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Abstract. A novel approach for computing point correspondences and grids
within annular tissues is presented based on a recently introduced technique for
computing thickness in such regions. The solution of Laplace’s equation provides
implicit correspondence trajectories between the bounding surfaces. Pairs of par-
tial differential equations are then efficiently solved within an Eulerian framework
for thickness, from which concentric surfaces can be constructed. Point correspon-
dences are then computed between the outer surfaces and any surface within, pro-
viding a gridding of the annular tissue. Examples are shown for two-dimensional
short-axis images of the left ventricle and three-dimensional images of the cortex.

1 Introduction

Many parts of the body have a geometry comprising pairs of surfaces with relatively
homogeneous tissue “sandwiched” between them — these are annular tissue structures.
The brain cortex has gray matter sandwiched between the gray matter/white matter
(GM/WM) and pial surfaces. The left ventricle of the heart has myocardium sandwiched
between the endocardium and epicardium. These boundaries can often be identified
from medical images (e.g., magnetic resonance or computed tomography images) [1,2],
yielding a geometric description of the body part, which can then be used for further
analysis of shape [3, 4] or for overlaying functional data [5, 4].

It is often desirable to further subdivide the segmented annular tissue. The left ven-
tricular myocardium is often divided into: basal, midventricle, and apical regions along
the long axis; septal, anterolateral, posterioseptal, and free wall regions around the cir-
cumference; and subendocardial, midwall, and subepicardial regions transmurally [6].
Also, the central surface of the brain cortex is often sought because it approximates cy-
toarchitectonic layer 4 [7] and it best represents the geometry of the cortex as a whole [9].
Sometimes, the subdivision is intended as a mesh for finite element analysis [10, 11];
other times it is used as rough coordinates on which to report function [12].

Despite the widespread uses for tissue subdivision, most of the methods that have
been pursued are based on ad hoc procedures. For example, the left ventricular wall
is typically divided circumferentially in short-axis images using radial lines emanating
from the long-axis. Transmural divisions are often based on fixed geometric models such
as prolate spherical shells that are fit to the myocardial wall (cf. [13]). Finite elements
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generated for use in myocardial strain analysis of the heart are generally large, spanning
the entire wall in a single element (cf. [10]). It is clear that a principled method for the
gridding of annular tissues is needed.

In this paper, we report a new method for generating grids within annular tissue struc-
tures. We assume that concentric boundaries are available, provided either manually or
automatically using a segmentation technique. Our approach solves Laplace’s equation
on the tissue domain to obtain implicit correspondence trajectories that connect the in-
ner and outer boundaries. We then compute tissue thickness by solving a pair of partial
differential equations within an Eulerian framework (an approach recently introduced
in [28]); the actual correspondence trajectories whose lengths we compute are never
explicitly reconstructed. Concentric surfaces lying between the inner and outer surfaces
that divide the correspondence trajectories into equal length segments are then read-
ily generated. We then develop an efficient method to compute point correspondences
between points within the tissue to either boundary. Given this method, it is then straight-
forward to generate a grid within the tissue given a discrete curve [if two-dimensional
(2D)] or surface [if three-dimensional (3D)] within the tissue. Examples are shown on
2D cardiac images and 3D brain images.

2 General Approach

In this section, we briefly review the procedure for measuring annular thickness that
was presented in [28]. We also show how the solution to this problem may be exploited
to “normalize” the solution of Laplace’s equation in order to compute the central curve
or surface within a segmented tissue region (such as the cortical white matter or the
myocardium). A key feature of this approach is that it is Eulerian in nature, using only
the structure of the fixed rectangular grid. Since the framework we will present is very
general and can therefore be applied to many problems outside those discussed in this
paper, we will present a numerical procedure for the completely general case after
discussing the specific problems of thickness and central surfaces. We will then go on
to show additional applications of the general procedure to the problems of establishing
correspondences, and generating anatomically shaped grids.

2.1 Correspondence Trajectories

Here we re-establish the notion of “correspondence trajectories” as put forth in [28] (to
which we refer the interested reader for a more throrough treatment). We assume that
a relevant tissue (such as the myocardium) occupies a spatial region R with exactly
two simply connected boundaries ∂0R and ∂1R, which we call the inner and outer
boundaries, respectively. Each of the procedures to be discussed will utilize a unit vector
field T defined over R whose flow lines generate a family of nonintersecting curves
which originate on ∂0R and terminate on ∂1R. These curves, which we will refer to
as the correspondence trajectories, associate unique points on the boundaries ∂0R and
∂1R to each point x in R. The correspondence trajectories also establish a bijective
correspondence between points on the boundaries themselves.
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Fig. 1. Unit tangent vector fields (left) and correspondence trajectories (right).

Note: Correspondence trajectories cannot, in general, be established via “closest point”
relations between the two boundaries due to problems with uniqueness. However, there
are an infinite number of vector fields defined on R whose flow lines satisfy the unique-
ness requirements. Additional desirable properties narrow the list of candidates. For
example, correspondence trajectories should approach a boundary from a normal direc-
tion, they should proceed as directly as possible from one boundary to the other while
remaining within the interior of the annulus, and they should not interesect each other.

Since the procedures we describe use only the vector field T of unit tangents to the
correspondence trajectories, it is not necessary to construct the trajectories themselves,
only their tangent field T . There are many possible choices, and the framework we
outline applies equally well to any choice. In [28] and in this paper, we use the normalized
gradient of the unique harmonic function u over R that interpolates between 0 along
∂0R and 1 along ∂1R (cf. [14]). We note that the establishment of shape-based boundary
correspondences alone (cf. [15]) is not sufficient for our method since we require entire
trajectories. We obtain the harmonic function u and the corresponding tangent field T
by solving the Laplace equation over R.

∆u = 0 with u(∂0R) = 0 and u(∂1R) = 1 (1)

T =
∇u

‖∇u‖ (2)

A visualization of tangent fields and correspondence trajectories is shown in Fig. 1 for
an elliptic annulus and segmented myocardium.

2.2 Measuring Tissue Thickness

The application we considered in [28] was the measurement of tissue thickness, mo-
tivated strongly by the earlier work of Jones et. al. [14]. We will give a condensed
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L0 L1 L0 + L1

Fig. 2. Correspondence trajectory arclength functions L0 (left) and L1 (center) followed by
thickness functions L0+L1 (right) for elliptic annulus (top) and segmented myocardium (bottom).

treatement of our approach here since it will both motivate and elucidate the Eulerian
correspondence and gridding techniques to be presented shortly.

We assume that the tissue region R to be measured is given as a set of pixels or
voxels on a rectangular grid. We define thickness at each point in R as the total arclength
of the unique correspondence trajectory passing through that point. It is not necessary
to explicitly construct the trajectories — e.g., by tracing the flow of particles — in order
to calculate these lengths. The key is to devise an Eulerian framework that uses the
fixed rectangular grid and to exploit the unit tangent field T in a particular differential
structure.

If the tangent field T (x) is directed from the inner boundary ∂0R to the outer
boundary ∂1R, it follows that −T (x) follows the same correspondence trajectories but
is directed from ∂1R to ∂0R. We define two length functions, L0 and L1, where L0(x)
gives the arclength of the correspondence trajectory between ∂0R and x, and L1(x)
gives the arclength of the trajectory between ∂1R and x. It follows from elementary
differential geometry that the length functions L0 and L1 must satisfy the following
first-order linear partial differential equations:

∇L0 · T = 1 and − ∇L1 · T = 1 with L0(∂0R) = L1(∂1R) = 0 (3)

We will describe an efficient numerical scheme to simultaneously solve these PDE’s
(and related PDE’s to be used for correspondence and gridding) in Section 3. Thickness
is then obtained at each point x by adding the solutions L0 and L1 to obtain the total
arclenth of the correspondence trajectory passing through x.

Thickness = L0 + L1. (4)

In this fashion, thickness is computed at every point in R without ever explicitly con-
structing a correspondence trajectory (see examples in Fig. 2).
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level sets of harmonic harmonic central curve level sets of normalized normalized central curve
interpolant u (level set u= .5) trajectory arclength L̄0 (level set L̄0 = .5)

Fig. 3. Comparision of level sets and central curves based on the harmonic interpolant function u
(left) with those based on the normalized correspondence trajectory arclength function L̄0 (right)
for an elliptic annulus (top) and a segmented myocardium (top).

2.3 Central Curves and Surfaces: The “Harmonic Medial Axis”

Next we show how the thickness calculation described above can be used to locate a
central curve or surface between the inner and outer boundaries ∂0R and ∂1R which is
both smooth but also reflects the geometric structure of the two boundaries. As a starting
point, consider the harmonic function u, which interpolates between 0 on ∂0R and 1
on ∂1R and is obtained by solving Laplace’s equation (1) over R. Note that the level
curves of u and the correspondence trajectories given by the flow lines of the gradient
of u comprise an orthogonal curvilinear coordinate system within the region R. An
obvious choice for the “central” curve or surface between ∂0R and ∂1R that utilizes this
coordinate system is simply the level set of u with the value 0.5 (i.e., halfway between
the values of u on ∂0R and ∂1R).

A more natural definition for the central curve or surface is the locus of points given
by the midpoints of each correspondence trajectory. Since the values of the harmonic
interpolant u do not necessarily increase in direct proportion to arclength along the
gradient flow lines of u (the associated correspondence trajectories), it is not generally
possible to choose a fixed value of u (whether it be 0.5 or some other value) which
consistently bisects each trajectory. On the other hand, if we divide the length function
L0 by the thickness to obtain a “normalized” length function L̄0

L̄0 =
L0

L0 + L1
,

then we obtain a function which, like the harmonic function u, ranges from 0 on ∂0R to
1 on ∂1R, but whose 0.5 level set yields a meaningful “central curve”

Central curve :=
{
x ∈ R | L̄0(x) = 0.5

}
which exactly bisects each correspondence trajectory. We may think of this central curve
as a sort of “harmonic medial axis” since, like the traditional medial axis, each point is
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equidistant from two different boundary points. However, distance is measured along
the correspondence trajectories rather than in the standard Euclidean sense.

An additional feature enjoyed by the level sets of L̄0 versus u is that the geometric
features, particularly at finer scales, of the boundaries ∂0R and ∂1R are not smoothed
away as quickly in the level curves as one proceeds away from either boundary. For a
visual comparison of the level curves of u and L̄0 (including the central curves u = .5
and L̄0 = .5) see Fig. 3.

3 Numerical Implementation

Since there are many standard numerical methods for solving (1) in order to obtain T
via (2), and since there are many other natural ways to choose the tangent field without
using the Laplace equation, we will not go into detail about the numerical computation
of T . Instead, we focus our attention here on the development of a numerical scheme
for solving the PDE’s (3) to obtain the length functions L0 and L1 assuming we are
given the tangent field T . We note that the characteristics of these PDE’s are exactly the
correspondence trajectories. Therefore, because the correspondence trajectories never
intersect, we do not need to worry about shocks, in contrast to many first-order boundary
value problems (such as the Eikonal equation, which would yield “closest point” corre-
spondences). Because of this, we do not need to be concerned with entropy conditions
in the numerical schemes to solve these PDE’s, although appropriate upwinding will be
crucial.

Because we will shortly be discussing PDE’s similar, but not identical, to (3), we
will present a numerical scheme for solving a slightly more general PDE of the form

∇L(x) · T (x) = f(x) (5)

for an unknown function L assuming that T is given and f is known. In the case of (3),
f = 1, and in upcoming sections we will consider the pure transport equation in which
f = 0. We assume in the general case that the values of L are initially known along one
of the region boundaries. In the case of (3), the known boundary values are 0.

Here, we will consider only the case of a 3D rectangular grid with spacing hx, hy , and
hz between neighboring grid points (voxels) in the x, y, and z directions respectively.
The 2D case is simply a special case of the 3D case. The notation Tx[i, j, k], Ty[i, j, k],
and Tz[i, j, k] denotes the components of T at the grid point [i, j, k], and backward and
forward differences are given by the following standard notation [16, 17, 18]

D−
x L=

L[i, j, k]−L[i−1, j, k]
hx

, D−
y L=

L[i, j, k]−L[i, j−1, k]
hy

, D−
z L=

L[i, j, k]−L[i, j, k−1]
hz

D+
x L=

L[i+1, j, k]−L[i, j, k]
hx

, D+
y L=

L[i, j+1, k]−L[i, j, k]
hy

, D+
z L=

L[i, j, k+1]−L[i, j, k]
hz

3.1 Upwind Differencing

We start by considering various combinations of the above first-order differences to
approximate ∇L in (5), yielding various linear expressions for L[i, j, k] in terms of
three of its six neighbors L[i±1, j, k], L[i, j±1, k], and L[i, j, k±1].
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f [i, j, k]=Tx[i, j, k]
(
D−

x L[i, j, k] or D+
x L[i, j, k]

)

+Ty[i, j, k]
(
D−

y L[i, j, k] or D+
y L[i, j, k]

)
(6)

+Tz[i, j, k]
(
D−

z L[i, j, k] or D+
z L[i, j, k]

)

Since (5) is a first order PDE with known boundary values, its solution may be constructed
by integration along characteristic curves starting from the known boundary. By design,
the characteristics of (5) are precisely the correspondence trajectories, and therefore the
tangent vector T [i, j, k] tells us which direction the characteristic through the grid point
[i, j, k] is flowing.

We do not need to worry about shocks and entropy conditions [19,16,17,18] since the
characteristics of the linear PDE (5) never intersect. On the other hand, information does
flow in the forward direction (downwind) along the characteristics, so it is important to
choose our differencing scheme (i.e., D−

x vs. D+
x , . . . ) so that the value of L[i, j, k] only

depends upon values of L in the backward direction (upwind) along the characteristic
passing through the grid point [i, j, k]. This direction is given by −T [i, j, k]. Therefore,
upwinding dictates the following choice for (6).

f [i, j, k]=Tx[i, j, k]
{
D−

x L[i, j, k], −Tx[i, j, k]<0
D+

x L[i, j, k], otherwise

+Ty[i, j, k]
{
D−

y L[i, j, k], −Ty[i, j, k]<0
D+

y L[i, j, k], otherwise
(7)

+Tz[i, j, k]
{
D−

z L[i, j, k], −Tz[i, j, k]<0
D+

z L[i, j, k], otherwise

Solving (7) for L[i, j, k] yields the following expression (where, for simplicity, we
assume that hx =hy =hz =1):

L[i, j, k] =
f [i, j, k]+|Tx|L[i∓1, j, k]+|Ty|L[i, j∓1, k]+|Tz|L[i, j, k∓1]

|Tx| + |Ty| + |Tz| (8)

i±1=

{
i+1, Tx >0
i−1, Tx <0 j±1=

{
j+1, Ty >0
j−1, Ty <0 k±1=

{
k+1, Tz >0
k−1, Tz <0

In the particular case of (3) we obtain the following expressions for L0[i, j, k] and
L1[i, j, k] (noting that the upwind direction for L1 is given by T rather than −T ).

L0[i, j, k] =
1 + |Tx|L0[i∓1, j, k] + |Ty|L0[i, j∓1, k] + |Tz|L0[i, j, k∓1]

|Tx| + |Ty| + |Tz|
L1[i, j, k] =

1 + |Tx|L1[i±1, j, k] + |Ty|L1[i, j±1, k] + |Tz|L1[i, j, k±1]
|Tx| + |Ty| + |Tz|

3.2 Iterative Procedure

Eq. (8) may be used iteratively to solve for L. Notice that the updated value of L[i, j, k]
involves a convex combination of three neighboring values. Furthermore, since the par-
ticular neighbors as well as the convex weights depend only upon the tangent field T
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which remains fixed, an iterative updating scheme using (8) should be numerically stable
so long as the known values of L are held fixed at the appropriate boundary.

If the values of L[i, j, k] are updated in place so that new values at each point
are used when updating the values of the next point (a Gauss-Siedel type procedure),
then convergence will occur very quickly, assuming that points in R are visited in a
reasonable order. In particular, if we visit the points in the order that they are reached by
the characteristic curves (the correspondence trajectories) as they flow from the known
boundary, then only one full pass through the grid points in R is required to solve for L.
This would require an algorithm similar to “Fast Marching” (used to solve the Eikonal
equation, see [18,20,8]) in which the values of L are computed outward from the known
boundary along the characteristics. Note that the “marching order” would be different
for L0 and L1.

4 Correspondences and Gridding

We now extend the Eulerian PDE approach described above to the problem of obtaining
correspondences between points in the tissue region R and the inner and outer boundaries
∂0R and ∂1R. A subsequent extension will then yield a nice algorithm for generating
anatomically shaped discrete grids within the tissue region R.

4.1 Obtaining Boundary Correspondences

We now describe how the Cartesian coordinates of the inner and outer boundary points
that correspond with each point x within the tissue region R (i.e., the endpoints of the
correspondence trajectory running through the point x) by solving another first order
PDE with known boundary conditions. Once again, the attraction of this approach is
that one avoids having to explicitly generate or follow individual trajectories and may
instead compute directly on the rectangular grid points. An advantage of computing this
mapping in terms of the Cartesian coordinates of the embedding space of ∂0R and ∂1R is
that we need not generate a parametric representation of either boundary (and therefore
do not need to work with a polygonal curve or a triangulated surface).

The overall procedure is very straightforward. We wish to create two mappings
φ0 : �n → �n and φ1 : �n → �n (where n is 2 or 3 depending upon whether we
are creating correspondences between curves or surfaces) such that φ0(R) = ∂0R and
φ1(R) = ∂1R. Clearly we want φ0(x) = x for x ∈ ∂0R and φ1(x) = x for x ∈ ∂1R;
these will serve as boundary conditions for the boundary value problem we are about
to describe. Furthermore, we want φ0 and φ1 to be constant along the correspondence
trajectories. This latter condition means that

(∇φ0)T = (∇φ1)T = 0, (9)

where ∇φ0 and ∇φ1 denote the Jacobian matrices of the two mappings. Basically, this
just saying that directional derivatives of φ0 and φ1 vanish along the direction given by
the tangent field T .

Note that (9) comprises an uncoupled set of linear first order PDE’s for each of the
components of the two maps φ0 and φ1 within the region R. Following the same logic
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Fig. 4. Selected seed points (marked by + on the left) and their boundary correspondences (marked
by dots on the right) for the elliptic annulus and the segmented myocardium.

described in Section 3 for the numerical computation of the trajectory arclengths L0 and
L1, we may also devise an iterative procedure to solve for φ0 and φ1 at each grid point
[i, j, k] based upon the following upwind difference equations

φ0[i, j, k] =
|Tx|φ0[i∓1, j, k] + |Ty|φ0[i, j∓1, k] + |Tz|φ0[i, j, k∓1]

|Tx| + |Ty| + |Tz| (10)

φ1[i, j, k] =
|Tx|φ1[i±1, j, k] + |Ty|φ1[i, j±1, k] + |Tz|φ1[i, j, k±1]

|Tx| + |Ty| + |Tz| , (11)

where i ± 1, j ± 1, and k ± 1 have the same meanings as in (8).
In Fig. 4 we see both inner and outer boundary correspondences (shown on the right)

obtained by applying the computed maps φ0 and φ1 to a set of 16 uniformly spaced points
(shown on the left) on a circle that lies inside an elliptic annulus (top) and a segmented
myocardial tissue (bottom).

4.2 Generating Anatomically Shaped Grids

We now extend the above method into a method for generating anatomically shaped
grids within the segmented tissue region R. We note that it makes just as much sense
to generate mappings φA, φB , φC , . . . which map points in R to curves (or surfaces)
in between the inner and outer boundaries ∂0R and ∂1R (such as the central curve or
surface for example) rather than to either of the boundaries themselves. These mappings
will still utilize the correspondence trajectories as do φ0 and φ1. Each mapping will
simply send x ∈ R to another point on the same correspondence trajectory.

If we parameterize each correspondence trajectory from 0 to 1 (which is precisely
what the solution of Laplace’s equation does when we use boundary conditions of 0
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and 1 on ∂0R and ∂1R respectively), then we may select a few fixed parameter values
0 < A < B < C < · · · < 1 to define the mappings φA, φB , φC , . . . . Since each
map should be constant along a particular correspondence trajectory, we will utilize the
following systems of linear PDE’s in order to construct these “intermediate” mappings

(∇φA)T = (∇φB)T = (∇φC)T = · · · = 0, (12)

just as we used (9) in order to construct the boundary mappings φ0 and φ1 without having
to trace out the actual correspondence trajectories. Furthermore, precisely since we are
not tracing out trajectories, we will utilize a function (such as u, the solution of Laplace’s
equation, or L̄0, the normalized arclength function discussed in Section 2.3) defined at
each grid point to represent parameter values rather than parameterizing each trajectory
individually). An attractive property of using L̄0 instead of u is that L̄0 parameterizes
the correspondence trajectories linearly. This means that choosing a uniform spacing
between the values of A, B, C, . . . , will give rise to uniformly spaced points φA(x),
φB(x), φC(x), . . . , along the trajectory passing through x.

Intermediate Correspondences. The key difference in the computation of these “inter-
mediate” maps, φA, φB , φC , . . . , versus the boundary maps φ0 and φ1 is not in the
PDE’s that must be solved, since (9) and (12) comprise identical systems of PDE’s. The
difference is in the boundary conditions and upwinding schemes that are utilized.

Let us consider φA for example, which maps each x in R onto the point of its corre-
spondence trajectory associated with the parameter value A. To facilitate the discussion,
we will assume we are using the harmonic function u to define our parameter values. In
this case we want φA to be the identity map at points x where u(x) = A. This is the
“boundary condition” we want to enforce even though such points don’t fall on either
boundary of the tissue region R. Furthermore, it is highly improbable that u will take
on the exact value of A at any point in the discrete rectangular grid, making it difficult
to enforce this boundary condition1 directly.

It is essential to account for the fact that the upwind direction changes depending
upon whether the value u(x) lies above or below A. If u(x) < A then −T (x) gives the
upwind direction; whereas if u(x) > A then T (x) gives the upwind direction. Therefore
the numerical update for φA[i, j, k] which should be used when iteratively solving for
φA is given by

φA[i, j, k] = (13)

if
(
u[i, j, k] < A

)
:

|Tx|φA[i∓1, j, k] + |Ty|φA[i, j∓1, k] + |Tz|φA[i, j, k∓1]
|Tx| + |Ty| + |Tz|

otherwise :
|Tx|φA[i±1, j, k] + |Ty|φA[i, j±1, k] + |Tz|φA[i, j, k±1]

|Tx| + |Ty| + |Tz| ,

1 We will continue to use the term boundary condition even though, as we have pointed out, the
points where the values of φA are known in advance do not lie on the boundary of the region
R.
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where i±1, j ±1, and k±1 are defined as in (8). By accounting for the reversal in
the flow of information across the u(x) = A “boundary,” the update equation (13)
will approximately preserve the value of φA(x) at such points. Thus, if φA[i, j, k] is
initialized as the identity map everywhere then (13) may be used iteratively to obtain the
desired mapping. If a more precise mapping is desired, one could interpolate between
adjacent grid points to find exact locations of the A-level set of u and directly compute
the value of φA at these neighboring grid points. Then these values can be held fixed
while (13) is used iteratively to solve for φA at all other grid points in the region R.

Fig. 5. Selected seed points (top) and the generated grids (bottom).

Generating a Grid. Once both the boundary correspondence maps φ0 and φ1 and the
intermediate correspondence maps φA, φB , φC , . . . , have been computed one may gener-
ate a gridding of the entire tissue region R by using a set of “seed points” x1,x2, . . . ,xn

within R. The seed points could come from a gridding of one of the region boundaries or
the of the central surface, for example. It is not necessary, however, that the seeds them-
selves comprise actual points on the final grid. The points of the anatomically shaped
grid are then given by φ0(xi), φA(xi), φB(xi), φC(xi), . . . , φ1(xi) for each seed xi.

An example of this gridding procedure is shown within an elliptical annulus in
Fig. 5. In this case, the normalized trajectory arclength function L̄0 is used rather than
the harmonic function u in order to create the maps φA, φB , and φC (where A = .25,
B = .5, and C = .75). In each case, the seed points are obtained by uniformly sampling
a circle contained within the annular region (16, 32, and 64 samples from top to bottom).

5 Experimental Results

In Fig. 6 we show the results of a 3D example that computed both the thickness and the
central surface within a segmented cortical grey matter region. Coronal, axial, and sagittal
cross sections of the 3D thickness values are shown on the left and the intersection of the
central surface with the same cross sections are shown on the right. (Parts of the central
surface appear thicker than other parts because the 3D central surface runs parallel to
the cross sectional plane near these points.) Fig. 7 shows two renderings of a central
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Fig. 6. Thickness (left) and central surface (right) of segmented cortical grey matter.

Fig. 7. Central surfaces obtained via harmonic function u (left) and normalized length L̄0 (right).
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surface, one obtained using the the 0.5 level set of the harmonic function u (left) and the
other obtained as the 0.5 level set of the normalized trajectory length function L̄0 (right).
Notice that the central surface on the right captures more of the fine scale structure in
the cortex than the surface on the left.

Fig. 8. Seeds overlaid on myocardial segmentation (left); grids generated using the harmonic
interpolant u (middle), and grids generated using the normalized length function L̄0 (right).

In Fig. 8, we demonstrate the anatomical gridding procedure on a segmented my-
ocardial muscle taken from a short axis MR image. Results are shown for a set of 32
seed points (left) and a denser set of 64 seed points (right), spaced uniformly on a cir-
cle contained within the myocardial region. Grids generated using Laplace’s solution u
are shown in the center, and grids generated using the normalized trajectory arclength
function L̂0 are shown on the bottom.

6 Discussion and Conclusion

We have presented a general Eulerian approach to the computation of thickness, con-
centric surfaces, point correspondences, and grids in annular regions. Application to
biological tissues motivated our development, but the application of this methodology
can be envisioned in many other areas as well. Many extensions and modifications to
the basic procedures can also be made. For example, special correspondence trajecto-
ries could used, such as those arising from shape-based correspondences [15] or fluid
registration [21]. Our point correspondence method could be used for the generation of
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isomorphic triangulations between two surfaces. This basic approach could be adapted
for spherical mapping of the cortical surface [22,14]. Mesh generation in finite element
modeling and morphing in computer graphics are possible applications as well. Finally,
the computational speed, stability, and flexibility of this basic approach may open up
new opportunities for interactive gridding and correspondence applications as well.
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