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Abstract. The multiple view geometry of static scenes is now well
understood. Recently attention was turned to dynamic scenes where
scene points may move while the cameras move. The triangulation of
linear trajectories is now well handled. The case of quadratic trajectories
also received some attention.
We present a complete generalization and address the Problem of
general trajectory triangulation of moving points from non-synchronized
cameras. Our method is based on a particular representation of curves
(trajectories) where a curve is represented by a family of hypersurfaces
in the projective space P

5. This representation is linear, even for highly
non-linear trajectories. We show how this representation allows the
recovery of the trajectory of a moving point from non-synchronized
sequences. We show how this representation can be converted into
a more standard representation. We also show how one can extract
directly from this representation the positions of the moving point at
each time instant an image was made. Experiments on synthetic data
and on real images demonstrate the feasibility of our approach.

Keywords: Structure from motion.

1 Introduction

The theory and practice of multiple view geometry is well understood when the
scene consists of static point and line features. A summary of the past decade
of work in this area can be found in [14,9]. However recently a new body of
research has appeared which considers configurations of independently moving
points, first with the pioneering work [1], which introduced the first algorithm
for trajectory triangulation, and then with [6,11,12,17,19,20,21,22]. A common
assumption of these works is that the motion must occur along a straight line
or a conic section. When the motion is linear and at constant velocity, the re-
covery of the trajectory is done linearly. However for quadratic trajectories, the
computations are non linear.
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In order to deal with more general situations, we introduce a new representa-
tion of curves embedded in P

3, which will be used to model arbitrary trajectories
of moving points. This new representation, which was very briefly introduced in
[16] in another context, has the great advantage that when considering the im-
portant question of trajectory triangulation from a weakly-calibrated sequence,
the equations are linear in the unknowns, even when dealing with non-linear
curves. More precisely we address the following problem:
Consider a 3D point either static or moving along an arbitrary trajectory. The
motion is seen by either static or moving non-synchronized cameras whose mo-
tions can be general but known. The problem is to give an algebraic representation
of the motion of the point, where the unknowns appear linearly. Then we use this
representation to recover either the positions of the point at each time instant
an image was taken or to recover a more standard representation of the whole
trajectory.

Experiments on both synthetic and real data are provided demonstrating the
validity of our approach.

We now proceed to introduce this special representation of curves.

2 Curve Representation

The trajectories are handled as algebraic curves. From a practical point of view,
one might be interested in giving a piece-wise algebraic approximation of the
point motion. Algebraic curves admit several representations. In order to ap-
preciate the compactness and the efficiency of the new representation that we
will introduce, let us consider the problem. Given a set of known cameras, we
want to recover the trajectory of a moving point. We need to find an appropriate
representation for that task.

We will start with the classical approach. An algebraic curve embedded in
P
3 is the intersection of at least two surfaces. Therefore there exists a family of

homogeneous polynomials {Fi}i=1,...,n, where n ≥ 2, such as a point P lies on
the curve if and only if any polynomial of the family vanishes on it.

This representation suffers from some drawbacks. The number of polynomials
n is not necessarily 2. It is an open question whether any algebraic curve in P

3

can be described as the intersection of exactly two algebraic surfaces. Moreover
the degree of each polynomial in the family is not known. Indeed it is clear
that any polynomial combination

∑
i AiFi (Ai are polynomials) vanishes on the

curve too. Thus several families define the same curve. Therefore the question
of knowing the degree of each Fi is not an easy one.

This shows that this standard representation is not appropriate to our pur-
pose. Moreover, our measurements are made from pixel locations over image
planes. From these measurements the only available 3D information is made by
the optical rays they generate. Thus we would like a representation of curves
embedded in P

3 which satisfies the following conditions:

– The representation is in terms the lines meeting the curve and not the curve
itself.
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– The representation determines the curve entirely and uniquely.
– The recovery of the standard representation of the curve as the zero set of a

system of equations should be very simple.
– The computations of the representation given a sufficiently general distribu-

tion of lines intersecting the curve is linear.

It turns out that such a representation exits.
However we shall now proceed to a more formal discussion. We will need the

following definitions:

Definition 1 A point P on the curve, defined by {Fi}, is said to be singular if
the gradient of Fi at P vanishes, gradP(Fi) = 0, for all i. Otherwise it is called
a regular point. A curve is said to be smooth if it has only regular points.

The foundations of algebraic geometry can be found in [10,13,7,8,15]. In our
context, we will need to refer to the concept of the irreducible component, which
is mathematically a maximum closed subset of an algebraic variety. It is enough
for us to refer to the intuitive concept of the irreducible component. A component
of a curve is a subcurve, a closed piece of it.

Definition 2 A curve is said to be irreducible if it contains only one component.

Definition 3 The degree of a curve embedded in P
3 is the number of points of

intersection of the curve with a generic plane.

All our computations are done in the field of complex numbers, which is
algebraically closed. However we are only interested in the real locus of the
involved varieties.

2.1 Curve Representation in G(1, 3)

Now we turn to present the curve representation that fits our requirements. We
will represent a curve embedded in P

3 by a hypersurface in P
5. This is related

to the fact that a line in P
3 can be represented by its Plücker coordinates as a

point of P
5. If [L1, L2, L3, L4, L5, L6] are the Plücker coordinates of a line, then

the following relation must hold:

L1L6 − L2L5 + L3L4 = 0. (1)

Furthermore the coordinates of a point in P
5 that satisfy this equation are the

Plücker coordinates of some line embedded in P
3 [2,9,13]. This shows that the set

of lines in P
3 is isomorphic to a quadric surface of P

5 called the Grassmannian
of lines of P

3, denoted by G(1, 3) and defined by equation 1. Therefore we shall
denote by L a line in P

3 and by L̂ its Plücker coordinates which makes it a point
of P

5. A point in P
3 also has a representation in P

5 via the set of lines passing
through it. Three lines passing through a point are sufficient and necessary to
linearly span the space of all the lines through that point. Therefore a point in
P
3 correspond to a plane included in the Grassmannian G(1, 3).
Now we proceed to show that a curve in P

3 can be represented as a subvariety
of G(1, 3). A detailed treatment can be found in [13].
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Fig. 1. A curve in P
3 with some lines cutting it. A point is on the curve if any line

passing through it cuts the curve.

Construction. A smooth irreducible curve X of degree d and embedded in P
3

is entirely determined by the set of lines meeting it. See figure 1. We define the
following set of lines:

Λ = {L ⊂ P
3|L ∩ X �= ∅}

The following facts are well known [13]:

1. Λ is an irreducible subvariety of G(1, 3).
2. There exists a homogeneous polynomial Γ , of degree d, such that:

Z(Γ ) ∩ G(1, 3) = Λ,

where Z(Γ ) = {L̂ ∈ P
5|Γ (L̂) = 0}.

3. Γ is defined modulo the d−th graded piece of the ideal defining G(1, 3), i.e.
modulo I(G(1, 3))d.

4. The dimension of the space of all possible Γ for a given curve, i.e. the dimen-
sion of the d−th graded piece of the homogeneous coordinate ring of G(1, 3),
S(G(1, 3))d, is for d ≥ 2:

Nd =
(
d+ 5
d

)
−

(
d − 2 + 5
d − 2

)
.

5. It is sufficient to pickNd−1 generic points on Λ to find Γ modulo I(G(1, 3))d.
Every such point L̂ yields one linear equation on Γ :

Γ (L̂) = 0, (2)

and Γ is also defined modulo multiplication by a non-zero scalar.

If we put this high-flown terminology down to earth, it says this. The sub-
variety Λ is the intersection of G(1, 3) with some hypersurface defined by a
polynomial Γ . There exists a whole family of hypersurfaces intersect in G(1, 3)
exactly over Λ. This means that the polynomial Γ is not uniquely defined and is
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computable only modulo the equation 1 defining G(1, 3).That is two polynomials
Γ1 and Γ2 such that Λ = Z(Γ1) ∩ G(1, 3) = Z(Γ2) ∩ G(1, 3) satisfy an equation
as follows:

Γ2(L1, ..., L6) = Γ1(L1, ..., L6) +R(L1, ..., L6)(L1L6 − L2L5 + L3L4),

for some polynomial R. In order to recover the original curve X in P
3 it is suffi-

cient to compute one of the polynomials Γ . This justifies the following definition.

Definition 4 Any element of the equivalence class of Γ is said to be the Chow
polynomial of the curve X.

Moreover, it is sufficient to find Nd linearly independent equations to find
the Chow polynomial of X.

2.2 Working with the Chow Polynomial

The previous properties provide us with a way to compute Γ from a set of discrete
measurements extracted from image sequences. Each image point generates with
the camera center an optical ray L with yields one linear constraint on Γ by
equation 2.

Now we proceed to introduce two original algorithms which show in a very
concrete way the equivalence between the standard representation of X as the
intersection of surfaces in P

3 and the Chow polynomial.
Let {Fi}i be a family of polynomials defining a curve in P

3. The computation
of Γ is done as follows:

Eliminate X,Y, Z from the following system:

Fi(X,Y, Z, 1) = 0

L̂ ∨



X
Y
Z
1


 = 0,

where L̂ = [L1, L2, L3, L4, L5, L6] ∈ P
5 represents a line meeting the curve and

∨ is the join operator (see [2,9]). The join of L̂ and the point P = [X,Y, Z, 1]T

vanishes to express the fact that P lies on the line represented by L̂. When given
Γ as a result of the previous elimination, we shall compute its normal form [3,
5] (to get a canonical representation of Γ ) with respect to equation 1 defining
G(1, 3).

We give an example of this computation done with Maple. Let X be a conic
defined by X+Y +Z+T = 0 and X2+Y 2−9T 2 = 0. Then the Chow polynomial
of X is given by:

Γ (L1, ..., L6) = 2L2L1 + 2L3L1 + 2L3L2 + L4
2

−9L6
2 − 2L1L5 − 18L3L6 − 8L3

2 + L2
2

−18L6L5 − 18L3L5 − 2L1L4 − 8L5
2+

2L4L5 + 2L1
2.
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Now we show how the usual point based representation of X can be extracted
from Γ .

Follow the following procedure:

1. Pick three generic points, Q1, Q2, Q3 on the plane at infinity (last coordinate
zero).

2. Consider a point P = [X,Y, Z, 1]T in the affine piece of P
3. The point P is

lying on X if any linear combination of the three lines (PQi)i=1,2,3 is a zero
of the Chow polynomial. This yields

(
d+2

d

)
equations defining the curve X

completely.

This simple algorithm makes use of the fact that a point P of P
3 is represented

as a plane included in G(1, 3) generated by three lines passing through P. Hence
a point is lying on the curve if the plane that represents it in G(1, 3) is included
into the hypersurface defined by the Chow polynomial of the curve.

In many applications, the sequences of locations of a moving point at each
time instant an image was made is much more useful than the standard repre-
sentation of the trajectory. Therefore we show how the Chow polynomial can be
directly used for computing the intersection of the trajectory with a line. This
line will be an optical ray in practice.

As before we shall denote the Chow polynomial by Γ . Each 2D point p
generates an optical ray Lp which is a zero of Γ . Lp is given by M̂p where M̂
is a 6 × 3 matrix, which is a polynomial function of the camera matrix M. M̂
maps an image point to the optical ray it generates with the optical center [9].
In order to compute where this optical ray meets the curve, we use the following
procedure:

1. Pick three random and arbitrary points R1,R2,R3 in P
3.

2. Give a parametric representation of Lp: P(λ) = A + λB.
3. Build the following parametric lines Li(λ) = P(λ) ∨ Ri, for i = 1, 2, 3.
4. For every triplet α, β, γ, we have Γ (αL1(λ)+βL2(λ)+γL3(λ)) = 0, for P(λ)

to be located on the curve. This yields 1
2 (d+ 1)(d+ 2) equations on λ.

5. Find the solution of the previous system. Let λ0 be that solution. Note that
for solving the previous system it is enough to solve the first uni-variate
polynomial equation and then to check which root is common to all the
equations.

6. The point P(λ0) = A + λ0B is the 3D point that we are looking for.

Note that in the previous algorithm in some very special cases, there might
be more than one solution to the system in λ. This will be the case if the optical
ray meets the curve at more than one point. This happens if an image was made
when the moving point passed through either a point of the trajectory that
occludes another point or a point of tangency of the curve with a line passing
through the camera center. Those two cases are singular so they appear with
probability zero. However in case of a singular point, the ambiguity can solved
by looking at neighboring points.
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3 Trajectory Recovery with Known Cameras

Now we turn to consider our first problem. A moving point is viewed in one
of several sequences. The camera matrices are assumed to be known over each
sequence. However the cameras are not assumed to be synchronized. We want
to recover the trajectory of the moving point. The trajectory recovery is then
naturally done in the Grassmannian of lines G(1, 3). Let Γ be a Chow polynomial
of the curve X generated by the motion of the point and let be d its degree. For
now we will assume that d is known. We shall show in section 3.3 how this
assumption can be addressed.

We first generate the number of independent measurements necessary to
recover the point trajectory. Then we analyze carefully to which extent the
measurements extracted from a particular sequence are independent and provide
enough constraints to recover the trajectory. Finally we generalize our results to
a general framework for trajectory recovery.

3.1 How Many Measurements Are Necessary?

Each 2D point extracted from the images contributes one linear equation in Γ :

Γ (M̂p) = 0, (3)

where M is the camera matrix and M̂ is the 6 × 3 matrix mapping each image
point to its optical ray, as before. Thus the following result is immediate:

Proposition 1 The recovery of the trajectory of a moving point can be done
linearly using at least k ≥ 1

12d
4 + 2

3d
3 + 23

12d
2 + 7

3d independent measurements.

Proof. The number of degrees of freedom of the Chow polynomial that must be
constrained is Nd − 1 =

(
d+5

d

) − (
d−2+5

d−2

)
= 1

12d
4 + 2

3d
3 + 23

12d
2 + 7

3d.

The lower bounds on k for few examples:

1. for a moving point on a conic locus, k ≥ 19,
2. for a moving point on a cubic, k ≥ 49,
3. for a moving point on a quartic, k ≥ 104.

A natural question is to know how many independent equations of type 3
each camera provides. This is the issue described in the next section.

3.2 Which Measurements are Actually Independent?

We start by the simple case of a static camera.

Proposition 2 A static camera provides
(
d+2

d

) − 1 constraints on Γ .
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Proof. All the optical rays generated by a static camera belong to a plane in-
cluded into the Grassmannian G(1, 3). Therefore a static camera allows to re-
cover the intersection with a plane of the subvariety of G(1, 3) we are looking
for. This intersection is a curve of degree d. Therefore a static camera yields(
d+2

d

) − 1 constraints on the Chow polynomials of the curve.

Note that when the camera is static, all the optical rays pass through the same
point, the camera center. Hence the space of curves of a given degree constrained
to pass through the optical rays contains the space of curves of the same degree
passing through the camera center. This has a practical consequence. If several
static cameras are viewing a moving point, the recovery of the trajectory might
lead to a parasite solution, i.e. a curve passing through the camera centers. If
such a parasite solution exists it must be eliminated.

Let us now consider a moving camera over a trajectory modeled by an alge-
braic curve of degree k. The question is to know how many independent mea-
surements this camera provides on a point moving over a trajectory of degree
d. When the number of measurements is large enough, this can be viewed as
computing the number of degrees of freedom of the family of curves of degree
d over the surface generated by the optical rays generated by the tracked point
and the camera center. This is a question of algebraic geometry. We give here
the result and postpone the proof to the appendix.

Theorem 1 Fundamental Theorem
A camera moving along a curve of degree k ≥ 1 provides H(k, d) constraints on
the Chow Polynomial Γ of the trajectory of degree d ≥ 1 a moving point , where

H(1, 1) = 4
H(2, 1) = 5
H(1, 2) = 12
H(2, 2) = 17
H(k, 2) = 18 for k ≥ 3

H(k, d) =




Nd − (
d−k+5

5

)
+

(
d−k+3

5

) − 1 if k ≤ d − 2
Nd − 7 if k = d − 1
Nd − 1 if k ≥ d


 for d ≥ 3

If several independently moving cameras are viewing a moving point, then
the number of constraints this whole camera rig provides is the sum of each
H(k, d) for each camera until the Nd − 1 constraints are obtained.

3.3 A General Framework for Trajectory Recovery from Known
Cameras

At this point we are in a position to propose a general framework for trajectory
recovery. A set of non-synchronized cameras Mi, i = 1, ...,m which are either
static or moving is viewing at a set of points Pj , j = 1, ..., n either static or
moving. Since each camera is regarded as a dynamic system, the camera matrices
are time dependent. Hence the camera matrix i at time ki will be denoted by
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Miki
. Note that the cameras are independent and in particular they are not

supposed to be synchronized. Therefore the time samples are different between
every two cameras. This means that the indices ki are independent between two
cameras. Let pijki

be the projection of the point Pj onto the camera i at time
ki. All the Miki

are known for all i and all ki. This can be achieved during a
preprocess by tracking static points over each sequence.

For a given point Pj , the optical rays Lijki
= M̂ipijki

, for all i and ki, meet
the trajectory of Pj . Then according to the geometric entity generated for all
i and ki by those rays, the motion of Pj can be recovered. Here we provide a
table that gives the correspondence between the motion of the point and the
geometry of the optical rays.

Motion of Pj Geometric entity
generated by {Lijk}

Static point Plane in P
5

included in G(1, 3)
Point moving on a line Hyperplane section

of G(1, 3)
Point moving on a conic Intersection of a quadric

of P
5 with G(1, 3)

... ...
Point moving on a curve Intersection of a

hypersurface
of degree d of degree d with G(1, 3)

Therefore this framework provides us with a way of segmenting static points
from moving points and then to reconstruct the location of the former and the
trajectory of the latter. Note that the determination of the trajectory degree is
now handled in the context of fitting the Chow polynomial from the optical rays.

This framework can be seen as a complete generalization of [1], where only
the case of moving points on a line was presented using the formalism of the
linear line complex.

4 Experiments

The computation of the Chow Polynomial involves an estimation problem. How-
ever as mentioned above, the Chow polynomial is not uniquely defined. In order
to get a unique solution, we have to add some constraints to the estimation
problem which do not distort the geometric meaning of the Chow polynomial.
This is simply done by imposing to the Chow polynomial to vanish over Wd

additional arbitrary points of P
5 which do not lie on G(1, 3). The number of

additional points necessary to get a unique solution is Wd =
(
d+5

d

) − Nd, where
d is the degree of the Chow polynomial.
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4.1 Synthetic Trajectory Triangulation

Let P ∈ P
3 be a point moving on a cubic, as follows:

P(t) =




t3

2t3 + 3t2

t3 + t2 + t+ 1
t3 + t2 + t+ 2




It is viewed by a moving camera. At each time instant a picture is made ,we
get a 2D point p(t) = [x(t), y(t)]T = [m

T
1 (t)P(t)

mT
3 (t)P(t) ,

mT
2 (t)P(t)

mT
3 (t)P(t) ]

T , where MT (t) =
[m1(t),m2(t),m3(t)] is the transpose of the camera matrix at time t.

Then we build the set of optical rays generated by the sequence. The Chow
polynomial is then computed and given below:

Γ (L1, ..., L6) = −72L2
2L3 + L3

1 − 5L1L4L5−
18L1L3L6 + 57L2L3L5 + 48L2L4L5 − 43L1L2L4−
10L1L3L5 + 21L1L5L6 − 30L1L4L6 − 108L2L3L6+
41L1L2L5 + 69L1L2L6 − 26L1L2L3 − 36L2L

2
4−

21L2L
2
5 + 3L3L

2
5 − 9L2

3L5 − 12L2
4L5 + 6L4L

2
5+

4L2
1L4 + 20L3

2 − 13L3
3 + 8L3

4 − L3
5 + 108L2

2L6−
120L2

2L5 + 27L2
3L6 − 25L2

1L6 + 57L2L
2
3+

84L2
2L4 + 7L1L

2
3 − L2

1L5 + 31L1L
2
2+

5L2
1L3 + L1L

2
5 − 11L2

1L2 + 7L1L
2
4

At this point we perform the algorithm described in section 2.2 and get
exactly the sequence of locations of the moving point P(t). We show in figure 2
the recovered discrete locations of the point in 3D.
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Fig. 2. The 3D locations of the point
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4.2 Experiment on Real Images

A point is moving over a conic section. Four static non-synchronized cameras
are looking at it. We show on figure 3 one image of one sequence.

Fig. 3. A moving point over a conic section

The camera matrices are computed using the calibration pattern. Every
2D measurement p(t) is corrupted by additive noise, which we consider as an
isotropic Gaussian noise N (0, σ). The variance is estimated to be about 2 pixels.

For each 2D point p(t), we form the optical ray it generates L(t) = M̂p(t).
Then the estimation of the Chow polynomial is made using the optical rays
L(t). In order to avoid the problem of scale, the Plücker coordinates of each line
are normalized such that the last coordinate is equal to one. Hence the lines
are represented by vectors in a five-dimensional affine space, denoted by La(t).
Hence if θ is a vector containing the coefficient of the Chow polynomial Γ , θ is
solution of the following problem:

Z(La(t))T θ = 0, for all t,

with ‖ θ ‖= 1 and Z(La(t)) is a vector which coordinates are monomials gener-
ated by the coordinates of La(t). Following [4,18], in order to obtain a reliable
estimate, the solution θ is computed using a maximum likelihood estimator. This
allows to take into account the fact that each Z(La(t)) has a different covariance
matrix, or in other terms that the noise is heteroscedastic. More precisely, each
Z(La(t)) has the following covariance matrix:

CL(t) = JφJnM̂


σ 0 0
0 σ 0
0 0 0


 M̂T JT

nJT
φ ,

where M is the camera matrix and Jn and Jφ are respectively the Jacobian
matrices of the normalization of L(t) and of the map sending La(t) to Z(La(t)).
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That is for L(t) = [L1, L2, L3, L4, L5, L6]T , we have:

Jn =




1
L6

0 0 0 0 −L1
L2

6

0 1
L6

0 0 0 −L2
L2

6

0 0 1
L6

0 0 −L3
L2

6

0 0 0 1
L6

0 −L4
L2

6

0 0 0 0 1
L6

−L5
L2

6



,

and Jφ is similarly computed. Then we use the method presented in [4] to per-
form the estimation. The result is stable where starting with a good initial guess.
In order to handle more general situation we further stabilize it by incorporating
some extra constraints that come some our a-priori knowledge of the form of
the solution. The final result is presented in figure 4.
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Fig. 4. The trajectory rendered in the calibration pattern

5 Conclusion and Future Work

In this paper, we presented a general method for triangulating arbitrary tra-
jectories of moving points in dynamic scenes. Our approach is based on a new
(to computer vision) representation of curves. Within this representation the
unknowns appear linearly. Hence an arbitrary trajectory can be approximated
by algebraic piece-wise approximation. Experiments also showed the feasibility
of our approach.

Further research is needed to get complete reliable estimate of the Chow poly-
nomial because of the heteroscedasticity of the noise and the high dimensionality
of the solution space.

Moreover, our approach gives rise to interesting questions that will be in-
vestigated in future work. Those questions are related to dual extensions of the
present work:
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– Moving camera recovery from known moving points or equivalently static
cameras recovery from known curves;

– Structure and motion recovery in dynamic environments when some assump-
tions on the nature of the motions can be made.

A Appendix: The Fundamental Theorem

We prove the theorem 1.

Proof. The proof is based on cohomological computation [15]. Let X (resp. Y )
be the point (resp. camera center) trajectory. Each observation generates an
optical ray joining the camera center and the point. Let L1, ....,Ln be these n
lines joining X and Y . Let ΓX and ΓY be the Chow polynomial of X and Y
respectively. We shall denote by Z(ΓX) and Z(ΓY ) the sets where they vanish.
Let V = Z(ΓX) ∩ Z(ΓY ) ∩ G(1, 3). For n >> 1, we have

{ Γ ∈ H0(P5,OP5(d)) : Γ (Li) = 0 , i = 1, . . . , n} =
{ Γ ∈ H0(P5,OP5(d)) : Γ|V ≡ 0 } = IV,P5(d) .

So, we want to compute dim(IV,P5(d)), which is the dimension of the space of
ΓX , or, equivalently, h0(V,OV (d)) = h0(OP5(d)) − dim(IV,P5(d)). Since V is a
complete intersection of degree (d, k, 2) in P

5, the dimension of IV,P5(d) should
be equal to

h0(OP5(d − 2)) + h0(OP5(d − k)) − h0(OP5(d − k − 2)) + 1.

As a consequence

h0(V,OV (d)) = Nd − (
h0(OP5(d − k)) − h0(OP5(d − k − 2)) + 1

)
.
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