision and inspection, etc.). The robustness of these algorithms
is often questionable because of the use of arbitrary tuning constants that are set by trial
and error. Automating the selection of the operators and their algorithms require a sys-
tems level analysis or performance characterization. While performance characterization
for vision systems in general is being addressed by a growing number of researchers
(e.g. [1], [2], [15]), there has been limited research in performance characterization of
morphological algorithm sequences. Statistical characterization of morphological op-
erators is critical to the task of automating the choice of tuning parameters in various
applications.

We view the characterization of the morphological operator sequence as the deriva-
tion of the output image statistics as a function of the input image statistics, the operator
sequence and its tuning parameters. The difficulty is in defining the statistical models
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for the input data and the corresponding derivation of the output statistical models. Al-
though there exists prior work in the literature, this problem is difficult to solve, even for
1-dimensional signals. In this paper, the input to the morphological algorithm is viewed
as a binary random series. The output is viewed as another binary random series whose
statistics (e.g. Hamming distance or run/gap length distributions) are functions of the
input statistics. The theoretical derivation of the expressions for the output binary series
statistics is rather difficult. However, we adapt a result from the statistics literature that
computes probabilities of run events in a given sequence of Bernoulli trials (see [5])
and apply it to analyze morphological operators and their parameters. The calculation
of probabilities of occurrences of run events in a given sequence of Bernoulli trials is
done by embedding the integer random variable whose distribution is sought into a fi-
nite Markov chain. The distribution of the random variable is expressed in terms of the
transition probabilities of the Markov chain and can be calculated numerically. We show
how the output statistics (i.e. Hamming distance) from operators (i.e. morphological
openings, closings, open-close and close-open sequences etc.) on binary series can be
derived using the embeddable Markov chain approach. Theoretical results are compared
with simulations to validate the correctness of the theory. The theoretical results are
shown to give insights about how one could automate the selection of a morphological
operator sequence and its parameters to achieve a given error rate. We use license Plate
detection as a case study to illustrate the utility of the theory.

The paper is organized as follows. Section 2 reviews past work on statistical char-
acterization of vision algorithms and identifies the work closest in spirit of the current
work. Section 3 formally defines the problem and introduces the embeddable Markov
chain approach. In section 4, we use the Hamming distance distribution as one example
to illustrate how to derive the distribution for the output runs obtained through various
post-processing steps (such as morphological closing (opening) operators, the combi-
nations of morphological close-open or open-close operators) for 1D morphological
filters. Section 5 discusses the experiments (simulations) conducted to validate the the-
oretical results. Section 6 discusses the use of the theory to automate the selection of the
morphological operator sequence that performs License plate detection. We present our
conclusion and open research issues in section 7.

2 Related Work

Automatic operator selection of morphological operators and sequences has been studied
in the literature (e.g. [10], [21] and [22]). For instance, Vogt [21] poses the problem
as a genetic search while Joo et. al. [10] use theorem proving to generate automatic
procedures for a given task. None of these papers perform any statistical analysis of
the morphological operators. Good statistical analysis can allow the system has better
performance. Whether the analysis can guarantee the performance or not depends on
how good the input assumption of the analysis is.

While our work falls in the general category of performance analysis of vision sys-
tems, we do not provide an extensive review of the work in that area but focus only on the
relevant work on statistical characterization of morphological operators. Stevenson and
Arce [20] were the first to analyze the statistical properties of grayscale morphological
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filters under Gaussian noise. Costa and Haralick, [3], analyzed the empirical distribu-
tion of the output gray levels for gray scale morphological filters. Haralick et. al., [8],
described the statistical characterization for morphological filtering operations such as
closings and openings on input 1D binary signals, however, their input signal model was
quite restrictive. The closest related work [16] involves performance characterization of
boundary segmentation methods. That paper [16] provides a theoretical analysis of edge
detection, linking and grouping processes and provides a model for boundary fragmen-
tation of a given ideal boundary due to random noise and the edge strength threshold.
In addition the paper describes the output statistics of the alternating segment and gap
process after a morphological closing operation (i.e. a gap filling operation). It is also
worth noting that the analyses presented in [16] are continuous domain analyses. They
are limited in the sense that they derive the fragmentation process statistics for a given
probability of detection uniformly over the entire boundary. Our paper addresses a more
general model and allows the input process to be non-stationary.

3 Embeddable Markov Chain Approach

This section considers the problem of detection and grouping illustrated in Figure 1. The
main problem is to relate the statistics of the binary series in the morphological algorithm
output to that of the binary series in its input, the morphology operator (post-processing)
and its parameters.
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Fig. 1. System Diagram

3.1 Problem Statement

More formally, we process the spatial pixel sequences in image from left to right. Let t be
the index of the pixel. Let f(t) denote the mapping from the pixel index set {1, 2, . . . , N}
to the gray level measurementsR. Let b(t) denote the ideal unknown function represent-
ing the mapping that assigns the true labels (e.g. foreground/background (1/0)) for each
index. The detection algorithm is viewed as a function that maps f(t) to the binary series
b̂d(t) by using a decision rule (that could be spatially varying). Define pf(t) as the false

alarm probability, the conditional probability that the detector output b̂d(t) = 1 given
that the true label b(t) = 0. Let pm(t) be the miss detection probability, the conditional
probability that b̂d(t) = 0 given b(t) = 1. The morphology algorithm is viewed as a
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function that maps b̂d(t) to the binary series b̂g(t). Suppose the current pixel index is t,
the phrase “trailing” at pixel t is last ∆t pixels from pixel t−∆t+ 1 to pixel t.

One option to characterize the output of a post-processing step such as morphological
closing is to propagate this probability model through the post-processing step and derive
the probability distribution for pb̂g

(t). However, this problem is rather difficult to solve.
Moreover, even if we knew these probabilities, we would have to resort to the use of
Monte-Carlo simulations to evaluate the statistics of the binary series (e.g. run lengths).
The derivation of the statistics of the run lengths as a function of b(t), b̂g(t), and the
morphological operator parameterTg is the subject of another paper [6]. In this paper, we
are mainly concerned with the derivation of the distribution of the bit errors measured by
the Hamming distance between b(t) and b̂g(t) as a function of b̂d(t), the morphological
operator and its parameter Tg .

Our approach builds upon a technique developed in [5] and extended in [6] that
embeds a discrete random variable into a finite Markov chain. We numerically compute
the probability mass function (pmf) of the discrete random variable (i.e. run length
or Hamming distance). The pmf is essentially computed as a function of the N-step
transition probabilities of the Embeddable Markov Chain (EMC). Comparing to Monte-
Carlo simulations, the main advantages of using the EMC approach are that Monte-
Carlo simulations are prohibitively slow when probabilities for unlikely events are being
estimated. Moreover, the EMC results have no simulation errors. However, as the case for
any algorithm, input modeling errors produces the variance in the output of the system1.

3.2 Embeddable Markov Chain Approach

In this section, we proceed with a formal description of the EMC approach and how it
is useful to compute the pmf for a discrete random variable. For more details, please see
the original paper, [5]. Markov chain is a particular way to implement the finite state
machine. Other researchers also use Markov properties in the analysis of morphological
operator [19].

For a given n, let Γn = {0, 1, · · · , n} be an index set,Ω = {a1, · · · , am} be a finite
state space and ω represents the overflow value. A nonnegative integer random variable
Xn can be embedded into a finite Markov chain if:

1. there exists a finite Markov chain {Yt : t ∈ Γn} defined on the finite state space Ω.
2. there exists a finite partition {Cx, x = 0, 1, · · · , l} on the state space Ω.
3. for every x = 0, 1, · · · , l, we have p(Xn = x) = p(Yn ∈ Cx).

Let Λt be them×m transition probability matrix of the finite Markov chain ({Yt :
t ∈ Γn}, Ω). Let Ur be a 1 × m unit vector having 1 at the rth coordinate and 0
elsewhere, and let U ′

r be the transpose of Ur. Finally, for every Cx, define the 1 ×m
vector U(Cx) =

∑
r:ar∈Cx

Ur.
If Xn can be embedded into a finite Markov chain, let π0 = [p(Y0 =

a1), · · · , p(Y0 = am)] be the initial probability of the Markov chain, then the prob-

ability p(Xn = x) can be calculated as p(Xn = x) = π0

(∏n
t=1 Λt

)
U ′(Cx).

1 One way to reduce the modeling errors is to use the good enough model and use large enough
sample size to learn the input model parameters
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If the Markov chain is homogeneous (i.i.d. case, i.e. Λt = Λ for all t ∈ Γn), then
∀x = 0, · · · , l, the exact distribution of the random variable Xn can be expressed by
p(Xn = x) = π0Λ

nU ′(Cx).
In order to find the distribution for any embeddable random variable, one constructs:

(1) a proper state space Ω, (2) a proper partition {Cx} for the state space, and (3) the
transition probability matrix Λt associated with the EMC. The exact process by which
the state space is defined along with the partitioning is dependent on the nature of the
statistic of interest and the operator used.

We now describe the issues related to the construction of the state space for a given
algorithm before we provide examples of the use of EMC for morphological closing
operation and open-close/close-open sequences. As seen above, the first step involves
the definition of the state space. The state variable is typically of the form (x, a, b, c, . . . )
wherex corresponds to an instance of the discrete random variable (r.v.) of interest such as
Hamming distance, number of runs of a given length, etc., and a, b, c, . . . are auxiliary
variables related to the nature of the operation and the discrete r.v. of interest. These
auxiliary variables help us record the counts in the trailing part of the input (such as
number of 1s or number of 0s in the trailing 1/0 run). In addition they provide indicators
to show the status of the processing. The second step, “state space partitioning”, is based
on the value of the first part of the state variable. The states with the same value in
the first part of the state variable should be partitioned into the same class. The third
step involving the definition of the transition probability matrix Λt is done by using the
statistical model for the input binary series (the series may be correlated or uncorrelated
and is represented in its most general form by a inhomogeneous Markov chain).

4 Statistics of Binary Series in Morphology Operator Output

In this section we use illustrate how the EMC approach can be used to compute the prob-
ability distribution of the Hamming distance between the output of a closing operation
and a ground truth signal perturbed by a stochastic process (section 4.1). In section 4.2,
we will introduce how one could derive similar statistics when multiple morphological
operations are applied consecutively.

4.1 Statistics for Closing Morphology Operator

In this section, we analyze the effect of the closing operator with parameter Tg when
applied to the detector output b̂d(t) to produce b̂g(t). The deviation of b̂g(t) from the ideal
signal b(t) is measured by the Hamming distance (the number of locations where the
two boolean series differ in value). Let X be a discrete random variable corresponding
to the Hamming distance between the binary random series b̂g(t) and the ground truth
b(t). In this analysis, b(t) is assumed to be composed of independent (but not necessarily
identically distributed) random variables or spatially correlated random variables where
the correlation is described by a Markov model. b̂d(t) is a perturbed version of b(t)
where the perturbation model parameters are described by pf (t) and pm(t).

Statistical Independent Case Example: Let the input binary series consist of
boolean random variables that are statistically independent with the probability, of the t-
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th pixel being value 0, qt2. The EMC for calculation of the Hamming distance in this case
is given below. We have also devised an EMC for correlated binary sequences and pro-
vide the state transition diagram without providing details of the transition probabilities
for that case (Please see figure 2).

The State Space is: Ω = {(x, p, q) : x = 0, · · · , N ; p = ω, 0, · · · , Tg; q =
ω, 0, · · · , Tg}. The state variable in the left graph is (x, p, q), where x is the Ham-
ming distance, p is the number of 0s in the trailing run of the observed sequence and q
is the number of 0s in the ground truth binary series in this trailing run’s domain. The
value p is needed since it provides the partial gap length observed so far and if this gap
were closed, one would have to use the value of q to update the Hamming distance. The
notation p = ω is used for an overflowing state that correspond to the condition that a
given gap will not be filled by the closing operation.

The Partition is: Cx = {(x, p, q) : p = ω, 0, · · · , Tg; q = ω, 0, · · · , Tg}, x =
0, · · · , N .

The State Transition Probabilities are specified by the following equations.
When b(t) == 1 and b̂d(t) == 1, (correct detection):
pt(x+ 2q − p, 0, 0;x, p, q) = 1 − qt, p �= ω, q �= ω pt(x, 0, 0;x, ω, ω) = 1 − qt

When b(t) == 0 and b̂d(t) == 0, (correct rejection):
pt(x, p+ 1, q + 1;x, p, q) = 1 − qt, p �= ω, q �= ω pt(x, ω, ω;x, ω, ω) = 1 − qt

When b(t) == 0 and b̂d(t) == 1, (false alarm error):
pt(x+ 2q − p+ 1, 0, 0;x, p, q) = qt, p �= ω, q �= ω pt(x+ 1, 0, 0;x, ω, ω) = qt

When b(t) == 1 and b̂d(t) == 0, (miss detection error):
pt(x+ 1, p+ 1, q;x, p, q) = qt, p �= ω, q �= ω pt(x+ 1, ω, ω;x, ω, ω) = qt

The interpretation of the above equations is as follows. View the value x as the partial
Hamming distance between b(t) and b̂g(t) until the current pixel instant t. If the closing
operation given the current observation results in an alteration of the output b̂g(t) then
we have to alter our estimated Hamming distance to correspond to the correct value. The
state jumps are essentially of two types:

– States (2nd and 4th equations in the above set), where the Hamming distance values
are continually updated (changing) given the current measurement at pixel t (since
the decision concerning the effect of closing operation on the output cannot be made
because we have observed only a partial sequence of 0’s of length less than Tg), and

– States (1st and 3rd equations in the above set), where the Hamming distance values
take discrete jumps because of the switching of all the zero values in the trailing
window to a 1 as a result of the closing operation.

For example, when correct detection, there are two possible cases to be considered:

– The last trail of 0s are of length smaller than or equal to Tg . In this case, the gap will
be closed by the closing operation. This corresponds to a state jump from (x, p, q) to
(x+2q−p, 0, 0). The term 2q−p is an update factor that increments the Hamming
distance to take into account the flipping of 0’s to 1’s after the closing operation.

2 qt is a function of b(t), pm(t), and pf(t). pb(t)(·) is the distribution of ideal signal, [7].
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– The last trail of 0s are of length greater than Tg and hence this gap cannot be closed.
This corresponds to being in the state (x, ω, ω). After state transition the new state
is (x, 0, 0), i.e. no change is made to our estimate of the Hamming distance, but the
p and q values are reset to zero.

(X+2q-p,0,0)

(X,p+1,q+1)

(X,0,0)

(X,-1,-1) (X+1,-1,-1)

(X+1+2q-p,0,0)

(X+1,p+1,q)

(X+1,0,0)

(X,p,q)

T, T-->T

B, B-->B T, T-->B

B, B-->T

(X,p,q,L)

(X+1,-1,-1,T)(X,-1,-1,B)

(X+2q-p,0,0,T)

(X,p+1,q+1,B)

(X,0,0,T) (X+1,0,0,B)

(X+1+2q-p,0,0,B)

(X+1,p+1,q,T)

L-->B, B-->B

L-->T, T-->T L-->B, B-->T

L-->T, T-->B

Fig. 2. Diagram of the State Transition for the Hamming Distance Calculation, after closing

Figure 2 shows the EMC model for calculating the Hamming distance after closing.
The symbols with a right arrow in the figure represent event3. The left graph corresponds
to the case when input binary r.v.s b(t) are statistically independent, and the right graph is
for the case when the background model b(t) has the first order Markov property. Because
the right graph assumes the Markov property, an additional variable, L, is added to the
state variable. It shows the previous ground truth.

In the figure, the dashed lines show four special cases and the solid lines indicate
closing operation case. The upper dashed lines correspond state transitions when the
length of the trailing 0-run is longer than the closing parameter and the operator gets a
1. The lower dashed lines correspond to the state jumps to an overflow state (p = ω),
when the trailing 0-run length is above Tg and the operator gets a 0. The lower solid
lines correspond to state jumps as described below. When there is a correct rejection„
p and q will be increased by 1. When there is a miss detection error, not only p is
increased, but also x is increased because of one more error introduced (however, q
will not be increased). The upper solid lines need more explanation. According to the
definition, p − q 0 errors in the trailing run become correct labelings, and at the same
time, q correct 0s will become error labelings after the closing operation. When there
is a correct detection (the closing operation is applied in this case), 2q − p errors are
made. When there is a false alarm error, 2q − p + 1 errors are made. The difference
between these is due to the current false alarm error. From the figure, it is clear that the
state variable is not only a function of the operation we use, but also a function of the
input statistics. The independent observation assumption can reduce the complexity of
the graph and computation requirements.

Statistical Markov Case Example: The right graph in Figure 2 shows the EMC
model for calculating the Hamming distance after closing when the background model

3 For example, T, T → T in left graph means the ground truth is T and it is a correct detection.
L → T, T → B in right graph means the state in the input Markov chain jumps to T and it is
a miss detection error.
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b(t) has the first order Markov property. Note the use of an additional variable, L, in the
state variable. It is needed to keep track of the previous state (i.e the ground truth value
at t− 1). Details of the state transition probability equations are omitted due to lack of
space. We however show the application of the theoretical results in section 6.

4.2 Statistics for Close-Open Operator Sequences

In the previous section, we introduced a method to calculate the Hamming distance
distribution after a morphological closing by using the EMC approach. In this section,
we will show how to generalize the EMC approach to get the statistics of close-open or
open-close operator sequences. The main idea is to use more state variables to save all
the temporary information and to extend the graph from a single layer representation to
a multi-layered graph.

In this section, we will use the Hamming distance after the closing-opening operator
sequence — closing with parameterK1, opening with parameterK2 as one example to
show how to generate the state space and transition probabilities matrix for the EMC
when given the operator sequence. In order to simplify the description, we use “operator
K1” to indicate the closing operator with closing parameter K1 and “operator K2” to
indicate the opening operator with opening parameter K2. In a longer version of this
document [7], we provide the theory and implementation details of how we can apply
the EMC approach for longer close-open / open-close operator sequences.

State Space Construction: View the sequence of binary observations up to a pixel
instantT as partial observations of 0 and 1 runs.We usex to denote the Hamming distance
and the state variable is (x, p2, pa

2 , q1, q
a
1 ). The components with the superscript a indicate

how many correct detections in the corresponding numbers without the superscript. q1
is the number of 0s in the last 0-run and qa1 is the number of 0s which are correct 0s in
the last 0-run. p2 is the number of 1s in the last 1-run and pa

2 is the number of 1s which
are correct 1s in the last 1-run. It is clear that there are q1 − qa1 errors in the last 0-run
and p2 − pa

2 errors in the last on run. Then if the closing operator is applied to q1, those
qa1 correct 0s in the last 0-run will become errors in the last 1-run. Those q1 − qa1 errors
in the last 0-run will become correct 1s. Thus the Hamming distance should be adjusted
by qa1 − (q1 − qa1 ). Similar changes happen to the other component when the opening
operator is applied.

Definition of State Transition Probabilities Λt: In the Hamming distance calcula-
tion, the events are:

I0,0 correct rejection I0,1 false alarm error
I1,0 miss detection error I1,1 correct detection

When the event is I0,0, the state (x, p2, pa
2 , q1, q

a
1 ) moves to the state (x, p2, pa

2 , q1 +
1, qa1 + 1). When the event is I1,0, the state (x, p2, pa

2 , q1, q
a
1 ) moves to the state (x +

1, p2, pa
2 , q1 + 1, qa1 ).

Since the first operator in the operator sequence is a closing operator, no comparisons
or judgments are necessary when the system gets a 0 (event I0,0 or I1,0).When the event is
I0,1 or I1,1, we need to consider the operator effects. Since the only differences between
I0,1 and I1,1 are that I0,1 will increase the Hamming distance by 1 and reduce the correct
1s in pa

2 by 1, we just use the event I1,1 to show state evolution. The reader can easily
derive the states for event I0,1.
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Suppose the event is I1,1. If q1 ≤ K1, the operator will close the last 0-run, then
the state (x, p2, pa

2 , q1, q
a
1 ) will move to the state (x+ 2qa1 − q1, p2 + q1 + 1, pa

2 + q1 −
qa1 + 1, 0, 0). If q1 > K1, the closing operator will have no impact to the sequence, and
will have no impact to the state variable. Then, we must consider the operator K2. If
(q1 > K1)&&(p2 ≤ K2), the opening will take place, the state (x, p2, pa

2 , q1, q
a
1 ) will

move to the state (x−p2 +2pa
2 , 1, 1, 0, 0). If (q1 > K1)&&(p2 > K2), the morphology

operator sequence will have no effect. The state (x, p2, pa
2 , q1, q

a
1 ) will move to the state

(x, 1, 1, 0, 0).
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Fig. 3. Distribution of Hamming Distance: Left (i.i.d. samples), Right (Markov samples)

5 Simulation Validation

We present simulation results to validate the theoretical results in this section.
Figure 3 illustrates the Hamming distance distribution before and after closing for

various closing parameters. In this example, the false alarm probability and miss de-
tection probability are both 0.05. For the Markov case, the initial probability π[0,1] =

[0.0, 1.0] and the transition matrix is
[
p0→0 p0→1

p1→0 p1→1

]
=

[
0.95 0.05
0.10 0.90

]
.

From Figure 3, it is clear that when the false alarm probability and miss detection
probability are small, the closing operation cannot reduce the error in the independent
background model case, though it shows gains in the Markov property case, especially
for shorter length operators. Intuitively, when the background model is independent,
the next pixel value cannot be predicted from the current pixel value. Since the miss
detection probability and false alarm probability are low, taking the observation value as
the ground truth is a smart choice. If the probabilities on the diagonal of the Markovian
transition matrix are much higher than those of the off-diagonal, for the background
model with Markov property, it’s unlikely to have ideal patterns with immediate state
transitions such as 101. In this case, the closing operation with small closing parameters
will correct some miss detection errors.

Another simulation vs theoretical calculation experiment is made to validate the EMC
approach for the close-open and open-close morphology operator sequences. We validate
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Fig. 4. Hamming Distance Simulation: Left (i.i.d. samples in each pattern), Right (Markov samples
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the theory using two operator sequences. The first operation sequence is a closing with
parameter 1 followed by opening with parameter 2 and closing with parameter 3 again.
The second operation sequence is an opening with parameter 1 followed by closing
with parameter 2 then opening with parameter 3. In the experiment, we choose the
input binary series to be 30 pixels long with three regions (the first and the last regions
having the same spatial correlation model, while the middle region has a different spatial
correlation model). We test with both input data that are statistically independent, as well
as with data that are Markovian spatially. In one experiment where a Markov model is
used to model the spatial correlations, the transition matrix of the first region and the

last region is
[
p0→0 p0→1

p1→0 p1→1

]
=

[
0.975 0.025
0.25 0.75

]
, the transition matrix of the central region

is
[
p0→0 p0→1

p1→0 p1→1

]
=

[
0.75 0.25
0.15 0.85

]
. We assume that the noise model for the first and the last

regions is that 0 has the probability 0.01 of being 1 (false alarm); 1 has the probability
0.1 of being 0 (miss detection). The noise model for the central region is the false alarm
probability is 0.01, and the miss detection probability is 0.05.

Figure 4 shows the theoretical calculation results of Hamming distance distribution
for the two models with the left showing results for the Gaussian mixtures, while the right
figure is for the first order Markov assumption. Each graph shows two operator sequences,
Seq1: (O1 C2 O3), drawn with a solid line, and Seq2:(C1 O2 C3) drawn with a dotted
line. The simulation results are not plotted because they are visually indistinguishable
from the theory. The RMS error were 2.0874e-04 and 2.1438e-04 respectively for the
two sequences assuming a Markov Model and 1.8166e-04 and 2.2440e-04 respectively
for the two sequences assuming the mixture model.

It is interesting to note that both simulations and theory, and for both operators and
models, results have a pronounced spike at Hamming distances of 10, and that overall, the
shape of the Hamming distance curves is not simple. Unfortunately, the authors currently
have no explanation for that shape or the spike. However, this increases the importance
of the derived theoretical model, it predicts behavior which we cannot currently explain
but which we can observe in simulations.
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6 Application

In this section, we use license plate detection as one example to show how the theoretical
work can be used in practice. Hidden Markov Models (HMMs) have been extensively
used in the document understanding literature for text extraction (see for instance [11],
[12]). In this example application we will model license plate and background binary
pattern distributions as mixtures of HMMs.The main point of this section is that while one
way to implement the binary series classification might be by direct implementation of a
mixture of HMM based classifiers, a morphological operator sequence with associated
parameters serves as an approximation to the classification mechanism. Denote the
HMM parameters for the background binary series and license plate binary series as
ΘB and ΘL respectively. The objective is to obtain the mapping from the (ΘB , ΘL) to
a morphological operator sequence and its parameters (Os, θs). The major gain is in the
computational performance as well as providing strong statistical justification for use of
a morphological algorithm with associated parameters for the task.

In our application the pixels on the license plate are assumed to be 1s while non-plate
pixels are assumed to zeros. As before we use notations: ideal signal b(t), the detection
result b̂d(t), and the grouping result b̂g(t) etc. The Hamming distance between b(t) and
b̂g(t) is used as the criterion function to evaluate the performance of the morphological
sequence. Ideally, all the plate pixels should be detected and all of the non-plate pixels
should be ignored. There are two types of errors. The type one error is the false alarm
error, i.e. labeling the non-plate pixel (0) as a plate pixel (1), the type two error is the
miss detection error, i.e. labeling a plate pixel (1) as a non-plate pixel (0). For example,
in the binary images in figure 5, all the black pixels in the non-plate region are the false
alarm errors and all the white pixels in the plate region are the miss detection errors in
the input of morphology operator.

The license plate detection algorithm is comprised of the following steps (figure 5).
The input image (figure 5[A]) is first thresholded using an adaptive thresholding mecha-
nism (figure 5[B]), downsampled (figure 5[C]), and text areas are classified by applying
open-close operations in the horizontal direction (figure 5[D]) followed by close-open
operation in the vertical direction (figure 5[E]). The objective of our experiments was to
determine the parameters of the horizontal morphology operator sequence (Θh), and the
vertical morphology operator sequence (Θv) that minimizes the probability of misclas-
sification P (Plate;Θh, Θv|truth = NonPlate) + P (NonPlate;Θh, Θv|truth =
Plate). Our parameter optimization algorithm consists of the steps:

– Fix the parameters of the adaptive-thresholding step (e.g. window size, and percent-
age threshold)

– Choose a training set of images, apply adaptive thresholding, and consider samples
of binary series in the background and in the plate region. Estimate HMM model
parameters for the binary series in background and plate region for each image. The
distribution of binary patterns in the background and foreground for the collection
of images are then approximated by a mixture of HMMs.

– Given the centroid of these HMM model parameter clusters, we use the EMC ap-
proach to compute the probability of error for various morphological operator pa-
rameter combinations.
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(A) (B) (C)

(D) (E) (F)

Fig. 5. Results from each processing step

– The operator sequence and parameters that minimize the weighted sum of the proba-
bility of false alarm and misdetection is considered to be the best operator.According
to the requirements of the real application, different weighting can be applied to the
false alarm and miss detection probabilities.

– The process is repeated for selecting the best operator sequence and parameters in the
vertical direction. The input population for the binary random series (for background
and foreground) is the output of the best morphological operator obtained for the
horizontal direction.

In our experiments, we have 60 license plate images. We randomly pick 50 images
as the training set and 10 images as the test set. The size of the images are 768 × 512
and the size of the plate in the images is usually 135 pixels wide and 65 pixels high. We
estimate the transition probabilities of the Markov model for the original size image.
From the Markov property and the description on how the EMC approach works, if we
try to calculate the morphology parameters for the original size image, the state space
of the EMC will be huge leading to high computational cost. Instead, we downsample4

by a factor of 4 and use it as the output of detection stage in the system (also the input
for the morphology stage). It is clear that the downsampling automatically increases the
false alarm rate in the non-plate region and decreases the miss detection rate in the plate
region. However, our main objective here is to just illustrate the utility of EMC for this
application. Figure 6 (top row) illustrates the distribution of HMM parameters for plate
and non-plate areas before and after downsampling.

In the training stage, we decompose the 2D morphology operator sequence into two
orthogonal 1D morphology operators ([18],[14]) and train the parameters of the Markov
model separately, training for the horizontal direction using the downsampled image
and then training on the output of the horizontal morphology operation for the vertical

4 In the 4 by 4 region of the original image, if there is one or more black pixels, the corresponding
pixel in the downsampled image will be black (1), otherwise, it will be white (0).
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direction [7]. We use the centroid of the plate cloud and that of the non-plate cloud in
figure 6 (top row) as the input statistics to our model to estimate the Hamming distance
surface.
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Fig. 6. Top (left and right): HMM Transition Probabilities (for binary series in horizontal and
vertical directions) for original images [left] and the downsampled images[right]: various regions
(plate/non-plate). Bottom: ROC Curves for Horizontal and Vertical Morphology Operators

Figure 6 (bottom row) illustrates the probability of false alarm and miss detection
pairs for various operator sequence parameters. Note that the points in the lower left
corner close to the origin have better performance in both false alarm and miss detec-
tion. The operating point is chosen to be one based on a user-defined utility function
that is a tradeoff between false alarm and miss detection. For the vertical morphology
operators, we can calculate similar statistics to help us choose the parameters of the
vertical morphology operators. We can calculate the weighted sum of the false alarm
errors and the miss detection errors.

From these experiments we concluded that the “optimum” morphological operator
sequence for the horizontal direction was an open-close sequence with parameters 11
and 19 respectively. For the vertical direction we found that the best operator sequence
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Fig. 7. Experimental results: top two rows show good detections with no false alarms, bottom row
shows grilled pattern detected in addition to the plate.

was a close-open sequence with parameters 2 and 5 respectively. Figure 7 shows results
on the test set of images obtained by using the chosen morphological operator sequence.

Note that the system results have false alarms where the non-plate statistics are similar
to that of the plate regions. Figure 7 gives an example. For this false alarms region, the
HMM parameters fall within the HMM parameter cloud for the plate region (as shown in
the figure 6) and hence it is not surprising the chosen operator sequence cannot distinguish
these patterns from the plate region. Therefore, alternative feature representations and
further processing needs to be considered to avoid this misclassification. Note that one
of these is “text” and the other is a high frequency 2D pattern.

We investigated how variations in training impact the results on false alarm and miss
detection probabilities. We randomly picked subsets of 35 images from the training set
(50 images total) and used those for obtaining the centroid of the HMM parameters for
the license plate and background regions. It was found that there are two strong and well
separated clusters. These clusters are approximately centered around the value obtained
from the full training set of 50 images. By using the “optimal” morphology operator
sequence determined by the full training set, horizontal closing with 11 and opening
with 19, the false alarm probability range for the cluster is [0.015, 0.016] and the miss
detection probability range is [0.136, 0.176]. Hence we conclude that the approach is
reasonably stable, small perturbations in the input produced small perturbations in the
false alarm/miss detection calculations.
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7 Conclusion

In this paper, we introduced the embeddable Markov chain approach for statistical char-
acterization of morphological operator sequences. We demonstrated that through the
EMC approach we can compute the probability mass functions of discrete r.v.’s such as
the Hamming distance between a ground truth signal and a random binary series that
is the output of a morphological operator sequence. We have validated the correctness
of the theory through simulations. The theoretical models and computational approach
presented herein can be used to formalize operator selection in any aspect of vision
processing that uses morphology. It may be used to automate parameter selection, e.g.
structuring element sizes. A real application, license plate detection, is used as an ex-
ample to show the theory can be applied to do parameter selection. Open issues involve
extension of the theoretical work to do 2D morphology, gray scale morphology, and
operator sequences that are not limited to open-close or close-open operations. Another
interesting issue is to figure out how to handle the explosion in state space size as we
examine 2D morphology as well as longer morphological operator sequences.
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