
Directional Type Checking for Logic Programs:
Beyond Discriminative Types

Witold Charatonik

Max-Planck-Institut für Informatik
Im Stadtwald, 66123 Saarbrücken, Germany

www.mpi-sb.mpg.de/˜witold
and

University of Wroc law, Poland

Abstract. Directional types form a type system for logic programs
which is based on the view of a predicate as a directional procedure
which, when applied to a tuple of input terms, generates a tuple of output
terms. It is known that directional-type checking wrt. arbitrary types is
undecidable; several authors proved decidability of the problem wrt. di-
scriminative regular types. In this paper, using techniques based on tree
automata, we show that directional-type checking for logic programs wrt.
general regular types is Dexptime-complete and fixed-parameter linear.
The latter result shows that despite the exponential lower bound, the
type system might be usable in practice.
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1 Introduction

It is commonly agreed that types are useful in programming languages. They help
understanding programs, detecting errors or automatically performing various
optimizations. Although most logic programming systems are untyped, a lot of
research on types in logic programming has been done [33].

Regular types. Probably the most popular approach to types in logic pro-
gramming uses regular types, which are sets of ground terms recognized by fi-
nite tree automata (in several papers, including this one, this notion is extended
to non-ground terms). Intuitively, regular sets are finitely representable sets of
terms, just as in case of regular sets of words, which are finitely representable
by finite word automata.

Actually, almost all type systems occurring in the literature are based on
some kinds of regular grammars which give a very natural (if not the only) way
to effectively represent interesting infinite collections of terms that denote e.g.
lists or other recursive data structures. Of course some of them use extensions
of regular sets with non-regular domains like numbers (see the discussion in
Section 3.3), nonground terms (where all types restricted to ground terms are
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regular), polymorphism (where all monotypes, that is ground instances of po-
lymorphic types, are regular). Very few systems go further beyond regular sets
(and usually say nothing about computability issues for combining types).

Prescriptive and descriptive approaches. There are two main streams
in the research on types in logic programming. In the prescriptive stream the
user has to provide type declarations for predicates; these declarations form an
integral part of the program. The system then checks if the program is well-
typed, that is, if the type declarations are consistent. The present paper falls
into the prescriptive stream.

In the descriptive stream the types are inferred by the system and used to
describe semantic properties of untyped programs. The basic idea here is to over-
approximate the least model of a given program by a regular set. This approach
can be found in particular in [30,39,25,19,16,26,21,17], or, using a type-graph
representation of regular sets (a type graph may be seen as a deterministic top-
down tree automaton), in [29,28]. An advantage of the descriptive approach is
that there is no need for type declarations; a disadvantage is that the inferred
types may not correspond to the intent of the programmer.

The approximation of the least model of the program by a regular set is
often not as precise as one would expect. A typical example here is a clause
append([], L, L). Most of the systems approximate the success set of this clause
by the set of triples 〈[], x, y〉 where x and y are any terms and thus loose the infor-
mation that a second and third argument are of the same type. To overcome this
problem, [24,20] introduced approximations based on magic-set transformation
of the input program. It was observed in [12] that types of the magic-set trans-
formation of a program coincide with directional types of the initial program as
they appear in [35,8,4,2,1,3,6,5,7].

Directional types. Directional types form a type system for logic programs
which is based on the view of a predicate as a directional procedure which, when
applied to a tuple of input terms, generates a tuple of output terms. They first
occurred in [35] as predicate profiles and in [8] as mode dependencies. Our use
of the terminology “directional type” stems from [1].

Discriminative types. In most type systems for logic programs that are ba-
sed on regular types, the types are restricted to be discriminative (equivalently,
path-closed or tuple-distributive or recognizable by deterministic top-down tree
automata). The reason for that is probably a hope for better efficiency or concep-
tual simplicity of such approach. Unfortunately, discriminative sets are closed
under neither union nor complementation. A union of two discriminative sets
is then approximated by a least discriminative set that contains both of them,
but then the distributivity laws for union and intersection do not hold anymore.
This is very unintuitive and has lead already to several wrong results. One of the
results of this paper is that in the context of directional types the restriction to
discriminative types, at least theoretically, does not pay: the exponential lower
bound for the discriminative case is matched by the exponential upper bound
for the general case. In fact, as shown in [14], even stronger restriction to unary
types (where all paths in a tree are disconnected from each other, see e.g. [39])
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is not worth it, since type checking problem (even for non-directional types)
remains hard for Dexptime.

Complexity of type checking. The exponential lower bound of the type-
checking problem looks quite discouraging at the first view. A closer look into the
proof of the lower bound shows that the program used there was very short while
the types were quite large (the encoding of the Turing-machine computation was
done in the types, not in the program). The situation in practice looks usually
quite opposite: the type-checking problems are usually applied to large programs
and rather small types. This lead us to study the parameterized complexity of the
problem, where the parameter is given by the length of the type to be checked.
We obtained here quite a nice result: the problem is fixed-parameter linear,
which means that for a fixed family of types the type-checking problem can be
decided in time linear in the size of the program. This shows that there is a good
potential for the type system to be practical. A similar phenomenon is known
already for the functional language ML where bad theoretical lower bounds do
not match good practical behaviour of the time system. The explanation was
given by Henglein [27] who showed that typability by types of size bounded by
constant is polynomial time decidable.

Related work. It is pointed out in [1] that the type checking problem is unde-
cidable for arbitrary directional types. Therefore Aiken and Lakshman restrict
themselves to regular directional types. Although their algorithm for automatic
type checking is sound for general regular types, it is sound and complete only for
discriminative ones. It is based on solving negative set constraints and thus runs
in nondeterministic exponential time. Another algorithm (without complexity
analysis) for type-checking for discriminative directional types is given in [5].
In [12] it is proved that directional type checking wrt. discriminative types is
DEXPTIME-complete and an algorithm for inferring (regular, not necessarily
discriminative) directional types is given.

Rychlikowski and Truderung [36] proposed recently a system of polymorphic
directional types. The types there are incomparable with ours: on one hand
they are more general because of the use of the polymorphism; on the other
hand they are even more restricted than regular discriminative types (e.g. they
are not able to express lists of an even length). The authors presented a type-
checking algorithm working in Dexptime, but probably the most interesting
feature of this system is the inference of so-called main type of a predicate —
the type that provides a compact representation of all types of the predicate.

Our results. The methods used in the mentioned papers are not strong
enough to prove the decidability of directional type checking wrt. general re-
gular types. In this paper, using tree-automata techniques, we prove that this
problem is decidable in Dexptime, which, together with the result from [12] sta-
ting DEXPTIME-hardness, establishes DEXPTIME-completeness of the problem.
Moreover, we show that the problem is fixed-parameter linear – our procedure is
exponential in the size of the input types, but linear in the size of the program.
This improves the results by Aiken and Lakshman [1], Boye [5], and Charatonik
and Podelski [12], where decidability is restricted to discriminative types.
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Decidability of directional type checking wrt. general regular types has al-
ready a quite long history. It was first proved [11] by a reduction to the encom-
passment theory [9]. The result was not satisfactory because of the complexity of
the obtained procedure: several (around five) times exponential. In [10] we found
another solution based on a different kind of automata and reduced the comple-
xity to NEXPTIME. The proof presented here is a refinement of the argument
from [10].

2 Preliminaries

If Σ is a signature (that is, set of function symbols) and Var is a set of variables
then TΣ is the set of ground terms and TΣ(Var) is the set of non-ground terms
over Σ and Var. We write Var(t) for the set of variables occurring in the term t.
The notation |S| is used, depending on the context, for the cardinality of the set
S or for the size of the object S (that is, the length of the word encoding S).

2.1 Tree Automata

The methods we use are based on tree-automata techniques. Standard techni-
ques as well as all well-known results that we mention here can be found e.g.
in [22,15,38]. Below we recall basic notions in this area.

Definition 1 (Tree automaton). A tree automaton is a tuple A =
〈Σ, Q, ∆, F 〉 where Σ, Q, ∆, F are finite sets such that

– Σ is a signature,
– Q is a finite set of states,
– ∆ is set of transitions of the form f(q1, . . . , qn) → q where f ∈ Σ,

q, q1, . . . , qn ∈ Q and n is the arity of f ,
– F ⊆ Q is a set of final states.

The automaton A is called

– bottom-up deterministic, if for all f ∈ Σ and all sequences q1, . . . , qn ∈ Q
there exists at most one q ∈ Q such that f(q1, . . . , qn)→ q ∈ ∆,

– top-down1 deterministic if |F | = 1 and for all f ∈ Σ and all q ∈ Q there
exists at most one sequence q1, . . . , qn ∈ Q such that f(q1, . . . , qn)→ q ∈ ∆,

– complete, if for all f ∈ Σ and all sequences q1, . . . , qn ∈ Q there exists at
least one q ∈ Q such that f(q1, . . . , qn)→ q ∈ ∆.

A tree automatonA = 〈Σ, Q, ∆, F 〉 translates to a logic program containing a
clause q(f(x1, . . . , xn))← q1(x1), . . . , qn(xn) for each transition f(q1, . . . , qn)→
q ∈ ∆, where one is interested only in queries about the predicates in F .
1 Intuitively, a top-down automaton reads trees top-down, and thus F is here the set

of initial (not final) states.
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Definition 2 (Run). A run of a tree automaton A = 〈Σ, Q, ∆, F 〉 on a tree t ∈
TΣ is a mapping ρ assigning a state to each occurrence of a subterm f(t1, . . . , tn)
of t such that

f(ρ(t1), . . . , ρ(tn))→ ρ(f(t1, . . . , tn)) ∈ ∆.

A run ρ on t is successful if ρ(t) ∈ F .

Sometimes we will refer to runs over terms in TΣ∪Q. We then extend the
definition above by putting ρ(q) = q for all states in Q.

If there exists a successful run on a tree t then we say that the automaton
accepts, or recognizes, t. The set of all trees accepted by an automaton A,
denoted L(A), is called the language of the automaton A, or the set recognized
by this automaton. A set of trees is called regular if it is recognized by some tree
automaton.

A state q of the automaton A is called [bottom-up] reachable if there exists
a tree t ∈ TΣ and a run ρ of A on t such that ρ(t) = q.

It is well-known (cf. [22,15,38]) that regular languages are closed under Boo-
lean operations: one can effectively construct in polynomial time an automaton
that recognizes union or intersection of given two regular languages, and in expo-
nential time an automaton that recognizes complement. In polynomial time one
can compute the set of reachable states and thus test emptiness of the language
recognized by a given automaton. In exponential time one can determinize an
automaton, that is, construct a bottom-up deterministic automaton that reco-
gnizes the same set. Tree automata are not top-down determinizable.

Example 1. Consider the automaton A = 〈{a, f}, {q0, q1, q}, {a → q0, a →
q1, f(q0, q1) → q}, {q}〉. The run that assigns q0 to the first occurrence of a,
q1 to the second occurrence of a and q to f(a, a) is a successful run of A on
f(a, a). The automaton A is top-down deterministic, is not bottom-up determi-
nistic, and is not complete.

2.2 Directional Types

By logic programs we mean definite horn-clause programs (pure Prolog pro-
grams). For the sake of simplicity we assume that all predicate symbols oc-
curring in this paper are unary (there is no loss of generality since function
symbols may be used to form tuples). The set of predicate symbols occurring in
a program P is denoted Pred(P) or simply Pred if P is clear from the context.
For a program P, lm(P) denotes its least model. For p ∈ Pred(P) we define
[[p]]P = {t | p(t) ∈ lm(P)}.

A type is a set of terms closed under substitution [2]. A ground type is a set of
ground terms (i.e., trees), and thus a special case of a type. A term t has type T ,
in symbols t :T , if t ∈ T . A type judgment is an implication t1 :T1∧ . . .∧ tn :Tn →
t0 :T0. We say that such a judgment holds if the implication t1θ ∈ T1∧ . . .∧tnθ ∈
Tn → t0θ ∈ T0 is true for all term substitutions θ : Var→ TΣ(Var).

We recall that a set of ground terms is regular if it can be defined by a finite
tree automaton (or, equivalently, by a ground set expression as in [1] or a regular
grammar as in [16]). The definition below coincides with the types used in [1], it
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extends the definition from [16] by allowing non-ground types, and is equivalent
to the definition from [5].

Definition 3 (Regular type). A type is regular if it is of the form Sat(T ) for
a regular set T of ground terms, where the set Sat(T ) of terms satisfying T is
the type

Sat(T ) = {t ∈ TΣ(Var) | θ(t) ∈ T for all ground substitutions θ : Var→ TΣ}.

Definition 4 (Directional type of a program [8,1]). A directional type of
a program P is a family

T = (Ip → Op)p∈Pred

assigning to each predicate p of P an input type Ip and an output type Op such
that, for each clause p0(t0) ← p1(t1), . . . , pn(tn) of P, the following type judg-
ments hold.

t0 :Ip0 → t1 :Ip1

t0 :Ip0 ∧ t1 :Op1 → t2 :Ip2

...
t0 :Ip0 ∧ t1 :Op1 ∧ . . . ∧ tn−1 :Opn−1 → tn :Ipn

t0 :Ip0 ∧ t1 :Op1 ∧ . . . ∧ tn :Opn
→ t0 :Op0

We then also say that P is well-typed wrt. T .

Following [1] we define that a query q1(t1), . . . , qn(tn) is well-typed if for all
1 ≤ j ≤ n the judgment

∧
1≤k<j ti : Oqi

→ tj : Iqj
holds. It is then easy to

see that “well-typed programs do not go wrong” as defined in [31]. Namely, an
application of one step of SLD-resolution to a well-typed query results always
in a new well-typed query. This does not say, however, anything about whether
the query succeeds, fails or loops.

The definition above refers to the operational semantics of logic programs
based on left to right execution. There is also a more declarative (cf. [32], see
also Theorem 1) intuition behind it: Intuitively, the judgments say that if a
query has the correct input type and its call terminates successfully, then the
computed answer has the correct output type.

Definition 5 (Type checking). The type-checking problem is to decide for a
given program P and directional type T , whether P is well-typed wrt. T .

A program can have many directional types. For example, consider the pre-
dicate append defined by

append([], L, L).
append([X|Xs], Y, [X|Z])← append(Xs, Y, Z).

We can give this predicate the directional type (list, list,>) → (list, list, list),
where list denotes the set of all lists and > is the set of all terms, but also
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(>,>, list) → (list, list, list), as well as (>,>,>) → (>,>,>). (Recall that
append is seen as a unary predicate here, and (list, list, list) is a set of terms
which are triples of lists.) A predicate defined by a single fact p(X) has a direc-
tional type τ → τ for all types τ .

Example 2. We show that (list, list,>) → (list, list, list) well-types the predi-
cate append defined above. For the first clause, append([], L, L), we have to show
only one judgment, namely

append([], L, L) : (list, list,>)→ append([], L, L) : (list, list, list).

The condition we have to check here is a tautology: the assumption that [] is a
member of list implies that [] is a member of list, and the assumption that L is
a member of both list and > implies that L is a member of list. For the second
clause, append([X|Xs], Y, [X|Z])← append(Xs, Y, Z) we have two judgments:

append([X|Xs], Y, [X|Z]) : (list, list,>)→ append(Xs, Y, Z) : (list, list,>),

and

append([X|Xs], Y, [X|Z]) : (list, list,>), append(Xs, Y, Z) : (list, list, list)
→ append([X|Xs], Y, [X|Z]) : (list, list, list).

The first one follows from the observation that if [X|Xs] is a list then Xs is a
list. The second, from the observation that if Z is a list then [X|Z] is a list.

A similar reasoning can be used to show that ((list, list,>)∪ (>,>, list))→
(list, list, list) well-types append. Then both append([a, b, X], [c], L) and
append(X, Y, [a, b, c]) are well-typed queries while append([a], X, Y ) is not.

We do not use discriminative types in this paper. We include the definition
below to show what the contribution of the paper is. The notion of a path-closed
set below originates from [22]. It is equivalent to other notions occurring in the
literature: tuple-distributive [30,35], discriminative [1], or deterministic.

Definition 6 (Discriminative type). A regular set of ground terms is called
path-closed if it can be defined by a deterministic top-down tree automaton. A
directional type is called discriminative if it is of the form

(Sat(Ip)→ Sat(Op))p∈Pred,

where the sets Ip, Op are path-closed.

A deterministic top-down tree automaton translates to a logic program which
does not contain two different clauses with the same head (modulo variable
renaming), e.g., p(f(x1, . . . , xn)) ← p1(x1), . . . , pn(xn) and p(f(x1, . . . , xn)) ←
p′
1(x1), . . . , p′

n(xn). A discriminative set expression as defined in [1] translates
to a deterministic finite tree automaton, and vice versa. That is, discriminative
set expressions denote exactly path-closed regular sets. It is argued in [1] that
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discriminative set expressions are quite expressive and are used to express com-
monly used data structures. Note that lists, for example, can be defined by the
program with the two clauses list(cons(x, y))← list(y) and list(nil).

There are, however, many regular types which are not discriminative. The
simplest is the set {f(a, a), f(b, b)}. Another simple example of a regular but not
path-closed set is given in Example 2: it is the set consisting of triples 〈x, y, z〉
where either x and y are lists and z is any term or x and y are any terms and
z is a list (which is useful for typing of the predicate append used either for
concatenating of the lists x and y or for splitting the list z).

The use of general regular types has also other advantages: it gives us over-
loading for free. For example, if an operator like + is used in addition of both
integers and reals, the corresponding automaton may have simply both transi-
tions +(int, int)→ expr and +(real, real)→ expr.

Further motivation for studying regular but not discriminative types co-
mes from program verification. Several papers, including [13,23,34] modeled
transition systems as logic programs. In many cases safety properties can be
tested by type checking: it is enough to prove that some predicates have
types of the form Goodstates → Goodstates where Goodstates is a set
which does not contain unsafe states. For example, if we reason about mu-
tual exclusion of two concurrent processes, the set Goodstates could con-
tain three terms: state(noncritical,noncritical), state(noncritical, critical) and
state(critical,noncritical). However, any discriminative set containing both
terms state(noncritical, critical) and state(critical,noncritical) must also con-
tain the term state(critical, critical) and thus we cannot verify mutual exclu-
sion within such a type system. It is known (cf. [13]) that regular (not limited
to discriminative) sets can capture all temporal properties expressible in the lo-
gic CTL for all finite systems as well as for some infinite ones, like pushdown
or some parameterized systems. Since most model-checkers are limited to finite-
state systems, there is a good potential for applications of the logic-programming
approach to the infinite case. But to apply a type system for verification we need
the full power of regular sets.

3 Directional Type Checking

In this section we prove that the directional type checking for logic programs
wrt. general regular types is DEXPTIME-complete and fixed-parameter linear.

We start with recalling a technique used in [12]. We transform the well-
typedness condition in Definition 4 into a logic program PInOut by replacing
t :Ip with the atom pIn(t) and t :Op with pOut(t).

Definition 7 (PInOut, the type program for P). Given a program P, the
corresponding type program PInOut defines an in-predicate pIn and an out-
predicate pOut for each predicate p of P. Namely, for every clause p0(t0) ←
p1(t1), . . . , pn(tn) in P, PInOut contains the n clauses defining in-predicates cor-
responding to each atom in the body of the clause,
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pIn
1 (t1)← pIn

0 (t0)

pIn
2 (t2)← pIn

0 (t0), pOut
1 (t1)

...
pIn

n (tn)← pIn
0 (t0), pOut

1 (t1), . . . , pOut
n−1(tn−1)

and the clause defining the out-predicate corresponding to the head of the clause,

pOut
0 (t0)← pIn

0 (t0), pOut
1 (t1), . . . , pOut

n (tn).

The program above is known in the literature as a magic-set transformation
of the initial program P. It was used (among other things) to obtain more
precise information about answers computed by the program if the queries are
restricted to some specific form. If we denote by PIn a program that defines some
pIn predicates (intuitively, the queries to the program P are then restricted to
those defined in the program PIn) then it is easy to observe that

[[pOut]]PIn∪PInOut
= [[p]]P ∩ [[pIn]]PIn∪PInOut

,

which intuitively means that an atom pOut(t) is in the least model of the trans-
formed program if and only if p(t) is in the least model of the initial program
and pIn(t) is allowed as a query.

The following theorem is proved in [12]. Essentially, it says that a directional
type of the form T = (Sat(Ip)→ Sat(Op))p∈Pred, for ground types Ip, Op ⊆ TΣ ,
satisfies required type judgments if and only if the corresponding directional
ground type Tg = (Ip → Op)p∈Pred does.

Theorem 1 (Types and models of type programs). A program P is well-
typed wrt. the directional type

T = (Sat(Ip)→ Sat(Op))p∈Pred

(with ground types Ip, Op) if and only if the subset of the Herbrand base corre-
sponding to T ,

MT = {pIn(t) | t ∈ Ip} ∪ {pOut(t) | t ∈ Op},

is a model of the type program PInOut.

Note that the theorem above connects directional types with arbitrary mo-
dels of the type program, not only with the least model. Since every clause in
this program contains occurrences of predicates pIn and there are no facts defi-
ning these predicates, the least model is empty, which corresponds to the trivial
directional type ∅ → ∅ (and expresses that a program without input does not
produce output). On the other extremity we have the whole Herbrand base,
which is also a model of the type program and corresponds to the trivial type
> → >.
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3.1 Exponential Upper Bound

Note that a subset of the Herbrand base is a model of a logic program if and only
if it is a model of each clause of the program. Thus, as an immediate consequence
of Theorem 1 above we obtain that the type-checking problem for directional
types reduces to the following model-checking problem.

Problem 1. Given a clause p0(t0) ← p1(t1), . . . , pn(tn) and a family of regular
sets Tp0 , Tp1 , . . . , Tpn , decide whether the set

⋃n
i=0{pi(t) | t ∈ Tpi} is a model of

the clause.

The problem above is closely related to another problem known in the theory
of tree automata (in particular, for reasoning about ground reducibility, see [15]),
namely, if for a given term t and regular set T there exists a ground instance of t
in T . We use similar techniques to prove its decidability. However, since we want
to carefully analyze its complexity, we find it easier to present a direct proof
rather than to find a suitable reduction. For the decidability proof we need the
following lemma.

Lemma 1. Let Ai = 〈Σ, Qi, ∆i, Fi〉 for i = 0, . . . , n be tree automata with
disjoint sets of states, and let # 6∈ Σ be a fresh function symbol of arity n + 1.
There exists a tree automaton A = 〈Σ ∪ {#}, Q, ∆, F 〉 such that

– A is bottom-up deterministic, and
– all states of A are reachable, and
– A recognizes the set #(TΣ − L(A0),L(A1), . . . ,L(An)), and
– A can be effectively constructed from A0, . . . ,An in single exponential time.

Proof. The idea of the proof below is to use standard complementation and
determinisation methods to construct an automaton A′ = 〈Σ ∪ {#}, Q′, ∆′, F ′〉
that satisfies all conditions except reachability of states. The only problem here
is that we have to complement and determinize at the same time to avoid a
doubly-exponential blowup. Then we obtain A by removing non-reachable states
from A′. The detailed construction is as follows.

We can assume that A0 is a complete automaton, otherwise we can sim-
ply add a new non-final state q (so-called “dead state”) to Q0 and all possible
transitions with q on the right-hand side to ∆0.

Let Q′ = 2Q0∪...∪Qn ∪ {sfin} be the powerset of Q0 ∪ . . . ∪ Qn plus one
additional state sfin, which is the only final state of A′, that is F ′ = {sfin}. For
s1, . . . , sk ∈ Q′ and k-ary f ∈ Σ we define that f(s1, . . . , sk)→ s ∈ ∆′ if s is the
set

{q ∈ Q0 ∪ . . . ∪Qn | ∃q1 ∈ s1 . . .∃qk ∈ sk f(q1, . . . , qk)→ q ∈ ∆0 ∪ . . . ∪∆n}.
For s0, . . . , sn ∈ Q′ we define that #(s0, . . . , sn)→ sfin ∈ ∆′ if

s0 ∩ F0 = ∅, s1 ∩ F1 6= ∅, . . . , sn ∩ Fn 6= ∅.
Finally we define Q as the set of reachable states from Q′ (it is well-known

that reachability for tree automata can be tested in polynomial time), ∆ as the
restriction of ∆′ to Q, and F as F ′.
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The correctness of the construction follows immediately from the observation
that for i = 0, . . . , n, the automaton

A′
i = 〈Σ ∪ {#}, Q, ∆, {s ∈ Q | s ∩ Fi 6= ∅}〉

recognizes exactly the set L(Ai), and A′
0 restricted to Σ is complete. 2

Decidability of Problem 1. Let the clause p0(t0) ← p1(t1), . . . , pn(tn) and
the family of regular sets Tp0 , Tp1 , . . . , Tpn be an instance of Problem 1. We
did not specify here the formalism in which the sets Tp0 , . . . , Tpn

are given, but
without loss of generality we can assume that the automata recognizing them
are known. The translation from other formalisms like ground set expressions
from [1] or regular grammars from [16] is straightforward.

The idea of the proof is to test the emptiness of the intersection of the automa-
ton constructed in Lemma 1 with the set of instances of the term #(t0, . . . , tn).
Due to non-linear occurrences of variables in #(t0, . . . , tn) this last set is, howe-
ver, not regular. For our purposes it is enough, however, if we assign the same
state of an automaton to each occurrence of the same variable.

Lemma 2. Let A = 〈Σ, Q, ∆, F 〉 be a deterministic bottom-up tree automa-
ton without unreachable states, recognizing #(TΣ−{#} − T0, T1, . . . , Tn), as con-
structed in Lemma 1. Then the set

⋃n
i=0{pi(t) | t ∈ Tpi

} is not a model of
the clause p0(t0) ← p1(t1), . . . , pn(tn) if and only if there exists a mapping
θ : Var(#(t0, . . . , tn)) → Q such that the term #(t0, . . . , tn)θ is accepted by
the automaton A.

Proof. The above set is not a model of the clause if and only if there exists a
substitution σ : Var(#(t0, . . . , tn))→ TΣ−{#} such that t1σ ∈ Tp1 , . . . , tnσ ∈ Tpn

and t0σ 6∈ Tp0 . This is equivalent to the existence of such a σ that the automaton
A accepts the term #(t0, . . . , tn)σ. Thus it is enough to prove the equivalence
of the last condition with the acceptance of #(t0, . . . , tn)θ by A.

Now we prove this equivalence. Suppose that A accepts #(t0, . . . , tn)σ with
a run ρ. Note that by the determinism of A, there is only one possible run of
A on #(t0, . . . , tn)σ, and for each occurrence of xσ the state assigned by ρ is
the same, and thus we can speak about states assigned to terms (as opposed
to occurrences of terms). Taking θ(x) = ρ(σ(x)) we obtain ρ(#(t0, . . . , tn)θ) =
ρ(#(t0, . . . , tn)σ) ∈ F and the automaton accepts #(t0, . . . , tn)θ.

Conversely, suppose there exists θ such that #(t0, . . . , tn)θ is accepted by A.
Since all states in Q are reachable, there exists a tree tx accepted by the state
θ(x). Putting σ(x) = tx for all x ∈ Var(#(t0, . . . , tn)) we obtain a σ such that A
accepts the term #(t0, . . . , tn)σ. 2

Theorem 2. Problem 1 is decidable in DEXPTIME.

Proof. This is a consequence of the Lemma 2 above: there are |Q||Var(#(t0,...,tn))|

possible mappings θ; this number is exponential in the size of the input, since
|Q| is exponential and |Var(#(t0, . . . , tn))| is linear; each such θ can be tested in
polynomial time. 2

The following corollary is a direct consequence of Theorems 1 and 2, and the
DEXPTIME-hardness result from [12].
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Corollary 1. Directional type checking for logic programs wrt. arbitrary regular
types is DEXPTIME-complete.

3.2 Parameterized Complexity of Type Checking

Let us recall the Dexptime-hardness proof for the type-checking of logic pro-
grams wrt. discriminative types. It is based on a reduction from the emptin-
ess problem for intersection of deterministic top-down tree automata [37]. It is
shown that the program consisting of a single clause p(X, . . . , X) is well-typed
wrt. (T1, . . . , Tn) → ∅ if and only if the intersection T1 ∩ . . . ∩ Tn is empty. For
the hardness proof the sets T1, . . . , Tn are chosen as discriminative regular sets of
trees, whose intersection encodes computation of an alternating Turing machine
with polynomialy bounded tape.

What strikes in this construction is that the program used here is very short
(it is only one fact) while the types are very large (the encoding of the Turing-
machine computation is done in the types, not in the program). The situation
in practice looks usually quite opposite: the type-checking problems are usually
applied to large programs and rather small types. A natural way to approach
such problem is to study its parameterized complexity [18].

A parameterized problem takes as input a pair 〈x, k〉 where x is a word (in
our case the encoding of a logic program and a directional type) and k is a
positive integer. Such a problem is called fixed-parameter linear if there exists a
function f : N→ N and an algorithm that decides the problem and runs in time
f(k)|x|.

In the formulation of the problems below, |T | denotes the size of T . Formally,
it is the sum of the lengths of the encodings of the automata recognizing the
regular sets occurring in T . Similarly, |T | denotes the size of T (the length of
the encoding of the automaton recognizing T ).

Problem 2 (Parameterized type-checking).
Instance: a logic program P and a directional type T
Parameter: |T |
Question: is P well-typed wrt. T ?

Theorem 3. The parametrized type-checking problem is decidable in time
O(c|T | · |P|) for some constant c that does not depend on P.

The proof of this theorem follows directly from Lemma 3

Problem 3 (Parametrized version of Problem 1).
Instance: a clause p0(t0) ← p1(t1), . . . , pn(tn) and a family of regular sets
Tp0 , Tp1 , . . . , Tpn

Parameter:
∑

pi∈{p1,...,pn} |Tpi
|

Question: is the set
⋃n

i=0{pi(t) | t ∈ Tpi
} a model of the clause?

Lemma 3. Problem 3 is decidable in time O(ckm) for some constant c that does
not depend on m, where k is the parameter and m is the size of the clause.
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Proof. The idea is again to use Lemma 2. We use notations from Lemmas 1
and 2. We traverse the term #(t0, . . . , tn) top-down checking which assumptions
have to be made on the value of the run on subterms to make the term accepted
by the automaton. These checks will succeed if the assumptions about the run
on variables give raise to a function from variables to states of the automaton.

Consider a set of pairs of the form {〈q1, s1〉, . . . , 〈qk, sk〉} where qi is a state
of the automaton A and si is a subterm of #(t0, . . . , tn). Intuitively, this set
will express the information “if there exists a run ρ of the automaton A such
that ρ(si) = qi then A accepts #(t0, . . . , tn)”. We call such a set S flat if all
terms occurring in S are variables. A flat set S is inconsistent if it contains two
different pairs 〈q, x〉 and 〈q′, x〉 with the same variable x and different states q, q′;
otherwise it is consistent. A flat and consistent set defines a function assigning
states to variables.

Consider a function check assigning a boolean value to such sets of pairs,
defined recursively as follows.

check(S) =




true, if S flat and consistent
false, if S flat and inconsistent∨
f(q1,...,qk)→q∈∆

check(S − {〈q, f(s1, . . . , sk)〉} ∪ {〈q1, s1〉, . . . , 〈qk, sk〉}),

otherwise

We claim that

1. check({〈sfin,#(t0, . . . , tn)〉}) = true if and only if there exists a function
θ : Var(#(t0, . . . , tn))→ Q such that the term #(t0, . . . , tn)θ is accepted by
the automaton A.

2. the value of check({〈sfin,#(t0, . . . , tn)〉}) can be computed in time
O(|#(t0, . . . , tn)| · |A|)
The first part can be easily proved by induction on the structure of the term

#(t0, . . . , tn). The run of the automaton must assign the final state sfin to the
term #(t0, . . . , tn), which is expressed by the pair 〈sfin,#(t0, . . . , tn)〉; each com-
putation step of the automaton must agree with some transition in ∆, which
is expressed by the disjunction over matching transitions in the definition of
check; finally the condition that θ is a function is expressed by the consistency
of the set S. Note also that by the associativity and commutativity of disjunc-
tion, the value of check does not depend on the choice of the non-flat element
〈q, f(s1, . . . , sn)〉 from S.

For the second part, note that for each subterm s of #(t0, . . . , tn) there are
at most |∆| calls to the function check that correspond to decomposing of the
term s. Since there are exactly |#(t0, . . . , tn)| such subterms, the whole work is
done in time O(|#(t0, . . . , tn)| · |A|). 2

3.3 Incrementality and Infinite Signature

A literal application of the algorithm presented above might lead to the following
problem. Suppose that some program is well-typed and we increment it by adding
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a new, completely independent, fragment defining a new predicate. The new
fragment may contain new function symbols, which did not occur in the original
program. Since a signature is a part of the definition of a tree automaton, the
old type-check was done with automata over smaller signature, and one could
argue that now the type-checking procedure has to be rerun from scratch.

However, it is fairly straightforward to extend tree automata to deal with
infinite signature. We can simply consider an infinite signature Σinf containing
Σ, add a new state qany to the automaton and say that the transition relation ∆
implicitly contains all transitions of the form f(. . .)→ qany for all f ∈ Σinf . Such
an automaton has still finite set of states and infinite (but finitely representable)
transition relation.

With such an extension of tree automata our algorithm is still correct (a
little bit of work has to be done to correctly reason about implicit transitions
and reachable states during the determinization step); it is still fixed-parameter
linear (when traversing the term #(t0, . . . , tn) there is no need to look at function
symbols that do not occur in this term).

Another problem of the same nature is that numbers (integers or reals) do
not form a regular set. In order to extend tree automata to deal with these sets
it is enough to treat each number as a constant symbol, add two states int and
real and infinitely many implicit transitions i→ int and r → real for all integers i
and reals r.

4 Conclusion

We proved the decidability in Dexptime and fixed-parameter linearity of
directional-type checking for logic programs wrt. general regular types. This
solves a problem that was open since 1994 and improves several earlier partial
solutions.

The procedure we presented is optimal from the complexity point of view, it
is also incremental. This, together with linear complexity in the size of program
gives us a hope that the type system may be usable in practice.

There are some obvious directions for the future work. One is the implemen-
tation of the system to see how it behaves in practice. Further, an extension to
constraint logic programming, negation etc. would be interesting. The extension
to polymorphic types seems not to be very difficult.
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