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Abstract. The Beltrami flow [13,14] is one of the most effective denois-
ing algorithms in image processing. For gray-level images, we show that
the Beltrami flow equation can be arranged in a reaction-diffusion form.
This reveals the edge-enhancing properties of the equation and suggests
the application of additive operator split (AOS) methods [4,5] for faster
convergence. As we show with numerical simulations, the AOS method
results in an unconditionally stable semi-implicit linearized difference
scheme in 2D and 3D. The values of the edge indicator function are
used from the previous step in scale, while the pixel values of the next
step are used to approximate the flow. The optimum ratio between the
reaction and diffusion counterparts of the governing PDE is studied, in
order to achieve a better quality of segmentation. The computational
time decreases by a factor of ten, as compared to the explicit scheme.
For 2D color images, the Beltrami flow equations are coupled, and do
not yield readily to the AOS technique. However, in the proximity of
an edge, the cross-products of color gradients nearly vanish, and the
coupling becomes weak. The principal directions of the edge indicator
matrix are normal and tangent to the edge. Replacing the action of the
matrix on the gradient vector by an action of its eigenvalue, we reduce
the color problem to the gray level case with a reasonable accuracy. The
scalar edge indicator function for the color case becomes essentially the
same as that for the gray level image, and the fast implicit technique is
implemented.

Keywords: Beltrami Flow, Unconditionally Stable Schemes, Color Im-
ages, Segmentation.

1 Introduction

The main objective in early computer vision is to smooth images without de-
stroying the semantic content, i.e. edges, features, corners, etc. In other words,
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the boundaries between objects in the image should survive as long as possible
along the scale, while homogeneous regions should be simplified and flattened
in a rapid way. This is particularly important since the denoising an image is
usually a precursor to segmentation and representation which often rely on edge
fidelity.

The use of diffusion equations for image processing in computer vision orig-
inated with the work of [1] where the authors pre-select a diffusion coefficient
function in the image that preserves the edge information. A more rigorous view
was achieved with the realization that the iso-intensity contours of an image can
be moved under their curvature following the work of Osher and Sethian [6].
This lead to a series of papers starting with the one by Alvarez, Lions and Morel
[2], of viewing the images as a set of level contours and moving then under their
curvature. Image smoothing by way of level set curvature motion [3,7] thwarts
the diffusion in the edge direction, thereby preserving the edge information. The
work by Malladi and Sethian [7,8] showed that in addition to this basic approach,
a natural stopping criterion can also be chosen to prevent over smoothing a given
image. For a comprehensive look at various approaches that rely on geometric
diffusion, the reader is referred to [10]. Another crucial idea in [8] was also to
diffuse an image by viewing it as a graph of a function and moving it under the
mean curvature.

An important question still remained, what is the natural way to treat vector-
valued images and images in higher dimensions? An answer to this and other
questions was attempted in [13,14] by Sochen, Kimmel, and Malladi. The result is
a general mathematical framework for feature-preserving image smoothing that
applies seamlessly to gray level, vector-value (color) images, volumetric images,
and movies. The main idea is to view images as embedded maps between two
Riemannian manifolds and to define an action potential that provides a measure
on the space of these maps. The authors in [14] showed that many classical
geometric flows emerge as special cases in this view as well as a new flow, the
so called Beltrami flow that moves a gray level image under a scaled mean
curvature, and also succeeds in finding a natural coupling between otherwise
decoupled component-wise diffusion that was often used in the past in vector-
valued image diffusion. In the case of gray value images, and by following a
different approach, Yezzi in [21] arrived at a similar equation.

Smoothing of noisy images and edge enhancement usually presents a numer-
ical integration of a parabolic PDE with one dimension in scale and two dimen-
sions in space. This is often the most time consuming component of nonlinear
image processing algorithms. Smoothing technique governed by the Beltrami
flow equation is one of the most effective since it incorporates the edge indicator
function, that minimizes diffusion at and across the edges and extensive diffusion
elsewhere. On the other hand, solving the equations using explicit methods can
be very time consuming due to the scaling and small time step requirement. We
aim to build faster methods to solve the Beltrami flow equation in 2D gray level
and color, and volumetric imagery. we use the method of Additive Operator Split
(AOS). This technique was introduced by Weickert [4] for the nonlinear diffusion



Fast Difference Schemes for Edge Enhancing Beltrami Flow 345

flow and later applied by Goldenberg et al. [5] to implement a fast version of the
geodesic contour model.

On a different note, the Beltrami flow equation results from minimizing a
(natural) generalization of L2 Euclidean norm to non-Euclidean manifolds, see
[13] for details. This suggests that the governing equation is an “edge-preserving”
in contrast to being an “edge-enhancing” flow. In other words, on grey level im-
ages, the equation simulates a mean curvature flow scaled by an edge-indicator
function, thereby preserving the edge features in scale. In a recent note on the
study of intermediate asymptotics of certain commonly used anisotropic dif-
fusion equations, Barenblatt [9] reports that Beltrami flow equation forms a
sharp step in the viscinity of edges. In this work, an asymptotic self-similar so-
lution was obtained for a particular case of the Beltrami equation, suggesting
an “edge-sharpening” behavior. In the present context, while performing op-
erator splitting, we confirm that Beltrami flow has both edge-preserving and
edge-sharpening components.

Our goal is to build a fast and reliable method to solve the Beltrami flow
equations and it is based on AOS technique. This paper is organized as follows.
In Section 2, we rearrange the governing equation for the Beltrami flow. This
approach leads to a semi-implicit linearized difference scheme. In Section 3, we
present numerical simulations for 2D and 3D gray level images. We run the
flow to different scales and different relative magnitudes of reaction term vs.
diffusion components are considered. In Section 4 we consider the color images
where the edge indicator function is expressed by a matrix [11,14]. Equations
for two-dimensional images become coupled, and this does not allow us to apply
the AOS splitting immediately. However, in the proximity of the edge, the cross-
products of color gradients all vanish or almost vanish. The Beltrami operator
then becomes weakly coupled, and the principal directions of the edge indicator
matrix are normal and tangent to the edge. The action of this matrix on the
gradient vector of a specific color component may be replaced by the action of
the eigenvalue on this vector. Thus, the problem is reduced to a scalar gray
level case with a reasonable degree of accuracy, and the fast implicit smoothing
scheme is implemented. Section 5 presents the results of numerical simulation
for color images. We summarize this work in Section 6.

2 Implicit Scheme for Gray Level Images

Let us denote by (Σ, g) the image manifold and its metric and by (M,h)
the space-feature manifold and its metric, then the map X : Σ → M has the
following measure, [16]:

S[Xi, gµν , hij ] =
∫
dnσ

√
ggµν∂µX

i∂νX
jhij(X), (1)

where m is the dimension of Σ, g is the determinant of the image metric, gµν

is the inverse of the image metric, the range of indices is µ, ν = 1, . . . ,dimΣ,
and i, j = 1, . . . ,dimM , and hij is the metric of the embedding space. This is



346 R. Malladi and I. Ravve

a natural generalization of the L2 norm to manifolds. As an example, a grey
level image can be treated as a 2D manifold embedded in R3, i.e. a mapping
X : (x, y) → (X1 = x,X2 = y,X3 = U(x, y)).

Many scale-space methods, linear and non-linear can be shown to be a gra-
dient descent flows of this functional with appropriately chosen metric of the
image manifold. The gradient descent equation is Xi

t = − 1√
g

δS
δXi . As shown in

[13], minimizing the area action in Eqn. 1, with respect to the feature coordinate
U , we obtain the following Beltrami flow equation,

U̇ =
Uxx(U2

y + 1)− 2UxUyUxy + Uyy(U2
x + 1)

(1 + U2
x + U2

y )2
. (2)

The nonlinear diffusion equation is the following reaction-diffusion partial
differential equation [4,5]

U̇ = ∇ ·
(∇U
g

)
=

∂

∂x

(
Ux

g

)
+
∂

∂y

(
Uy

g

)
(3)

where g = (1 + U2
x + U

2
y ) is the gradient magnitude.

The Beltrami equation may be reduced to a similar reaction-diffusion form,
namely

U̇ = ∇ ·
(∇U
2g

)
+

∇2U

2g
= h∇2U + 1/2∇h · ∇U (4)

where h = 1/g, is the edge indicator function. In this form, the Beltrami flow
equation is not a “pure” diffusion equation. It has both an (parabolic) edge-
preserving and an (hyperbolic) edge-sharpening terms. In addition, the reaction-
diffusion form of Eq. (4) hides the mixed derivative Uxy, thereby making it
conducive to the AOS approach. In other words, the equation can be rearranged
into the form U̇ = (Ax + Ay)U , where Ax and Ay are the following differential
operators:

Ax =
∂

∂x

(
h

2
∂

∂x

)
+
h

2
∂2

∂x2 Ay =
∂

∂y

(
h

2
∂

∂y

)
+
h

2
∂2

∂y2 . (5)

Applying the backward difference formula to the above form we get,

Un+1 − Un

∆t
= (Ax + Ay) Un+1 (6)

The superscript n is related to the present and n+1 to the next time step. The
subscripts i, j index the discrete pixel location; Un

i,j are known values, and Un+1
i,j

are to be found. Using Un+1 on the right side of Eq. (6) makes the integration
scheme implicit and unconditionally stable, namely

[I −∆t (Ax +Ay) ] Un+1 = Un (7)

where I is the identity matrix. Before proceeding in time, we calculate the values
of the edge indicator function g, using the known values of Un. Thus, the scheme
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is only semi-implicit. Although g depends on the gradient of U , we treat it like
a given function of (x, y), making the governing PDE “quasi-linear”.

Note that Eq. (7) includes a large bandwidth matrix, because all equations,
related to new pixel values Un+1 are coupled. Our aim is to decouple the set (7)
so that each row and each column of pixels can be handled separately. For this,
we re-arrange the equations into the following form:

Un+1 = [I −∆t (Ax +Ay) ]
−1

Un (8)

Of course, we do not intend to invert the matrix to solve the linear set. This is
only a symbolic form used for further derivation. For a small value of ∆t, the
matrix in the brackets on the right side of Eq. (8) is close to the identity I.
Thus, its inverse can be expanded into the Taylor series in the proximity of I:
[I −∆t (Ax +Ay) ]

−1 ≈ I +∆t (Ax +Ay), where the linear term is retained
and the high order terms are neglected. Introducing this form into (8), we get,

2Un+1 = (I + 2∆tAx)Un + (I + 2∆tAy)Un (9)

Introducing the notations V = (I + 2∆tAx)Un and W = (I + 2∆tAy)Un

the solution is simply

Un+1 =
V +W

2
(10)

In order to get an implicit scheme, we apply the differential matrix operators
Ax and Ay to Un+1 (and not to Un), namely

(I + 2∆tAx)
−1

V = Un (I + 2∆tAy)
−1

W = Un (11)

Following the procedure of expanding the matrix inverses into Taylor series and
applying the linearization for small ∆t, we finally obtain the equation sets for
V and W as follows:

(I − 2∆tAx)V = Un (I − 2∆tAy)W = Un (12)

These equations can be solved with either the Dirichlet or Neumann bound-
ary conditions; these and other details are described in [17].

3 Simulation Results for Gray Level Images

We ran a series of numerical simulations to demonstrate the performance of
the implicit scheme for the Beltrami flow. We introduced an acceleration factor
f that is defined as the ratio of the step size used in the implicit scheme to
the maximum allowed step size for the explicit scheme. For a square grid, and
assuming the pixels are a unit length apart, the maximun time step size for the
explicit scheme is 0.25. We ran the scheme with values of f ranging between
1 and 200. The results are shown in Fig. 1. As we see, the implicit scheme is
always stable, but for f � 50, the resulting accuracy may be insufficient for
certain applications.
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The next series of numerical simulations are carried out to study the edge
enhancemeent effect on gray level images. We fix the acceleration factor to 10
and solve the following normalized reaction-diffusion equation in this series:

∂U

∂t
= cosβ ∇h · ∇U + sinβ h ∇2U (13)

The first term on the right side of Eq. (13) is a reaction term, while the second
is a diffusion term and β is a parameter controlling the relative contribution of
these opposing effects. The reaction term is responsible for edge enhancement,
while the diffusion term smooths the noise away from the edges. Results of vary-
ing β between 0 to 90o is shown in Fig. 2. The first row in Fig. 2, presents
the initial image and the results for β = 0 (pure reaction) and β = 30o. The
second row presents the results for β = 45o (a nonlinear diffusion flow equation),
β = arctan 2 ≈ 63.4o (the Beltrami flow), and β = 90o (scaled “linear” diffusion).
According to Eq. (13), the edge enhancement effect should decay with increas-
ing β. Indeed, we see that the edge enhancement is stronger for the nonlinear
diffusion flow (β = 45o) than for the Beltrami flow (β = 63.4o).

Fig. 1. Results of implicit difference scheme for Beltrami flow till scale = 250; the
first row shows the initial image and results with f = 1, 2; second row corresponds to
f = 5, 10, 20; third row corresponds to values of f = 50, 100, 200.
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Fig. 2. Results of solving Eq. 13 until scale = 250 with different values of β.

In Fig. 3, the implicit difference scheme in 3D for the Beltrami flow is applied
to a volumetric image of the brain. The image consists of 124 slices of 256× 256
images. In the first column of Fig. 3, we show the original slice # 20, and results
of running the flow until scale = 50 and 100. The other two columns show exactly
the same results for slice #50 and #100. An acceleration factor of 12 was applied
in all the simulations. We note that the 3D Beltrami flow can also be arranged
as follows:

U̇ = ∇ ·
(
h∇U
2

)
+
h∇2U

2
(14)

where h = 1/(1 + U2
x + U

2
y + U

2
z ) is the edge indicator function.

Note that due to the additional component U2
z in the denominator, the

3D Beltrami flow is slower than the corresponding 2D flow. This means that to
achieve the same degree of noise reduction and edge enhancement, larger scale
values should be employed in 3D.

4 Beltrami Smoothing for Color Images

The Beltrami flow for color images is governed by the following set of partial
differential equations [11,14]:

∂Ii
∂t

=

∂Pi

∂x
+
∂Qi

∂y

g
−

∂g

∂x
Pi +

∂g

∂y
Qi

2 g2 (15)
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Fig. 3. Results of 3D Beltrami edge enhancing flow

where i = 1, 2, 3 corresponds to the color channel (red, green, blue), Ii is the
corresponding pixel value, and Pi, Qi are defined by:

Pi = g22
∂Ii
∂x

− g12
∂Ii
∂y

Qi = − g12
∂Ii
∂x

+ g11
∂Ii
∂y
. (16)

g11, g12 and g22 are components of a symmetric matrix (tensor) G of dimension
2× 2, and g is its discriminant, i.e.

G =
[
g11 g12
g12 g22

]
(17)

g11 = 1 +
3∑

j=1

(
∂Ij
∂x

)2

g22 = 1 +
3∑

j=1

(
∂Ij
∂y

)2

g12 =
3∑

j=1

∂Ij
∂x

∂Ij
∂y

g = detG = g11 g22 − g2
12.

(18)

For the time being, instead of Beltrami flow (15), let us consider a simplified
smoothing flow, which is an analog of the nonlinear diffusion for gray level image:

∂Ii
∂t

=

∂Pi

∂x
+
∂Qi

∂y

g
−

∂g

∂x
Pi +

∂g

∂y
Qi

g2 (19)
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Note that the factor 2 is missing in the denominator of Eq. (19). This form is
easier to handle in the following analysis. The above equation can be rearranged
into a vector equation, namely

∂I

∂t
=

∂

∂x

(
P

g

)
+

∂

∂y

(
Q

g

)
(20)

Let us define vector Si of length 2, whose components are Pi/g and Qi/g. We
can then show that

Si = G−1 ∇ Ii = R ∇ Ii (21)

where R is the inverse of matrix G, and the component wise flow becomes

∂Ii
∂t

= ∇ · Si = ∇ · (R ∇Ii) (22)

Note that there are three pixel value gradient vectors ∇Ii (for each color
component), three vector components Si, but only one matrix R. This is
2 × 2 edge indicator matrix, similar to a scalar edge indicator function for a
gray level case. Expanding the last equation, we obtain a reaction term with the
first derivatives of pixel values, and a diffusion term with containing the second
derivatives

∂Ii
∂t

= (∇ · R) · ∇Ii + R · ∇∇Ii. (23)

The first term is a scalar product of two vectors (divergence of tensor ∇ · R
yields a vector), and R · ∇∇Ii is a full scalar product of two tensors; ∇∇Ii is
the following matrix of second derivatives:

∇∇Ii =

[
Ii
xx I

i
xy

Ii
xy I

i
yy

]
(24)

Note that while this nonlinear diffusion flow includes the reaction term and the
diffusion term, the Beltrami color flow includes an additional reaction term not
considered here.

Now, consider the nonlinear diffusion flow, Eq. (22), and replace the action of
matrix R on vector ∇Ii by the action of the eigenvalue on that vector, see [18,15,
12]. For this, we de-compose the gradient vector ∇Ii into the basis of principal
directions V 1 and V 2, as follows:

∇Ii = k1V 1 + k2V 2, (25)

where V 1 and V 2 are normalized eigenvectors of the edge indicator tensor R.
Assume λ1 and λ2 are eigenvalues, corresponding to these eigenvectors, i.e.,

RV k = λkV k k = 1, 2 (26)

Consider the expression inside the brackets on the right side of Eq. (22),

R∇Ii = R (k1V 1 + k2V 2) = k1RV 1 + k2RV 2 = k1λ1V 1 + k2λ2V 2 (27)



352 R. Malladi and I. Ravve

Note that λk are real positive numbers since matrix R is symmetric and positive
definite. Recall that

g = 1+
3∑

j=1

(
∂Ij
∂x

)2

+
3∑

j=1

(
∂Ij
∂y

)2

+
3∑

j=1

(
∂Ij
∂x

)2

·
3∑

j=1

(
∂Ij
∂y

)2

−
3∑

j=1

(
∂Ij
∂x

∂Ij
∂y

)2

(28)
and the eigenvalues λk of matrix R are roots of a quadratic equation:

λ · g = 1 +

3∑
j=1

(
∂Ij
∂x

)2

+
3∑

j=1

(
∂Ij
∂y

)2

2
±

√√√√√√√

 3∑

j=1

(
∂Ij
∂x

)2

+
3∑

j=1

(
∂Ij
∂y

)2



2

4
−A
(29)

where

A =
3∑

j=1

(
∂Ij
∂x

)2

·
3∑

j=1

(
∂Ij
∂y

)2

−

 3∑

j=1

∂Ij
∂x

∂Ij
∂y




2

(30)

Expanding powers and products in Eq. (30) we can express A to be the sum of
squares of lengths for cross-products of pairs of gradients ∇Im × ∇Im+1;

A =
3∑

j=1

(∇Ij × ∇I(j+1) div 3
)2 (31)

For the gray level image, the edge is a line which divides region into segments
with different pixel values. In other words, when passing across the edge, the pixel
value changes in a discontinuous manner. The magnitude of the gradient vector
is large and its direction is normal to the edge.

For the color image, the gradients of red-green-blue components may have
different directions. However, we assume that in the proximity of the edge at
least one of them has a large magnitude. The direction of this gradient is normal
to the edge. The directions of other color gradients are collinear to this direction
provided the magnitudes of gradients of these other components are also large.
For the component(s) of small gradient magnitude, the direction of gradient does
not matter. Thus, in the close proximity of the “true” edge, the value A in Eq.
(31) will be small because all cross-products of gradients vanish or almost vanish;
this is because either the components of the cross-product are collinear, or due
to the fact that one of them or both have small magnitude.

Since the cross-products are small in the proximity of the edge, the value A
in Eq. (29) may be neglected and the eigenvalues become:

λ1 ≈ 1
g

λ2 ≈ 1 g ≈ 1 +
3∑

j=0

(
∂Ij
∂x

)2

+
3∑

j=0

(
∂Ij
∂y

)2

(32)
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In the proximity of the edge, the principal direction V 1 of the edge indicator
matrix R, corresponds to the smaller eigenvalue 1/g:

V y
1

V x
1

=

√√√√ 3∑
j=1

(
∂Ij
∂y

)2
/

3∑
j=1

(
∂Ij
∂x

)2

(33)

Since we assumed that all gradients have approximately collinear directions
in the proximity of the edge, it follows from Eq. (33) that the principal direction
V 1 coincides with these gradients and is normal to the edge. The second principal
direction, corresponds to a larger eigenvalue 1:

V x
2

V y
2

= −
√√√√ 3∑

j=1

(
∂Ij
∂x

)2
/

3∑
j=1

(
∂Ij
∂y

)2

(34)

The second eigenvector is tangent to the edge. Note that even when the cross
products of color components’ gradients do not vanish exactly, it is reasonable
to define the direction of the edge as a principal direction of the edge indicator
matrix corresponding to the larger eigenvalue λ2 ≈ 1.

Now consider Eq. (27). Since the edge is normal to the gradient,

k1 ≈ |∇Ii| k2 ≈ 0 (35)

R∇Ii = k1λ1V 1 + k2λ2V 2 ≈ ∇Ii
g

(36)

where g is given by Eq. (32). In the proximity of the edge, the governing equation
for the color image flow becomes:

∂Ii
∂t

= ∇ · (R∇Ii) = ∇ ·
(∇Ii
g

)
= ∇

(
1
g

)
· ∇Ii +

∇2Ii
g

(37)

Now, recall that Eq. (37) describes the nonlinear diffusion flow which differs from
the Beltrami flow. It follows from Eqs. (15, 19 and 37) that the Beltrami flow
has an additional reaction term, namely

∂Ii
∂t

= ∇
(

1
g

)
· ∇Ii +

∇2Ii
g

+

∂g

∂x
Pi +

∂g

∂y
Qi

2 g2 . (38)

Rearranging the last term in Eq. (38) to a tensor form:

∂g

∂x
Pi +

∂g

∂y
Qi

2 g2 = − Pi
∂

∂x

1
2 g

− Qi
∂

∂y

1
2 g

= − ∇
(

1
2 g

)
· g R ∇Ii

(39)
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and applying Eq. (36) in the proximity of the edge, i.e., g R ∇Ii ≈ ∇Ii, the
governing equation (38) for Beltrami flow can be expressed as:

∂Ii
∂t

≈ ∇
(

1
2 g

)
· ∇Ii +

∇2Ii
g

= ∇ ·
(∇Ii
2 g

)
+

∇2Ii
2 g

(40)

This corresponds exactly with the governing partial differential equation for
the Beltrami flow equation fro a gray level image. This means that the mechanism
of the edge enhancement is exactly the same. In the proximity of the edge, 1/g
reaches minimum values. The gradient of 1/g is directed outside the thin pass
of the edge. The gradient of the pixel value is also normal to the edge, but
its direction coincides with the gradient of 1/g for larger pixel values, and is
opposite to that direction for smaller pixel values. The reactive component of
the equation becomes positive for larger pixel values and negative for smaller
pixel in the proximity of the edge. So, the large values become even larger, and
the small values become even smaller. thereby enhancing and sharpening the
edge.

Note that the simplified decoupled form of the Beltrami smoothing may be
used for numerical computations. Close to the edge this form is justified because
the coupling between x and y components of gradient becomes weak. Away
from the edge, the decoupled form brings a definite inaccuracy, and the flow is
no longer exactly Beltrami. However, we consider that the accuracy is crucial at
the proximity of the edge and less important elsewhere. In this case, the decou-
pled form of the governing equation (40) leads to a considerable saving of the
computational time. Furthermore, the decoupled form makes it possible to apply
the additive splitting algorithm leading to a semi-implicit linearized difference
scheme, and this yields much faster and unconditionally stable computation. For
a specific raw or column of pixels, the left-side matrix of the difference equation
set is the same for all three color components, and only the right-side vectors
differ. Thus, we solve the three sets of equations simultaneously.

5 Simulation Results for Color Images

The goal of this numerical experiment is to show that the weakly coupled
Beltrami smoothing operator may be replaced by its decoupled approximation
without essential loss of accuracy and with a great saving of the computational
time.

Fig. 4 presents the simulation results for implicit scheme with different values
of acceleration factor f = 2 . . . 50. The first row includes the initial image (left
picture) and the smoothing simulation results for the Beltrami filtering, using
the coupled explicit difference scheme with a full edge indicator matrix (central
picture) and explicit difference scheme with decoupled governing equation with
the eigenvalue instead of the mathix (right picture). In the second row the results
are plotted for implicit difference scheme with decoupled governing equation and
acceleration factor f = 1, 2, 5. The third row corresponds to f = 10, 20, 50.
As we see, for acceleration factors of up to 20, the flow is simulated with a
reasonable accuracy.
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Fig. 4. Semi-implicit AOS implementation of Beltrami flow for Color Images; scale
1000
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6 Closing Remarks

The anisotropic Beltrami operator for gray level images is reduced to reaction-
diffusion form and this makes it possible to apply the Additive Operator Split
(AOS) approach. Based on this approach, the uncondiotionally stable difference
scheme is developed. The method uses the known values of the edge indicator
function from the previous scale step, and incorporates the unknown pixel val-
ues from the next step, thus making the difference scheme semi-implicit and
linearized. The implicit scheme leads to considerable saving of the computa-
tional time as compared to the explicit scheme: up to ten times and even more,
depending on the value of the scale step, with no visible loss of accuracy. The
approach may be applied also to the mean curvature flow in a similar way, with
a different edge indicator function.

The eigenvalue analysis is applied to study the Beltrami smoothing technique
for color images. It is shown that in the proximity of the edge the coupling of the
Beltrami operator becomes weak. The principal directions of the edge indicator
matrix are normal to the edge and tangent to the edge. This allows us to replace
the action of the edge indicator matrix on the gradient vector by the action
of its eigenvalue on that vector. The main assumption for fast processing of
color images is that the cross-products of the gradients of color components are
negligibly small in the proximity of edge, since their directions are all parallel and
normal to the edge. When these cross-products are small, the coupling becomes
weak. Weak coupling of the Beltrami operator for color images makes it possible
to apply the AOS technique and unconditionably stable fast implicit difference
scheme. The difference scheme is similar to that for gray-level images. Numerical
simulations confirm the validity of the assumption about the weak coupling.
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