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Abstract. Semi-unstructured grids consist of a large structured grid
in the interior of the domain and a small unstructured grid near the
boundary. It is explained how to implement differential operators and
multigrid operators in an efficient way on such grids. Numerical results
for solving linear elasticity by finite elements are presented for grids with
more than 108 grid points.

1

Introduction

One main problem in the discretization of partial differential equation in 3D is
the large storage requirement. Storing the stiffness matrix of a FE-discretization
of a system of PDE’s on unstructured grids is very expensive even in case of relative small grids. To avoid this problem, one prefers fixed structured grids, since
these kind of grids lead to fixed stencils independent of the grid point. Another
interesting property of structured grids is that several numerical algorithms can
be implemented more efficient on structured grids than on unstructured grids
(see [7]). On the other hand, fixed structured grids do not have the geometric
flexibility of unstructured grids (see [3], [10], [8], and [9]). Therefore, we apply
semi-unstructured grids (see [6] and [5]). These grids consist of a large structured grid in the interior of the domain and a small unstructured grid, which is
only contained in boundary cells. Since semi-unstructured grids can be generated
automatically for general domains in 3D, they have the geometric flexibility of
unstructured grids. In this paper, we explain how to implement discrete differential equations in an efficient way on semi-unstructured grids. It will be shown
that algorithms based on semi-unstructured grids require much less storage than
on unstructured grids. Therefore, these grids are nearly as efficient as structured
grids.

2

Semi-Unstructured Grids

Assume that Ω ⊂ IR3 , is a bounded domain with a piecewise smooth boundary.
Semi-unstructured grids are based on the following infinite structured grids with
P.M.A. Sloot et al. (Eds.): ICCS 2002, LNCS 2331, pp. 622−631, 2002.
 Springer-Verlag Berlin Heidelberg 2002

Efficient Implementation of Operators on Semi-unstructured Grids

623

meshsize h > 0:
'
"
$
Ωh∞ := (ih, jh, kh) ' i, j, k ∈ ZZ

.

The set of cells of this grid is
'
"
$
Zh∞ := [ih, (i + 1)h] × [jh, (j + 1)h] × [kh, (k + 1)h] ' i, j, k ∈ ZZ .
Theses cells are called interior, exterior, or boundary cells. The classification in
these three types of cells has to be done carefully (see [6]). Otherwise, it is very
difficult to construct a semi-unstructured grid. Let us denote the set of boundary
cells by Zhboundary ⊂ Zh∞ and the set of interior cells by Zhinterior ⊂ Zh∞ .
To obtain a finite element mesh, we subdivide every interior and every boundary cell by tetrahedra, such that suitable properties are satisfied (see [6]). One
of these properties is that the interior angles φ of every tetrahedron are smaller
than a fixed maximal angle φmax < 180◦ , which does not depend on the meshsize
h and the shape of the domain. This means
φ ≤ φmax < 180◦

(1)

for every interior angle. A suitable subdivision of the boundary cells is described
in [5]. Here, we briefly explain the subdivision of the interior cells. To this end,
let us mark the corners of an interior cell Z as in Figure 2. Then, this cell is
subdivided as follows:
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Fig. 1. Subdivision of an Interior Cell Z.

The subdivision τh of the interior cells and boundary cells by tetrahedra leads
to a discretization domain
&
Ωdis,h =
Λ
Λ∈τh

and a set of nodal points
Nh =

&

E(Λ),

Λ∈τh

where E(Λ) is the set of corners of a tetrahedron Λ.
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We have to distinguish three types of nodal points:
I. The regular interior points:
Nh,I := {P ∈ Nh | P is corner point of eight interior cells.}.
II. The boundary points and the points contained in boundary cells:
Nh,II := {P ∈ Nh | P is not adjacent or contained in an interior cell.}.
III. The regular points near the boundary:
Nh,III := {P ∈ Nh | P is corner point of at least
one interior cell and one boundary cell.}.

Fig. 2. Grid points Nh,I , Nh,II , and Nh,III for a semi-unstructured grid in 2D.

Observe that

Nh := Nh,I ∪ Nh,II ∪ Nh,III .

Figure 2 depicts the three types of nodal points for semi-unstructured grid in
2D.
For the discretization of partial differential equations, we apply the finite
element space with linear elements on τh :
' '
#
!
'
Vh := v ∈ H 1 (Ω) ' v 'Λ is linear on every tetrahedron Λ ∈ τh .

3

Implementation of Differential Operators with
Constant Coefficients

To avoid a large storage requirement, we want to implement operators like discrete differential operators without storing the stiffness matrix or the local stiffness matrices. This always can be done on a finite element grid by a recalculation
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of the local stiffness matrices when they are need. But such an implementation
is very time consuming. On structured grids one can get a more efficient implementation by fixed stencils.
In this section, we explain how to obtain an efficient implementation of discrete differential operators with constant coefficients on semi-unstructured grids.
For reasons of simplicity, we restrict ourselves to the discrete differential operator
corresponding to the bilinear form
%
(u, v) → a(u, v) =
∇u ∇v dµ.
(2)
Ω

To obtain an efficient implementation of the discrete differential operator
corresponding to this bilinear form, one has to distinguish three cases:
I. Implementation at regular interior points M ∈ Nh,I .
The eight cells next to the regular interior points M ∈ Nh,I are interior cells.
Therefore, we can implement the operator corresponding to (2) by the following
fixed stencil
(20.0 ∗ uM
−4.0 ∗ (uT + uD + uE + uW )
−2.0 ∗ (uN + uS )
−(uN D + uW N − uW T − uED + uST + uES
−uEST − uW N D )) ∗ h/3.0
Here, E means the next point in the east direction: E = (1, 0, 0) + M . The other
directions W, N, S, D, T are defined analogously.
II. Implementation at points P1 ∈ Nh,II .
To calculate a discrete differential operator at a point P1 ∈ Nh,II , we need the
local stiffness matrix of every tetrahedron T ∈ τh adjacent to P1 . These tetrahedra are contained in boundary cells, since P1 ∈ Nh,II . We do not want to
store the local stiffness matrix of T completely and we do not want to recalculate them each time they are needed. Therefore, we use the following approach, which stores 13 values for each tetrahedron T ∈ τh contained in a
boundary cell. Using these 13 values one can calculate the local stiffness matrix easily for different bilinear forms. To explain the definition of the 13 values
ξ0 , ξx,1 ..., ξx,4 , ξy,1 ..., ξy,4 , ξz,1 ..., ξz,4 , let T ∈ τh be a tetrahedron contained in a
boundary cell and let us denote P1 , P2 , P3 , P4 the corners of T . Furthermore, let
vp be the nodal basis function at the corners p = P1 , P2 , P3 , P4 of T and
M=

1
(P1 + P2 + P3 + P4 ).
4

Then, let
ξ0 := vol(T )/6,
∂vPi
(M ),
ξx,i := ξ0 ·
∂x

for i = 1, 2, 3, 4,
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∂vPi
(M ), for i = 1, 2, 3, 4,
∂y
∂vPi
(M ), for i = 1, 2, 3, 4.
ξz,i := ξ0 ·
∂z
Using these values, one can calculate the stiffness matrix corresponding to the
bilinear form a(u, v). For example, the entry a(vP1 , vP2 ) of the local stiffness
matrix is
%
∇vP1 ∇vP2 dµ = (ξx,1 ξx,2 + ξy,1 ξy,2 + ξz,1 ξz,2 )/(6ξ0 ).
ξy,i := ξ0 ·

Ω

III. Implementation at points P1 ∈ Nh,III .
The cells adjacent to a point P1 ∈ Nh,III are boundary cells and interior cells.
Therefore, we have to distinguish to cases:
a) Let c be a boundary cell adjacent to P1 . Then, the local stiffness matrix of c
can be calculated using the local stiffness matrices of the tetrahedra T ∈ τh
contained in c.
b) Let c be an interior cell adjacent to P1 . Then, the local stiffness matrix
corresponding to (2) is a fixed 8 × 8 matrix, which does not depend on c.
Therefore, storing this matrix is very inexpensive.

4

Implementation of Operators with Variable Coefficients

Now, let us explain the implementation of discrete differential operators with
variable coefficients.
For reasons of simplicity, let us restrict ourselves to the bilinear form
%
b ∇u ∇v dµ,
(3)
(u, v) → a(u, v) =
Ω

where b ∈ C(Ω) and minp∈Ω (b(p)) > 0. It is well-known, that, in general, one
cannot directly implement the differential operator corresponding to a. Therefore, one has to approximate a by a bilinear form ah . The standard way to
approximate a is to apply a numerical integration with one Gauss integration
point for every T ∈ τh . Here, we use another approach. To explain this approach,
let us classify the tetrahedra of τh in the following way:
τh,i := {T ∈ τh | T is contained in an interior cell}
τh,b := {T ∈ τh | T is contained in a boundary cell}.
Obviously, it is τh = τh,i ∪ τh,b . Let us define an interpolation operator Ih as
follows:
Ih : C(Ω) → L∞ (Ω)
Ih (b)(p) := b(p) if p is the middle point of an interior cell.
Ih (b)(p) := b(p) if p is the middle point of a tetrahedron T ∈ τh,b .
Ih (b)
is constant on every interior cell.
Ih (b)
is constant an every tetrahedron T ∈ τh,b .
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Now, let the approximation of a be the following bilinear form
%
(u, v) → ah (u, v) =
Ih (b) ∇u ∇v dµ
Ω

By the Bramble-Hilbert Lemma and by some calculations one can show (see [2]
or [1]),
|a(u, v) − ah (u, v)| ≤ Ch$b$C 1 $u$H 1 $v$H 1
|a(u, v) − ah (u, v)| ≤ Ch2 $b$C 2 $u$H 2 $v$H 2
|v|2H 1 ≤ Cah (v, v).
Using these inequalities one can prove an O(h2−δ ) convergence with respect to
the L2 -norm for the finite element solution corresponding to the bilinear form
(3) for every δ > 0 (see [6] and [4]) . The advantage of the above construction
of ah is that one can implement the differential operator corresponding to ah
similar to the construction in section 3.
I. Implementation at regular interior points M ∈ Nh,I .
The discrete differential operator corresponding to (3) can be implemented by
the following stencil at points M ∈ Nh,I
(bcellW SD ∗ (3.0 ∗ uM − uW − uS − uD )+
bcellESD ∗ (5.0 ∗ uM − 3.0 ∗ uD − uE − uS − uES + uED )+
bcellW N D ∗ (7.0 ∗ uM − 3.0 ∗ (uW + uD ) − uN − uN D − uW N + 2.0 ∗ uW N D )+
bcellEN D ∗ (5.0 ∗ uM − 3.0 ∗ uE − uN − uD − uN D + uED )+
bcellW ST ∗ (5.0 ∗ uM − 3.0 ∗ uW − uT − uS − uST + uW T )+
bcellEST ∗ (7.0 ∗ uM − 3.0 ∗ (uE + uT ) − uS − uST − uES + 2.0 ∗ uEST )+
bcellW N T ∗ (5.0 ∗ uM − 3.0 ∗ uT − uN − uW − uW N + uW T )+
bcellEN T ∗ (3.0 ∗ uM − uE − uN − uT )
) ∗ h/6.0.
Here, cellW SD means the middle point of the next cell point of M in the westsouth-down direction.
II. and III. Implementation at points P1 ∈ Nh,II ∪ Nh,III .
The discrete differential operator at points P1 ∈ Nh,II ∪ Nh,III can be implemented for variable coefficients similar to the case of constant coefficients. To
explain this, let Mconst be the local stiffness matrix for a constant coefficient 1.0
at a tetrahedron T ∈ τh,b or an interior cell c. Then, Ih (b) is a constant value β
on this tetrahedron T or interior cell c, respectively. Therefore, the local stiffness
matrix Mvar in case of variable coefficients is
Mvar = βMconst .
The above implementation of discrete differential operators for variable coefficients is not much more time and storage consuming than for constant coefficients. To explain this, one has to study the implementation at regular interior
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points P1 ∈ Nh,I , since the computational time at these points dominates the
total computational time on semi-unstructured grids. Counting the number of
operations shows that the above discrete differential operator for variable coefficients requires 71/19 ≈ 3.7 more operations than in case of constant coefficients.
Since, the computational time often is strongly influenced by problems with a
small cache in the computer architecture, the computational time will increase
by a factor smaller than 3.7 (see numerical results in section 6).

5

Implementation of Multigrid Operators and Coarse
Grid Operators

For reasons of simplicity, let us assume that Ω ⊂]0, 1[3 and that h = 2−n . A
multigrid algorithm is based on a sequence of fine and coarse grids
Nh = Nn , Nn−1 , · · · , N2 , N1 .
To define these grids, we recursively define sets of coarse grid cells:
Znboundary := {c ∈ Z2∞−n | c is a boundary cell on the finest grid.}

boundary
such that cb ⊂ c}
Zkboundary := {c ∈ Z2∞−k | there exists a cell cb ∈ Zk+1

Zninterior := {c ∈ Z2∞−n | c is an interior cell on the finest grid.}
interior
such that ci ⊂ c}
Zkinterior := {c ∈ Z2∞−k | there exist 8 cells ci ∈ Zk+1
Furthermore, we define the maximal and minimal coarse grid
Nk,max := {p | p is a corner of a cell c ∈ Zkinterior ∪ Zkboundary},

Nk,min := {p | p is a corner of exactly 8 cells c ∈ Zkinterior ∪ Zkboundary}.

The coarse grid Nk has to be constructed such that the following inclusions are
satisfied:
Nk,min ⊂ Nk ⊂ Nk,max .
Here, we do not want to explain in detail how to choose Nk . But let us mention,
that the construction of Nk depends on the boundary conditions. The coarse
grid Nk is the union of two disjoint types of grids:
Nk = NI,k ∪ NII,k ,
NI,k = {p | p is a corner of exactly 8 cells c ∈ Zkinterior }.
To obtain a multigrid algorithm, we need a function space Vk on the coarse grid
Nk such that
V1 ⊂ V2 ⊂ ... ⊂ Vn
dim(Vk ) = |Nk |.
On the interior coarse cells, this function space is given in a natural way by finite
elements. On the boundary coarse grid cells one has to construct the function
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space Vk such that the boundary conditions of the fine grid space are preserved. A
detailed description of the construction of Vk will be given in a subsequent paper.
The coarse spaces Vk lead to natural restriction and prolongation operators Rk
and Pk and to coarse grid differential operators Lk . The relation between these
operators is
Lk = Rk Lk+1 Pk+1 .
At the grid points NI,k , the restriction and prolongation operators are operators
with fixed stencils.
For the implementation of the coarse grid differential operators, we distinguish to cases:
I. Implementation at regular interior points P ∈ NI,k .
– If the fine grid operator Lh is an operator with constant coefficients, then the
corresponding coarse grid differential operator Lk at interior points P ∈ NI,k
is
Lk (P ) = L2−k (P ).
Therefore, we do not need additional storage to evaluate this operator.
– If the fine grid operator Lh is an operator with variable coefficients, then
one has to restrict the local stiffness matrices and one has to store the local
stiffness matrices on all coarse cells. A differential operator can be evaluated
using the local coarse grid stiffness matrices.
II. Implementation at points near the boundary P ∈ NII,k .
– If the fine grid operator Lh is an operator with constant coefficients, then the
local stiffness matrices only at the coarse cells Zkboundary have to be stored.
– If the fine grid operator Lh is an operator with variable coefficients, then
the local stiffness matrices at all coarse cells Zkboundary ∪ Zkinterior have to be
stored.
To store a local stiffness matrix, one has to store 8 × 8 values. Since these
local stiffness matrices are stored only on coarse grids, storing the local stiffness
matrices costs only a small percentage of the total storage.

6

Numerical results.

In this section, we present two kinds of numerical results.
Numerical result 1: Differential operator with variable coefficients.
Table 1 shows the computational time for the evaluation of one discrete Laplace
operator on a Sun Ultra 1 workstation. tc is the computational time of the
operator with a constant coefficient corresponding to the following bilinear form
%
∇u∇v dµ.
a(u, v) =
Ω
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tv is the computational time of the operator with a variable coefficient α(x, y, z)
corresponding to the bilinear form
%
a(u, v) =

Ω

∇u∇v α(x, y, z) dµ.

One can see that the computational time increases only by a factor less than 2
in case of a variable coefficient.

Table 1. Parallel solution of linear elasticity equation.
grid size tc in sec tv in sec tv /tc in sec
21 247
0.23
0.31
1.33
154 177
1.24
1.98
1.59
1 164 700
8.92
16.1
1.81

Numerical result 2: Multigrid for linear elasticity with traction free
(Neumann) boundary conditions. We want to solve the linear elasticity
equations with traction free boundary conditions. The solver is a cg-solver with
a multigrid algorithm as a preconditioner. The multigrid algorithm is a stable
solver even for traction free boundary conditions, since the coarse grid space is
constructed in such a way that it contains the rigid body modes. Table 2 shows
the computational time for one cg-iteration with multigrid preconditioning with
respect to the number of grid points. The number of unknowns is the number of
grid points multiplied by 3. The calculations were done on ASCI Pacific Blue.
Table 2. Parallel solution of linear elasticity equation.
processors time in sec
grid size number of unknowns
600
120
121 227 509
363 682 527
600
26
15 356 509
46 069 527
88
18
1 973 996
5 921 988
98
3.8
259 609
778 827
88
1.1
35 504
106 512
12
19.6
259 609
778 827
4
8.9
35 504
106 512
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