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Abstract: The paper gives a general definition for the concept of strong Dickson pseudoprimes 
which contains as special cases the Carmichael numbers and the strong Fibonacci pseudoprimes. 
Furthermore, we give necessary and sufficient conditions for two important classes of strong 
Dickson pseudoprimes and deduce some properties for their elements. A suggestion of how to 
improve a primality test by BailliekkWagstaff concludes the paper. 

1. Carmichael Numbers 

Fermat 's Little Theorem plays an important role in many primality tests and in mo- 

tivating the concept of pseudoprimes. An equivalent formulation of this theorem states 

that for any prime n and an arbitrary integer b one has 

b" = bmod n. (1) 

An odd composite number n for which b" = b mod n for a certain integer b is called a 
pseudoprime to the base b (abbreviated psp(b) ) .  If n is not a prime then it is still possible, 

but not very likely, that (1) holds for a randomly chosen integer b, and even less likely, 

that (1) holds for all integers b. An odd composite integer n such that b" b mod n for 
every b E Z is called a Carmichael number. An odd composite integer n is a Carmichael 

number if and only if n is square-free and (p - 1) I (n - 1) for every prime p dividing n 
(cf. KOBLITZ [7]). The smallest Carmichael number is n = 561 = 3.11 17. CHERNICK 
[l] gave a method for obtaining Carmichael numbers with three prime factors. For a 

positive integer t the number n = (6t t 1)(12t + 1)(18t + 1) is a Carmichael number if 
all three factors of n are prime. A fast method for finding (also very large) Carmichael 
numbers of this form is due to DUBNER [a]. A table with all Carmichael numbers 5 10l2 

was calculated by JAESCHKE [6]. However, it is not known if there are infinitely many 

Carmichael numbers. 
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2. Generalizations of Fermat's Little Theorem 

Let b, c be nonzero integers and a, p be the roots of the polynomial x2 - bx +c. Assume 
that d = b2 - 4c # 0. Then the sequences 

are called the Lucas sequences associated to the pair (b,c) (cf. RIBENBOIM [14]). If n is 
an odd prime and gcd(n,d) = 1, then 

where ( d / n )  is the Jacobi symbol. An odd composite integer n such that (2) holds is 
called a Lucas pseudoprime with parameters (b, c) (abbreviated Ipsp( b, c ) ) .  
Comparing probable prime tests based on Fermat's Theorem (1) and on the Lucas test 
(2) one obtains e.g. 22 psp(2)s and only 9 Ipsp(1,c)s less than lo4, where c = a(l - d) 
and d is the first element of the sequence 5, -7,9, -11,13,. - 7  for which (d/4) = -1.  As 
by test (1) with different bases b at least the Carmicheal numbers cannot be exposed as 
composite, BAILLIE AND WAGSTTAFF [3] suggested a primality test combining Fermat's 
Theorem with Lucas pseudoprimes. They proved that all of the 21853 psp(2)s under 
25 - lo9 fail the Lucas test (2), where b and c are chosen as above. 

At E U R O C R Y P T ' ~ ~  DI PORTO AND FILIPPONI 141 proposed mother method for finding 
large probable primes based on the fact that for any prime number n and an arbitrary 
integer b there holds 

Vn(b, -1) G b mod n. (3) 

Composite odd integers n with Vn(l, -1) G 1 mod n are called Fibonacci pseudoprimes 
(abbreviated fpsp(1, -1)) and have been studied already by SINGMASTER [15]. FILIP- 
PONI (51 verified experimentally that there exist only 7 fpsp(1, -1) under lo4 and 852 
fpsp(1, -1) less than lo8. Numerical tests on odd composite integers n up to 10'" suggest 
that very few such numbers satisfy a combination of congruences V,(b, -1) b mod n for 
several b. 
According to LIDL, MULLER AND OSWALD [lo] an odd composite number n is called a 
strong Fibonacci pseudoprime if n satisfies the congruence (3) for every b E Z. In contrast 
to Fermat's Theorem there are no strong Fibonacci pseudoprimes n 5 1013 (cf. [lo]). In 
particular, there is no odd composite integer n 5 10' which satisfies (2) for all b E Z with 
1 5 b 5 8 (cf. [5 ] ) .  However, the question of existence of strong Fibonacci pseudoprimes 
n has not yet been answered. 
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3. Strong Dickson Pseudoprimes 

By using Waring's formula it can be verified that 

where [n/2] denotes the greatest integer i 5 f. The polynomial gn(z ,c)  is called the 
Dickson polynomial of parameter c and degree n. It is not difficult to show that the 
coefficients of gn(z ,  c )  are integers for any positive integer n and any c E Z. 
Properties of Dickson polynomials and their application in cryptography have been studied 
in great detail (cf. LIDL AND MULLER [8], MULLER [Ill, MULLER AND NOBAUER R. 
[12]). From (4) it can be seen immediately that for any prime n and an arbitrary b E B 
there holds 

Vn(b,c) = gn(b,c) bmod n. ( 5 )  

Generalizing the definition of strong Fibonacci pseudoprimes, we call an odd composite 
integer n a strong Dickson pseudoprime of the kind c (in short: a strong c-Dickson pseu- 
doprime) if gn (b ,  c )  3 b mod n for all b E Z. 
Obviously, the strong 0-Dickson pseudoprimes are exactly the Carmichael numbers and 
the strong (-1)-Dickson pseudoprimes the strong Fibonacci pseudoprimes. 

The following theorem gives a reformulation of Theorem 1 in [lo]. 

Theorem 1: An odd integer n is a strong (-1)-Dickson pseudoprime if and only if 
(i) n is Carmichael number, 

(ii) 2(pi + 1) I (n  - 1 )  or 2(pi + 1 )  I (n - p i )  for every prime pi dividing n. 

Improving the results on the minimal number of prime factors of strong (-1)-Dickson 
pseudoprimes given in [lo] we state 

Corollary 1: Any strong (-1)-Dickson pseudoprime n 1 mod 4 must be the product 
of at least four distinct primes. 
Any strong (-1)-Dicbon pseudoprime n I 3 mod 4 must be the product of at least five 
distinct primes. 

Proof: $'or the first statement, let n = p1p2p3, whereby p1,p2,p3 are primes with 
pl < pa < p3. If n is a strong (-1)-Dickson pseudoprime with (p3 - 1) I (n  - 1) and 

2(p3+1) I (n-1) then (p i -1)  I (n-11, (pi-1) I (pip2p3-1).  Hence (pi-1) 1 (p1p2-p3), 

which yields a contradiction. 
If n is a strong (-1)-Dickson pseudoprime with (p3 - 1 )  I ( n  - 1) and 2(p3 + 1) I (n - p 3 )  
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then b 3  - 1) I (Pip2 - 1) and 2(ps + 1) I ( p m  - 1). Hence (pg - 1) I (plp2 - l) ,  which 
yields a contradiction too. 
The second statement was proved already as Corollary 4 in [lo]. 0 

The following necessary und suficient conditions for strong (+l)-Dickson pseudoprimes 
can be derived similarly as for (-1)-Dickson pseudoprimes in [lo], using a formula for the 
number of fixed points of the permutation 2 + g n ( z ,  1) on Z / ( n )  given in [13]. 

Theorem 2. An odd integer n is a strong ($1)-Dickson pseudoprime if and only if 

(i) n is square-free, 

(ii) 
(iii) 

((pi - 1) 1 (n - 1) or (pi - 1) I (n  - p i ) )  for every prime pi dividing n, 

((pi + 1) I (n - 1) or (pi + 1) I (n - p i ) )  for every prime pi dividing n. 

Corollary 3. Any strong (-1)-Dickson pseudoprime is also a strong (+l)-Dickson 

pseudoprime. 

Lemma 1. A Garmichael number ofthe form 
r-2 

71 = (6t + 1)(12t + 1) n ( 9  *2't + 1) with t , r  E Z, t 2 1, r 2 3 
i=l 

(cf. [14]) is not a strong (-1)-Dickson pseudoprime. 

Proof. If n is a strong (-1)-Dickson pseudoprime then ( p  + 1) I (n - 1) for each prime 
p dividing n (Theorem l(ii)). Now (12t + 1)  t 1 = 2(6t + 1) and so (6t + 1) I (n  - 1). But 
(6t + 1) 1 n and this is a contradiction. 0 

4. Conclusions and Remarks 

It is an open problem if there exist strong c-Dickson pseudoprimes for c # 0. The 
numerical evidence collected so far indicates that there are very few odd composite integers 
n satisfying a combination of congruences Vn(b, +1) I b mod n for several arbitrarily 
chosen b. In accordance with Corollary 3, even fewer integers n satisfy the congruences 
V,(b, -1) = b mod n for several b (cf. LIDL AND MULLER [9]). The scarcity of odd 
composite integers passing only a small number of tests by congruence ( 5 )  with different 
parameters c suggests a fast probabilistic primality test combining such tests. In general, 
one needs less tests to disclose an odd composite integer n as not prime using congruence 
(5 )  with negative parameters c rather than positive ones. E.g., there are only 24 composed 
odd numbers under lo6 passing test ( 5 )  with (b ,  c)  = (3, -3) and up to 3 . 7 ~ 1 0 ~  only the 
composed odd number 1909.001 with the factor 461 passes the tests ( 5 )  for (b , c )  = 
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(1,-1) and (b , c )  = (3,-3). But this number is disclosed by the test with (b , c )  = 

(2, -1) too. Hence, a combination of several tests by congruence ( 5 )  with a few different 
negative parameters c seems to be more efficient than the  proposed primality test by 

Baillie&Wagstaff combining tests by congruence (1) and (2). Numerical evidence for this 
statement for the numbers up t o  lo9 is in progress. 
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