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Abstract. This paper studies the relationship between synchronous and
asynchronous mobile processes, in the setting of the π-calculus. A type
system for processes of the asynchronous monadic subcalculus is intro-
duced and used to obtain a full-abstraction result: two processes of the
polyadic π-calculus are typed barbed congruent iff their translations into
the subcalculus are asynchronous-monadic-typed barbed congruent.

1 Introduction

This paper studies the relationship between synchronous and asynchronous mo-
bile processes, in the setting of the π-calculus [MPW92, Mil99]. A primitive of
the π-calculus, inherited from its ancestor CCS [Mil89], is a form of handshake
communication. The (polyadic) π-term x〈a1a2〉. P expresses a process that may
send the pair of names a1, a2 via the link named x and continue as P , and the
term x(y1y2). Q a process that may receive a pair of names via x (a reader unfa-
miliar with π-calculus may care to refer to section 2). Interaction between these
processes is expressed by

x〈a1a2〉. P | x(y1y2). Q −→ P | Q{a1a2/y1y2} ,

where {a1a2/y1y2} indicates substitution of the as for the ys in Q. The fact
that interaction is expressed by handshake communication is important for the
tractability of the π-calculus, and that of many other theories of concurrent
systems that are based on communication primitives of a similar nature.

On the other hand, many concurrent systems, especially distributed systems,
use forms of asynchronous communication, in which the act of sending a datum
and the act of receiving it are separate. Relatedly, many languages for pro-
gramming concurrent or distributed systems have asynchronous primitives, an
important reason for this being that they are amenable to efficient implementa-
tion. Language features for synchronized communication are often implemented
using asynchronous primitives.

The π-calculus has a subcalculus in which communication may be understood
as asynchronous [HT91, Bou92]. The key step in achieving this is the decree that
in the subcalculus, the only output-prefixed terms are those of the form x〈a〉.0,
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where 0 expresses a process that has no capabilities. In a term of the subcalculus,
a subterm x〈a〉.0 at top level may be thought of as a datum a that has been
sent but not received and that is available to any subterm at top level of the
form x(y). Q.

The theory of the asynchronous subcalculus is much less tractable than that
of the π-calculus. It is the subcalculus, however, that is the basis for the con-
current programming language Pict [PT97]. Further, the join-calculus [FG96],
which is itself closely related to the asynchronous π-calculus, is the basis for a
language for programming distributed systems [FM97]. Language features for
synchronized communication are implemented in many languages, among them
Pict and the join-language, by means of compilations based on well-known asyn-
chronous communication protocols. The first study of such a compilation carried
out using a mathematical model of mobile processes was in [Bou92], where a
specific translation was shown to be computationally adequate with respect to
Morris’s extensional operational preorder. The present paper studies the trans-
lation of [Bou92], but extended in a straightforward way to polyadic π-terms.
Thus the translation considered is from pπ, the set of polyadic π-terms, to amπ,
the set of asynchronous monadic π-terms.

The paper is concerned with the effect of the translation on behavioural
equivalence. The standard equivalence on π-terms is barbed congruence.
Roughly, two terms are barbed congruent if no difference in behaviour can be
observed between the systems obtained by placing them into an arbitrary π-
context. The notion of observation is natural, and the basis for observation of
difference in behaviour is a kind of bisimulation game. The definition of barbed
congruence, involving as it does quantification over a class of contexts, is also
appropriately sensitive to the (sub)calculus under consideration. For instance
on polyadic terms a typing discipline is used to separate out ill-formed terms
such as x〈a1a2a3〉. P | x(y1y2). Q, in which sender and receiver disagree on the
length of tuple to be communicated. Given a sorting λ of the kind introduced
in [Mil91] that achieves this separating out, polyadic terms that respect λ are
barbed λ-congruent if no difference in behaviour can be observed between the
systems obtained by placing them into an arbitrary context that itself respects
λ.

The translation from pπ to amπ is not fully abstract. The reason, briefly, is
that there are amπ-contexts that do not conform to the protocol underlying the
translation, and some such contexts are able to expose differences between the
translations of pπ-terms that are barbed λ-congruent. The aim of this paper is to
obtain a full-abstraction theorem for the translation by giving a characterization
of a suitable class of amπ-contexts. The basis for the characterization is a type
system for amπ-terms. This type system is based on a graph, derived in a simple
manner from the sorting, that describes aspects of the protocol that is at the
core of the translation. The full-abstraction theorem asserts that for any sorting
λ, two pπ-terms are barbed λ-congruent if and only if their translations are
barbed λam-congruent. Barbed λam-congruence is the natural variant of barbed
congruence on well-typed amπ-terms.
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The study of type systems for mobile processes is an important topic, both to
aid rigorous analysis of systems and to assist in programming. The present paper
develops techniques introduced in [QW98], and builds on earlier work on types
for mobile processes, for instance in [Hon93, KPT96, PS96, PS97, San97, Tur96].
The paper [QW98] proves a full-abstraction theorem for a translation from pπ
to the monadic π-calculus. The present paper studies a translation from pπ to
the asynchronous monadic subcalculus. Because of the separation of sending and
receiving in the asynchronous subcalculus, the technical details in the present
paper differ greatly from – and are considerably more difficult than – those
in [QW98]. We wish to mention in particular the paper [Yos96], where a notion
of graph type for monadic processes is introduced and studied. Nodes of a graph
type represent atomic actions, and edges an activation ordering between them.
Although [Yos96] and the present paper both use graphs for similar purposes,
the technical developments in the two papers are entirely different.

We believe that the present paper is the first to prove a full-abstraction
theorem for the translation studied in [Bou92]. The present paper studies the
translation extended to polyadic terms in order to show the generality of the
techniques used. The type system introduced is of a kind that is well under-
stood, and its rules are, in our view, informative. One or two of the rules are
quite complicated, however. We believe that this complication may be intrinsic;
we tried many alternatives before reaching the system described here. In the
space available it is not possible to explain why simpler-looking systems are in-
adequate. Instead, we explain the main features of the system, using examples
where appropriate, and give enough of the technical development to outline the
structure of the argument. An important point is that the class of typeable amπ-
contexts contains much more than just the translations of well-sorted polyadic
contexts.

Several papers study translations between subcalculi of the π-calculus. For
instance, in addition to [Bou92] mentioned earlier, [Bor98] studies a translation
from the asynchronous pπ to the subcalculus of the π-calculus, πI, in which
only private names may be communicated. Also, [MS98] studies in depth a sub-
calculus, Lπ, of the asynchronous monadic calculus in which only the output
capability of names may be communicated. In particular a full-abstraction re-
sult is shown for the translation from Lπ to the subcalculus LπI of πI. The
subcalculus Lπ is closely related to the join-calculus, about which many results,
including results on translations, are shown in [Fou98].

In the papers just mentioned, a summation operator on terms is lack-
ing. Encodings of asynchronous processes involving forms of summation in the
summation-free subcalculus, another topic that is important in programming-
language implementation, are studied in [NP96, Nes97]. Summation is also ab-
sent from the calculus considered in the present paper. In [Pal97], a result is
shown that is paraphrased (Remark 6.1, p. 264) as follows: “There exists no uni-
form encoding of the π-calculus [with guarded summation] into the asynchronous
π-calculus preserving a reasonable semantics”, where uniform and reasonable are
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given specific meanings. The translation of [Bou92] is uniform and the semantics
studied in the present paper is reasonable, in the senses of [Pal97].

In our view, the main theorem of the present paper is of intrinsic interest: it
shows precisely how the class of amπ-contexts needs to be cut down to obtain
full abstraction. Moreover, the characterization uses standard machinery of type
systems, albeit with some inevitable complication. Further, the characterization
is closely tied, via the type system, to the protocol that is at the core of the
translation: it shows clearly how that protocol affects process equivalence. Fi-
nally, because of the importance of type systems for mobile processes in general,
we believe that several ideas needed for the proof of completeness may be useful
for tackling other problems.

In section 2 we recall necessary background material, in section 3 we introduce
the type system for asynchronous monadic processes, and in section 4 we briefly
outline the proof of the main result.

2 Background

In this section we recall necessary definitions and notations. We refer to the
papers cited in the Introduction for further explanation.

We presuppose a countably-infinite set, N, of names, ranged over by lower-
case letters. We write x for a tuple x1 . . . xn of names.

The prefixes are given by

π ::= x〈y〉 | x(z)

where z is a tuple of distinct names. In each case, x is the subject .
The (polyadic) processes are given by

P ::= 0 | π. P | P | P ′ | νz P | !P .

We write pπ for the set of processes, and use P, Q, R to range over pπ. A process
is monadic if for each subterm x〈y〉. P or x(y). P of it, y is of length 1. A process
is asynchronous if for each subterm x〈y〉. P of it, P is 0. We abbreviate x〈y〉.0 to
x〈y〉. We write amπ for the set of processes that are asynchronous and monadic.

In x(z). P and in νz P the displayed occurrences of z and z are binding with
scope P . An occurrence of a name in a term is free if it is not within the scope
of a binding occurrence of the name. We write fn(P ) for the set of names that
have a free occurrence in P , and fn(P, Q, . . .) for fn(P ) ∪ fn(Q) ∪ . . ..

We write {y1 . . . yn/x1 . . . xn} for the substitution that maps xi to yi for each
i and is otherwise the identity, and P{y1 . . . yn/x1 . . . xn} for the process obtained
by applying it to P , with change of bound names if necessary to avoid captures.

We adopt the following conventions on bound names: processes that are α-
convertible are identified; and when a collection of processes and other entities
such as substitutions or sets of names is considered, it is assumed that the bound
names of the processes are chosen to be different from their free names and from
the names of the other entities.
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A context is obtained when the hole [·] replaces an occurrence of 0 in a
process. We write C[P ] for the process obtained by replacing the occurrence of
the hole in the context C by P .

Structural congruence is the smallest congruence, ≡, on processes such that

1. P1 | (P2 | P3) ≡ (P1 | P2) | P3, P1 | P2 ≡ P2 | P1, P | 0 ≡ P
2. νz νw P ≡ νw νz P , νz 0 ≡ 0
3. νz (P1 | P2) ≡ P1 | νz P2 provided z 6∈ fn(P1)
4. !P ≡ P | !P .

Reduction is the smallest relation, −→, on processes such that

1. x〈y〉. P | x(z). Q −→ P | Q{y/z} provided |y |=|z |
2. P −→ P ′ implies P | Q −→ P ′ | Q
3. P −→ P ′ implies νz P −→ νz P ′

4. P ≡ Q −→ Q′ ≡ P ′ implies P −→ P ′.

If x is a name then x is a co-name. The observability predicates , ↓x, are
defined by: P ↓x if P has an unguarded subterm x〈y〉. Q with the displayed
occurrence of x free in P . (An occurrence of a term is unguarded if it is not
underneath a prefix.)

Barbed bisimilarity is the largest symmetric relation, ≈̇, such that if P ≈̇ Q
then P ↓x implies Q −→∗↓x, and P −→ P ′ implies Q −→∗≈̇ P ′. The normal
definition of barbed bisimilarity on π-calculus requires also that: P ↓x implies
Q −→∗↓x. On the asynchronous subcalculus, however, it is normal to take the
observables to be the co-names only. On the full calculus, closing under contexts
one obtains the same relation (barbed congruence) whether or not names are
deemed observable. We therefore work with the definition as stated.

Now fix a set S of sorts , ranged over by s, t, and a sorting λ : S ⇀ S+, where
S+ is the set of nonempty tuples of sorts. We use Ψ to range over finite partial
functions from names to sorts. We write n(Ψ) for the domain of Ψ , and x : s for
(x, s). In particular, if n(Ψ) = {x1, . . . , xn} and Ψ(xi) = si for each i, we write
{x1 : s1, . . . , xn : sn} for Ψ . We write Ψ, Ψ ′ for Ψ ∪Ψ ′, provided x ∈ n(Ψ)∩n(Ψ ′)
implies Ψ(x) = Ψ ′(x); and we write Ψ, x : s for Ψ, {x : s}. Note: we will later
consider functions from names to other sets, and will then use similar notations.

P is a λ-process if a judgment Ψ ` P can be inferred using the rules in
table 1, where the prefix rules share the side condition that λ(s) = (t1 . . . tn),
and the output-prefix rule has in addition the side condition: x = yi implies
s = ti, and yi = yj implies ti = tj . In accordance with the convention on bound
names, in writing Ψ ` P it is assumed that the bound names of P are chosen
to be different from the names in Ψ . So in particular z 6∈ n(Ψ) in the restriction
rule, and z1, . . . , zn 6∈ n(Ψ) in the input-prefix rule.

Basic properties of the type system are: preservation of typing under ≡,
subject reduction, and freedom from arity-disagreements:

Lemma 1. 1. If Ψ ` P and Q ≡ P , then Ψ ` Q.
2. If Ψ ` P and P −→ P ′, then Ψ ` P ′.
3. If P is a λ-process and P −→∗ νw (x〈y〉. P1 | x(z). P2 | P3), then |y |=|z |.
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Ψ ` 0

Ψ ` P

Ψ ` !P

Ψ ` P1 Ψ ` P2

Ψ ` P1 | P2

Ψ, z : s ` P

Ψ ` νz P

Ψ ` P

Ψ, x : s, y1 : t1, . . . , yn : tn ` x〈y1 . . . yn〉. P
Ψ, z1 : t1, . . . , zn : tn ` P

Ψ, x : s ` x(z1 . . . zn). P

Table 1. The typing rules for pπ

The appropriate barbed congruence for λ-processes is defined as follows:

Definition 2. 1. A context C is a λ(Ψ)-context if for some Ψ ′ there is an
inference of Ψ ′ ` C in which the hole is typed by Ψ ` [·].

2. P and Q are barbed λ-congruent , P ≈λ Q, if there is Ψ such that Ψ ` P, Q
and C[P ] ≈̇ C[Q] for every λ(Ψ)-context C.

3 The Asynchronous Monadic Type System

Definition 3. The translation [[·]] from pπ to amπ is defined by the following
clauses (where for clarity we give the clauses for triples; the general case is then
as expected), together with the stipulation that [[·]] is a homomorphism for the
other operators:

[[x〈a1a2a3〉. P ]] = νw (xw | w(v1). (v1a1 | w(v2). (v2a2 | w(v3). (v3a3 | [[P ]]))))

[[x(y1y2y3). P ]] = x(w). νv1 (wv1 | v1(y1). νv2 (wv2 | v2(y2). νv3 (wv3 | v3(y3). [[P ]])))

where w, v1, v2, v3 6∈ fn([[P ]]).

Communication of an n-tuple in pπ is mimicked by a sequence of 2n + 1
reductions in amπ. In the case n = 2 we have:

[[x〈a1a2〉. P | x(y1y2). Q]]

−→ νw (w(v1). (v1a1 | w(v2). (v2a2 | [[P ]])) | νv1 (wv1 | v1(y1). νv2 (wv2 | v2(y2). [[Q]])))

−→ νw νv1 (v1a1 | w(v2). (v2a2 | [[P ]]) | v1(y1). νv2 (wv2 | v2(y2). [[Q]]))

−→ νw (w(v2). (v2a2 | [[P ]]) | νv2 (wv2 | v2(y2). [[Q]]{a1/y1}))
−→ νv2 (v2a2 | [[P ]] | v2(y2). [[Q]]{a1/y1})
−→ [[P ]] | [[Q]]{a1a2/y1y2} .
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The first reduction, via x, establishes a private link w between sender and re-
ceiver. In the second reduction the receiver uses w to transmit a private link v1,
and in the third the sender transfers a1 along v1. The receiver then transmits
another private link v2 via w, and in the last reduction the sender transfers a2

along v2. This completes the protocol for communicating the pair a1, a2 via x.
In a slight variant of the protocol, the private name v1 is used to send both a1

and a2. Although we have not studied this variant, we imagine that a similar
analysis may be carried through.

We refer to names, such as w in the example above, that are passed in the
first step of the protocol as primary names; and we refer to names, such as v1

and v2 in the example, that are used to pass names that occur in the process
being translated as secondary names. We introduce m-sorts for classifying these
names, and a graph, both derived from the sorting λ.

Definition 4. The set of m-sorts is Sm = Sm
1 ∪ Sm

2 where the set of primary
m-sorts is

Sm
1 = {◦s | s ∈ S} ∪ {si | 1 ≤ i ≤ |λ(s) |, s ∈ S} ∪ {•}

and the set of secondary m-sorts is

Sm
2 = {◦si | 1 ≤ i ≤ |λ(s) |, s ∈ S} ∪ {δsi | 1 ≤ i ≤ |λ(s) |, s ∈ S} .

We use σ to range over primary m-sorts, δ to range over secondary m-sorts, α
to range over m-sorts, and ◦ to range over the ◦s and the ◦si

.

Definition 5. The labelled directed graph Gλ has set of nodes Sm
1 and arrows

as follows, where λ(s) = (t1 . . . tn):

◦s −→ s1 δ1t1−→ s2 δ2t2−→ . . . sn δntn−−→ • where δi is δsi

.

We use the following notations: δt−→ for ∃σ, σ′. σ δt−→ σ′; δt−→ σ for ∃σ′. σ′ δt−→ σ;
σ −→ σ′ for ∃δ, t. σ δt−→ σ′; σ+ for the σ′ such that σ −→ σ′, provided σ 6= •; and
σ++ for the σ′′ such that σ −→ σ′ −→ σ′′, provided σ, σ′ 6= •.

Referring to the example above, suppose λ(s) = (t1t2) and x is of sort s
and ai is of sort ti for each i. The type system will assign different primary
m-sorts to various occurrences of the primary name w to capture their different
roles in the translated process. The occurrence in xw will be assigned primary
m-sort ◦s, those in wv1 and w(y1) primary m-sort s1, and those in wv2 and
w(y2) primary m-sort s2. The name w is first carried by x, then carries v1, then
carries v2, and finally disappears (represented in Gλ by •), having completed
its contribution to the protocol. A secondary name is sent and then used once
for communication: for each i the occurrence of the secondary name vi in wvi

will be assigned secondary m-sort ◦si

, and the occurrences in viai and vi(yi)
secondary m-sort δsi

. Note that v1 carries a1 of sort t1 and v2 carries a2 of
(possibly different) sort t2. This information is recorded in the labels of Gλ.
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In general the m-sorts assigned to names in a type judgment will give infor-
mation about how the names occur in the process in question. The judgments
are of the form Ψ ; ∆; Γ ; Ω; Π ` M with M an amπ-process. The function Ψ
associates sorts with names, as in the type system for pπ. The functions ∆ and
Γ associate m-sorts with names that occur free at the top level in M . More
precisely, ∆ gives information about input prefixes of the form x(y), and Γ in-
formation about output particles of the form xy. Further, Ω gives information
about free names in prefixes not at the top level in M , and Π certain associations
between names. We explain this further after introducing the type system.

Notation 6. We use ∆, Γ to range over finite partial functions from N to Sm.
We use Ω to range over finite partial functions from N to Sm

1 ∪ (Sm
1 × N).

We write Ωz for the function with domain n(Ω)− {z} such that for x ∈ n(Ωz),

Ωz(x) =
{

σ if Ω(x) = (σ, z)
Ω(x) otherwise.

We use Π to range over finite partial functions from N to N. We write Πz

for the function obtained from Π by deleting any pair in which z occurs.

Definition 7. M is a λam-process if a judgment Ψ ; ∆; Γ ; Ω; Π ` M can be
inferred using the rules in table 2, where:

1. In accordance with the convention on bound names, in writing
Ψ ; ∆; Γ ; Ω; Π ` M it is assumed that the bound names of M are cho-
sen to be different from the names in n(Ψ, ∆, Γ, Ω, Π). So in particular
z 6∈ n(Ψ, ∆, Γ, Ω, Π) in the restriction rules, and w 6∈ n(Ψ) in ix, and v 6∈ n(Ψ)
in iw, and a 6∈ n(Ψ, w) in iv.

2. ix is two rules written as one: if (◦s)++ = • then {w : (◦s)++} is read as ∅.
3. iw is two rules written as one: if σ+ = • then {w : σ+} is read as ∅.
4. iv is three rules written as one: if σ = • then {w : σ} and {w : σ+} and

{w : (σ, v)} are all read as ∅; if σ 6= • but σ+ = • then {w : σ+} is read as ∅.
5. The side condition (comp) of par is: ∆1, Γ1, Ω1, Π1 and ∆2, Γ2, Ω2, Π2 are

complementary, as defined below.

Definition 8. ∆1, Γ1, Ω1, Π1 and ∆2, Γ2, Ω2, Π2 are complementary if

1. n(∆1) ∩ n(∆2) = n(Γ1) ∩ n(Γ2) = n(Ω1) ∩ n(Ω2) = ∅
2. ∆1, ∆2; Γ1, Γ2; Ω1, Ω2; Π1, Π2 are compatible, where

Definition 9. ∆, Γ, Ω, Π are compatible if

1. if x ∈ n(∆) ∩ n(Γ ) then ∆dx and Γ dx are x-partners (see below)
2. if x ∈ n(Ω) ∩ n(Γ ) then x ∈ n(Π) and Ω(x) = (Γ (x)+, Π(x)), or x 6∈ n(Π)

and Ω(x) = Γ (x)+
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nil
Ψ ; ∅; ∅; ∅; ∅ ` 0

ox
w 6∈ n(Ψ, x)

Ψ, x : s; ∅; {w : ◦s}; ∅; ∅ ` xw

ow
w, v /∈ n(Ψ) and w 6= v

Ψ ; ∅; {w : σ, v : ◦σ}; ∅; {(w, v)} ` wv

ov

δt−→ and v 6∈ n(Ψ, a)
Ψ, a : t; ∅; {v : δ}; ∅; ∅ ` va

ix
Ψ ; ∅; {w : (◦s)+}; {w : (◦s)++}; ∅ ` M

Ψ, x : s; ∅; ∅; ∅; ∅ ` x(w). M

iw
Ψ ; {w : σ+}; {v : δσ}; ∅; ∅ ` M

w 6∈ n(Ψ)
Ψ ; {w : σ}; ∅; ∅; ∅ ` w(v). M

iv
Ψ, a : t; ∅; {w : σ}; {w : σ+}; ∅ ` M

δt−→ σ and v /∈ n(Ψ, w)
Ψ ; {v : δ}; ∅; {w : (σ, v)}; ∅ ` v(a).M

par
Ψ ; ∆1; Γ1; Ω1; Π1 ` M1 Ψ ; ∆2; Γ2; Ω2; Π2 ` M2

comp
Ψ ; ∆1, ∆2; Γ1, Γ2; Ω1, Ω2; Π1, Π2 ` M1 | M2

res1
Ψ, z : s; ∆; Γ ; Ω; Π ` M

Ψ ; ∆; Γ ; Ω; Π ` νz M

res2
Ψ ; ∆, ∆′; Γ, Γ ′; Ω; Π ` M

∆′, Γ ′ are z-partners
Ψ ; ∆; Γ ; Ωz; Πz ` νz M

rep
Ψ ; ∅; ∅; ∅; ∅ ` M

Ψ ; ∅; ∅; ∅; ∅ ` !M

Table 2. The typing rules for amπ

3. if x ∈ n(Ω)∩n(∆)−n(Γ ) then Ω(x) = (σ, y) where σ = ∆(x) or σ = ∆(x)+,
and if y ∈ n(Γ ) then σ = ∆(x)

4. if Π(x) ∈ n(∆) and Γ (x)+ 6= •, then x ∈ n(Ω).
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Definition 10. ∆ and Γ are x-partners if Γ = {x : ◦s} and ∆ = {x : (◦s)+},
or Γ = {x : ◦σ} and ∆ = {x : δσ}, or Γ = {x : α} and ∆ = {x : α}.

The origin of the subtlety of the type system is, as one might expect, the
separation between sending and receiving. The crux is to find an appropriate
rule for typing compositions. The most delicate point is how to capture com-
patibility of an output particle and an input-prefixed process when the subject
of the particle is a primary name and the subject of the top-level input prefix
is a secondary name. To make this clearer we first examine in detail how the
translations of x〈a1a2〉.0 and x(y1y2).0 are typed. Suppose λ(s) = (t1t2) so that
in Gλ we have

◦s −→ σ1
δσ1 t1−−→ σ2

δσ2 t2−−→ • where σi is si.

Let Ψ = {x : s, a1 : t1, a2 : t2} and Ψ1 = Ψ, {y1 : t1} and Ψ2 = Ψ, {y1 : t1, y2 : t2}.
Then the type inferences are:

ox

Ψ ; ∅; {w : ◦s}; ∅; ∅ ` xw

ov

Ψ ; ∅; {v1 : δ
σ1}; ∅; ∅ ` v1a1

ov

Ψ ; ∅; {v2 : δ
σ2}; ∅; ∅ ` v2a2

nil
Ψ ; ∅; ∅; ∅; ∅ ` 0

par
Ψ ; ∅; {v2 : δ

σ2}; ∅; ∅ ` v2a2 | 0
iw

Ψ ; {w : σ2}; ∅; ∅; ∅ ` w(v2). (v2a2 | 0)
par

Ψ ; {w : σ2}; {v1 : δ
σ1}; ∅; ∅ ` v1a1 | w(v2). (v2a2 | 0)

iw
Ψ ; {w : σ1}; ∅; ∅; ∅ ` w(v1). (v1a1 | w(v2). (v2a2 | 0))

par
Ψ ; {w : σ1}; {w : ◦s}; ∅; ∅ ` xw | w(v1). (v1a1 | w(v2). (v2a2 | 0))

res2
Ψ ; ∅; ∅; ∅; ∅ ` [[x〈a1a2〉.0]] = νw (xw | w(v1). (v1a1 | w(v2). (v2a2 | 0)))

ow

Ψ ; ∅; {w : σ1, v1 : ◦σ1}; ∅; {(w, v1)} ` wv1

ow

Ψ1; ∅; {w : σ2, v2 : ◦σ2}; ∅; {(w, v2)} ` wv2

nil
Ψ2; ∅; ∅; ∅; ∅ ` 0

iv
Ψ1; {v2 : δσ2}; ∅; ∅; ∅ ` v2(y2). 0

par
Ψ1; {v2 : δσ2}; {w : σ2, v2 : ◦σ2}; ∅; {(w, v2)} ` wv2 | v2(y2). 0

res2
Ψ1; ∅; {w : σ2}; ∅; ∅ ` N = νv2 (wv2 | v2(y2). 0)

iv
Ψ ; {v1 : δσ1}; ∅; {w : (σ2, v1)}; ∅ ` v1(y1). N

par (?)
Ψ ; {v1 : δσ1}; {w : σ1, v1 : ◦σ1}; {w : (σ2, v1)}; {(w, v1)} ` wv1 | v1(y1). N

res2
Ψ ; ∅; {w : σ1}; {w : σ2}; ∅ ` νv1 (wv1 | v1(y1). N)

ix
Ψ ; ∅; ∅; ∅; ∅ ` [[x(y1y2). 0]] = x(w). νv1 (wv1 | v1(y1). N)

Note that when rule iv is applied to type v1(y1). N in the typing of
[[x(y1y2).0]], the Ω-component in the conclusion keeps track of the fact that
the primary name w is used for sending in the continuation of the input-prefixed
process. This information is vital for checking the admissibility of possible par-
allel compositions. The judgment

J =〈 Ψ ; {v1 : δσ1}; ∅; {w : (σ2, v1)}; ∅ ` v1(y1). νv2 (wv2 | v2(y2).0)=v1(y1). N 〉
illustrates this point well. First, to type the composition of v1(y1). N and an
output particle of the form wu, the datum u must be v1. (The reader may care
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to check that par is applicable at (?) in the inference above, using clause 2 of
definition 9.) But secondly, things are quite different when v1(y1). N is composed
with an input-prefixed process of the form w(u). M (see clause 3 of definition 9).
For consider the first two reduction steps in

[[x〈a1a2〉. P | x(y1y2). Q]] −→∗ [[P ]] | [[Q]]{a1a2/y1y2},
when P and Q are both 0. Then since typeability should be invariant under
structural congruence, it should be possible to ‘compose’ the judgment J both
with

Ψ ; {w : σ1}; ∅; ∅; ∅ ` w(v1). (v1a1 | w(v2). (v2a2 | 0))

(consider the process reached after one reduction step), and with

Ψ ; {w : σ2}; ∅; ∅; ∅ ` w(v2). (v2a2 | 0)

(consider the process reached after the second reduction step).

Notation 11. We write Σ for Ψ ; ∆; Γ ; Ω; Π , and similarly Σ0 for
Ψ0; ∆0; Γ0; Ω0; Π0, and Σ′ for Ψ ′; ∆′; Γ ′; Ω′; Π ′ etc.

Due to lack of space we omit some basic lemmas about the type system.
We state, however, that typing is preserved by the translation, and that the
translation of a pπ-term has no other typings:

Lemma 12. 1. If Ψ ` P then Ψ ; ∅; ∅; ∅; ∅ ` [[P ]].
2. If Σ ` [[P ]] then ∆ = Γ = Ω = Π = ∅ and Ψ ` P .

Other important facts about the type system, the latter being a special case of
a more general result, are:

Lemma 13. 1. If Σ ` M and N ≡ M , then Σ ` N .
2. If Ψ ; ∅; ∅; ∅; ∅ ` M and M −→ M ′, then Ψ ; ∅; ∅; ∅; ∅ ` M ′.

These essential properties of a viable type system are not easy to achieve in con-
junction with lemma 18 below, which is crucial for the proof of the completeness
of the type system.

We now define the appropriate form of barbed congruence for amπ-processes,
based on the type system. First we have:

Definition 14. Σ is balanced if

1. n(Ψ) ∩ n(∆, Γ, Ω) = ∅
2. ∆, Γ, Ω, Π are compatible
3. n(∆) = n(Γ, Ω).

The class of amπ-processes that are typed by balanced Σs contains the transla-
tions of λ-processes and enjoys good closure properties. We then have:

Definition 15. 1. K is a λam(Σ)-context if for some balanced Σ′ there is an
inference of Σ′ ` K in which the hole is typed by Σ ` [·]; and K is m-closed
if in addition ∆′ = Γ ′ = Ω′ = Π ′ = ∅.

2. M and N are barbed λam-congruent , M ≈am
λ N , if there is a balanced Σ

such that Σ ` M, N and K[M ]
·≈ K[N ] for every m-closed λam(Σ)-context

K.
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4 Summary of Main Results

The principal result is that two λ-processes are barbed λ-congruent if and only
if their translations are barbed λam-congruent:

Theorem 16 (Full Abstraction). [[P ]] ≈am
λ [[Q]] if and only if P ≈λ Q.

The ‘only if’ is the easier assertion to prove. The main lemma needed for it
is:

Lemma 17. If R is a λ-process then [[R]]
·≈ R.

Using this lemma, the proof of soundness is completed as follows. Suppose
[[P ]] ≈am

λ [[Q]] and Σ ` [[P ]], [[Q]] where Σ = Ψ ; ∅; ∅; ∅; ∅, so K[[[P ]]] ≈̇ K[[[Q]]] for
every m-closed λam(Σ)-context K. Then Ψ ` P, Q, and if C is a λ(Ψ)-context
then [[C]] is an m-closed λam(Σ)-context and hence

C[P ] ≈̇ [[C[P ]]] = [[C]][[[P ]]] ≈̇ [[C]][[[Q]]] = [[C[Q]]] ≈̇ C[Q] ,

so P ≈λ Q.

As just noted, the translation of a λ(Ψ)-context is a λam(Ψ ; ∅; ∅; ∅; ∅)-context.
The class of λam(Σ)-contexts contains much more than just parts of translations
of λ(Ψ)-contexts, however. To prove completeness we have to understand pre-
cisely what it does contain. The main lemma needed is:

Lemma 18. If K is a λam(Σ0)-context with Σ0 balanced, then there is a λ(Ψ0)-
context C such that if Ψ0 ` M then νu K[M ] ≈am

λ [[C]][νu0 M ] where u = n(∆)
and u0 = n(∆0).

Proof. The proof is a fairly complicated induction on the inference of Σ ` K.
Let M∗ = νu0 M . We sketch just the argument for composition.

Suppose that K = K ′ | K ′′ and Σ ` K is inferred from Σ′ ` K ′ and
Σ′′ ` K ′′. There are several cases. We outline the argument for just one of them:
when Σ′ and Σ′′ are not balanced and there is w such that Γ ′(w) = ∆′′(w) = σ.

First it can be shown that there is K∗ ≡ K such that

K∗ = [νv ]νx (wv | w(u). [νa ](ua | K1) | v(y). K2 [ | K3] )

where u /∈ fn(K1) and K3, if present, is balanced. Note: [ ] around an expression
indicates that it may be absent. Further, |K∗ | ≤ |K |, where |T | is the size of
a term T .

Then let K∗1 = wv | w(u). [νa ](ua | K1) | v(y). K2 and suppose that Σ1 ` K∗1
where n(∆1) = u1. Then νu1 K∗1 ≈am

λ νu1 K∗∗1 where

K∗∗1 = [νa ](va | K1) | v(y). K2

and K∗∗1 is balanced and |K∗∗1 | < |K∗1 |.
By induction hypothesis there is C1 such that νu1 K∗∗1 [M ] ≈am

λ [[C1]][M∗].
Moreover, if K3 is present in K∗ then by induction hypothesis there is C2 such
that νu2 K3[M ] ≈am

λ [[C2]][M∗] where Σ2 ` K3 and u2 = n(∆2).
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Set C = νx (C1 [ | C2] ). Then:

νu K[M ] ≡ νu K∗[M ]

≡ [νv ]νx (νu1 K∗1 [M ] [ | νu2 K3[M ]] )

≈am
λ [νv ]νx (νu1 K∗∗1 [M ] [ | νu2 K3[M ]] )

≈am
λ νx ([[C1]][M∗] [ | [[C2]][M∗]] )

= [[C]][M∗] .

�

Using this lemma we may show completeness, that is, if P ≈λ Q then [[P ]] ≈am
λ

[[Q]]. For suppose that Ψ ` P, Q and let Σ be Ψ ; ∅; ∅; ∅; ∅. Then Σ is balanced
and Σ ` [[P ]], [[Q]]. Moreover if K is an m-closed λam(Σ)-context then using
lemma 17 and lemma 18 there is C such that

K[[[P ]]] ≈am
λ [[C]][[[P ]]] = [[C[P ]]]

·≈ C[P ]
·≈ C[Q]

·≈ [[C[Q]]] = [[C]][[[Q]]] ≈am
λ

K[[[Q]]] .

Hence [[P ]] ≈am
λ [[Q]].

This completes the outline of the proof of the full-abstraction theorem. �
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