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Abstract. The paper gives a new formulation of the Minkowski sum
of polygons. In the conventional Minkowski sum, the inverse operation
is not well defined unless the polygons are restricted to be convex. In
the proposed formulation, on the other hand, the set of polygons is ex-
tended to the set of “hyperpolygons” and the Minkowski sum forms a
commutative group. Consequently, every polygon has its unique inverse,
and the sum and the inverse operations can be taken freely. An example
of a physical interpretation of the hyperpolygon is also given.

1 Introduction

The Minkowski sum is one of the most fundamental operations for geometric
objects, and has a wide range of applications in data compression [4], generation
of collision-free paths [10], and others. The Minkowski sum is also useful for
constructing efficient geometric algorithms [6].

Algorithms for computing the Minkowski sum have also been studied ex-
tensively; they include algorithms for restricted classes of polygons [8,13], for
general polygons [6,12], and for higher dimensional figures [1,4,9].

However, there is a big open problem on the “inverse” of the Minkowski
sum, because no clear definition of the inverse is known yet for a general class of
figures. An inverse-like operation called the Minkowski difference is known, but it
behaves as the inverse only for strongly restricted cases such as the case of convex
figures [3]. Guibas et al. [6] studied objects which are obtained by the inverse-
like operation and pointed out that the boundaries of those objects change their
directions partially. Ghosh [3,4] tried to define the inverse for nonconvex figures,
but his definition is valid for a certain restricted class only.

Sugihara et al. [14] solved this problem partially. They introduced a class of
closed curves whose tangent direction is continuous and monotone, and defined
an algebraic operation in this class. This operation is a generalization of the
Minkowski sum in that if we replace these closed curves with the regions bounded
by the curves, the operation coincides with the Minkowski sum. Moreover, the
operation is invertible in this class, and thus the inverse of the Minkowski sum
is defined for a much wider class than the class of convex figures.

In this paper, we apply a similar idea to polygons, and construct an algebraic
system in which a generalization of the Minkowski sum and its inverse is well
defined. In this new system, the set of polygons is extended to a set of more
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general objects, which we call “hyperpolygons”. The extension from polygons to
hyperpolygons has the same structure as the extension from integers to rationals.

After we review conventional Minkowski algebra in Section 2, we introduce a
new representation of the boundary of polygons in Section 3. Next, we define the
new Minkowski sum on this representation in Section 4, and extend it to a larger
invertible world in Section 5. In Section 6, we give an example of an interpretation
of a physical meaning of a hyperpolygon, and make some concluding remarks in
Section 7.

2 Conventional Minkowski Sum

We fix an (x, y) Cartesian coordinate system Σ, and represent a point by its
radial vector with respect to the origin of Σ. We call a set of points a figure. For
two figures A and B, the new figure defined by

A⊕B = {a+ b | a ∈ A, b ∈ B} (1)

is called the Minkowski sum of A and B, where a+ b represents the sum of the
radial vectors a and b.

Let A and B be the convex figures in Fig. 1(a) and (b). Then, the Minkowski
sum of A and B is the figure C shown in Fig. 1(c).

The Minkowski sum can be intuitively understood in the following way. Con-
sider the figures A and B in Fig. 1(a) and (b) again. Let us choose and fix an
arbitrary point in B, as the dotted point in Fig. 1(b), and call it the reference
point. As shown in Fig. 1(d), the Minkowski sum is the union of the figure A and
the region swept by B when the reference point of B moves along the boundary
of A.

Next suppose that we are given two figures B and C. We want to find the
figure X that satisfies

X ⊕B = C. (2)

This is the inverse problem of the Minkowski sum.
The inverse problem can be partially solved by another operation called the

Minkowski difference. The Minkowski difference of two figures C and B, denoted
C �B, is defined as

C �B =
⋂
b∈B
{c− b | c ∈ C}. (3)

For the figures B and C in Fig. 1(b) and (c), respectively, C � B coincides
with the figure in Fig. 1(a), and hence in this particular case, the solution of
eq. (2) is given by X = C �B.

However, the Minkowski difference does not give the complete solution of
eq. (2). Actually the solution of eq. (2) is not necessarily unique. For example,
let A′ be the figure in Fig. 1 (e). Then, we get A′ ⊕ B = C, and hence X = A′

is also a solution of eq. (2). Furthermore, eq. (2) does not necessarily admit a
solution.
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Fig. 1. Minkowski sum of two polygons.

3 Angle-Parametric Polygonal Curves

While the conventional Minkowski sum is defined on polygons, we consider a class
of closed polygonal curves, a typical example of which is the boundary curve of a
polygon. Let P be a closed polygonal curve with n vertices v0, v1, · · · , vn−1, vn =
v0 and n edges e1, e2, · · · , en such that edge ei is a line segment connecting vi−1
to vi. We consider that the edge ei has the direction from vi−1 to vi.

Examples of closed polygonal curves are shown in Fig. 2. The polygonal
curve in Fig. 2(a) is considered the boundary of a polygon surrounding counter-
clockwise, while the one in Fig. 2(b) has a self-intersection and hence does not
correspond to a polygon in an ordinary sense.
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Fig. 2. Polygon.

For our convenience of the notation, let us assume that we travel along P
around in either direction endlessly, and name the vertices and the edges accord-
ingly, i.e., vi+kn = vi and ei+kn = ei for k = ±1,±2,±3, · · ·.

For each i = 0,±1,±2, · · ·, let φi be the angle required when we turn from the
direction of ei to the direction of ei+1 counterclockwise. We call φi the left-turn
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angle at vi. Since we measure the angle counterclockwise, we have 0 < φi < π if
P bends to the left at vi as in Fig. 3(a), while we have π < φi < 2π if P bends
to the right at vi as in Fig. 3(b). We call the former vertex a convex vertex and
the latter vertex a reflex vertex.
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Fig. 3. Left-turn angle

Let us choose and fix an arbitrary edge, say es, and let θs be the angle of
es with respect to the positive x direction measured counterclockwise with the
convention that 0 ≤ θs < 2π. Next, for each i = 0,±1,±2, · · ·, we define

θi =
{
θs + φs + φs+1 + · · ·+ φi−1 if i > s,
θs − φs−1 − φs−2 − · · · − φi if i < s. (4)

In other words, θi basically represents the direction of the edge ei, but the
ambiguity of a multiple of 2π is resolved by accumulating the left-turn angles
starting with θs, as shown in Fig. 2(a).

For θ ∈ R, let f(θ) be the set of points defined by

f(θ) =
{{vi} if θi < θ < θi+1,
{tvi−1 + (1− t)vi | 0 < t < 1} if θ = θi.

(5)

That is, if θ = θi, f(θ) represents the set of points on the open line segment ei,
and otherwise f(θ) represents the set of a single point representing the vertex vi
satisfying θi < θ < θi+1. We call f(θ) the angle-parametric polygonal curve.

The function f(θ) is periodic. If P is the counterclockwise boundary of a
convex polygon, the total left turn we make while we travel along P around is
equal to 2π, and hence

f(θ) = f(θ + 2π) (6)

On the other hand, if P is the counterclockwise boundary of a polygon with k
reflex vertices, the total left turn we make while we travel along P around is
equal to (k + 1)2π, and hence we get

f(θ) = f(θ + (k + 1)2π). (7)
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We call the smallest positive integer m satisfying f(θ) = f(θ + 2mπ) the
winding number of the polygonal curve.

If P is the boundary of a convex polygon, its angle-parametric representation
f(θ) is unique. However, for a general polygonal curve P, the angle parametric
representation f(θ) depends on the choice of the starting edge es. For example,
for the polygonal curve in Fig. 2(a), if we choose e1, e2, e3, or e4 as es, we get
the same angle-parametric representation, while if we choose e5 or e6 as es, the
corresponding angle-parametric representation is different from the former. In
general, two edges ei and ei+k (k > 0) give the same angle-parametric represen-
tation if and only if we do not face the positive x direction when we turn from
the direction of ei to the direction of ei+k counterclockwise. Hence, if the angle-
parametric representation f(θ) of the closed polygonal curve P has the winding
numberm, there arem different angle-parametric representations for P. We con-
sider them different angle-parametric polygonal curves. In order to distinguish
between the closed polygonal curve P and its angle-parametric representation
f(θ), we call P the geometric polygonal curve.

In what follows, f(θ) represents the set of points at the particular value θ of
the parameter, and the function itself is represented by f or {f(θ)}.

Let Π+ be the set of all angle-parametric polygonal curves. Next, we intro-
duce a binary operation to Π+, which corresponds the Minkowski sum.

4 New Minkowski Sum

For {f(θ)}, {g(θ)} ∈ Π+, we introduce a new operation ⊕ in the following way.
First, for each value of the parameter θ, we define

f(θ)⊕ g(θ) = {a+ b | a ∈ f(θ), b ∈ g(θ)}, (8)

where a+ b denotes the sum of the radial vectors a and b. That is, if both f(θ)
and g(θ) consist of a single point, f(θ)⊕g(θ) also consists of a single point; if one
of f(θ) and g(θ) consists of a point and the other is an edge, f(θ)⊕ g(θ) is the
line segment obtained by translating the edge by the radial vector representing
the point; if both f(θ) and g(θ) are edges, f(θ) ⊕ g(θ) is an open line segment
connecting the sum of the start points to the sum of the end points.

For the convenience in the subsequent discussion, we introduce the following
notation. For each value of θ, we consider f(θ) the line segment; that is, if f(θ)
is a point, we consider it the line segment with length 0. Let f s(θ) and f e(θ) be
the start point and the end point of the line segment f(θ). Hence, if f(θ) is a
point, we have f s(θ) = f e(θ).

Next, we define {f(θ)} ⊕ {g(θ)} as

{f(θ)} ⊕ {g(θ)} = {f(θ)⊕ g(θ)}, (9)

that is, {f(θ)} ⊕ {g(θ)} is a function of the angle parameter θ, and its value at
each θ is specified by eq. (8). As θ increases, almost everywhere {f(θ)}⊕ {g(θ)}
stays a constant singleton representing a vertex, and at some discrete values of
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θ it represents an edge connecting the vertex immediately before and the vertex
immediately after. Moreover, {f(θ)} ⊕ {g(θ)} is periodic. Indeed its winding
number is the least common multiple of the winding numbers of {f(θ)} and
{g(θ)}. Hence, {f(θ)}⊕ {g(θ)} also belongs to Π+. We call {f(θ)}⊕ {g(θ)} the
Minkowski sum of {f(θ)} and {g(θ)}.

For example, let {f(θ)} and {g(θ)} be the angle-parametric representations
of the polygon A in Fig. 1(a) and the polygon B in Fig. 1(b), respectively.
Then, {f(θ)}⊕{g(θ)} coincides with the angle-parametric representation of the
polygon C in Fig. 1(c).

Fig. 4 shows another example. The polygonal curves in Fig. 4(a) and (b) both
have winding number 2, and hence they have two different angle-parametric
representations. Let f1 and f2 be the two angle-parametric representations of
the polygonal curve in Fig. 4(a), and g1 and g2 be the two angle-parametric
representations of the polygonal curve in Fig. 4(b). Since f1 ⊕ g1 = f2 ⊕ g2 and
f1 ⊕ g2 = f2 ⊕ g1, there are essentially two different Minkowski sums. They are
shown in Fig. 4(c) and (d).

(a) (b) (c) (d)

Fig. 4. Minkowski sums of two polygons with winding number 2.

In this case also we can consider the polygons bounded by the outermost
part of the polygonal curves. The conventional Minkowski sum of the polygons
in Fig. 4(a) and (b) corresponds to the union of the polygons in Fig. 4(c) and
(d).

5 Extension to the Invertible World

As shown in eqs. (8) and (9), the Minkowski sum is defined in terms of the sum
of radial vectors. Consequently, the algebraic structure of the vector space is
inherited in Π+. In particular, the following hold for any f, g, h ∈ Π+.

Property 1. f ⊕ g = g ⊕ f (commutativity).
Property 2. (f ⊕ g)⊕ h = f ⊕ (g ⊕ h) (associativity).
Property 3. f ⊕ g = f ⊕ h implies g = h (injectivity).
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There is a big theorem in algebra which says that, if Properties 1, 2 and 3
are satisfied, the set Π+ can be augmented in such a way that all the elements
have their inverses in it [2]. A well-known example is the extension of the set of
natural numbers with the multiplication operation to the set of positive rational
numbers.

More precisely, we can augment Π+ to a larger set Π in the following way.
Let Π+ ×Π+ be the set of all ordered pairs of the elements of Π+. For any

(f1, f2), (g1, g2) ∈ Π+ ×Π+, we define (f1, f2)⊕ (g1, g2) by

(f1, f2)⊕ (g1, g2) = (f1 ⊕ g1, f2 ⊕ g2). (10)

[In the case of the natural numbers, eq. (10) corresponds to (f1/f2) · (g1/g2) =
(f1 · g1)/(f2 · g2).]

Next, we write (f1, f2) ∼ (g1, g2) if and only if f1⊕ g2 = f2⊕ g1. [In the case
of the natural nubmers, f1/f2 ∼ g1/g2 if and only if f1 · g2 = f2 · g1.] Then, the
binary relation ∼ is an equivalence relation in Π+ ×Π+. Finally, we define Π
as the set all equivalence classes, that is, the quotient of Π+ ×Π+ by ∼:

Π = Π+ ×Π+/ ∼ . (11)

[In the case of the natural numbers, f1/f2 is considered a rational number, and
f1/f2 and g1/g2 are considered identical if f1/f2 ∼ g1/g2.]

Elements of our new worldΠ can be considered more concretely in the follow-
ing way. Let e(θ) be the origin for any θ. Then {e(θ)} (or e for short) is considered
the “angle-parametric closed curve” consisting of the single point at the origin.
Hence es(θ) = 0 and ee(θ) = 0 for any θ. e acts as the unit in Π, because for
any f ∈ Π+, we get f(θ) ⊕ e(θ) is the line segment from f s(θ) + es(θ) = f s(θ)
to f e(θ) + ee(θ) = f e(θ).

For any f ∈ Π+, the inverse f−1 of f in Π is considered the angle-parametric
closed curve for which the line segment f−1(θ) at each value of θ starts at −f s(θ)
and ends at −f e(θ). In other words, we get {f(θ)}−1 = {−f(θ)}. More generally,
for any f, g ∈ Π+, the equivalence class containing (f, g) can be considered the
angle-parametric closed curve whose value at each θ is the line segment from
f s(θ)−gs(θ) to f e(θ)−ge(θ). Namely, the equivalence class containing (f, g) can
be written {f(θ)− g(θ)}.

The algebraic structure of the extension from Π+ to Π is the same as that
of the extension from the natural numbers to the positive rationals. Similar
extension was also applied when the world of functions was augmented to the
world of hyperfunctions [11]. From that analogy, we call elements of Π − Π+
hypercurves or hyperpolygons.

6 Interpretation of Hyper Curves

Let us consider a numerically controlled polish machine as shown in Fig. 5. In
this figure, A is a rail, B is a support plate, C is an arm, D is a polish disc, and
E, F , G constitute the material to be polished. The upper part of Fig. 5 is the
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Fig. 5. Numerically controlled polish machine.

top view (the projection on the xy plane) while the lower part is the side view
(the projection on the xz plane).

The rail A is fixed to the outside world, on which the support plate B slides
in the y direction. The arm C is held by B and can slide in the x direction. The
polish disc is attached to the arm at P and can rotate around P. The material
consists of mutually parallel two plates E and F , and they are connected by a
small rod G. The material is fixed to the outside world, and the upper surface
of the plate F is to be polished by D.

Note that the arm C cannot enter the material region E, because C and E
are on the same z level, as shown in the side view of Fig. 5. If the arm C enters
the material region E, they collide and broke each other. Hence the arm C can
move only outside E.

We are interested in which part of the surface of E can be polished by this
machine. To answer this question, we usually apply the Minkowski algebra in
the following way.

Let R(C) represent the polygon obtained when we rotate the polygon C by
180 degrees around the point P, and let {fR(C)(θ)}, {fD(θ)} and {fE(θ)} be the
angle-parametric polygonal curves representing the shapes of R(C), D and E,
respectively. We assume that the point P is chosen as the origin of the coordinate
system to represent fR(C) and fD. Then the Minkowski sum g = fE ⊕ fR(C)
represents the region which the reference point P of the arm C cannot enter.

Next, let {h(θ)} be the Minkowski difference; h is expressed by

h = g ⊕ f−1D = (fE ⊕ fR(C))⊕ f−1D . (12)

The region represented by h corresponds to the region which the polish disc
cannot reach. Hence, the intersection of this region with the material region E
is the region that cannot be polished by this machine. This is the conventional
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way of finding the unpolishable region of the material surface (although we used
our new notations). Note that the above computation can be done only after we
are given the shape of the material E.

In our new algebra, on the other hand, we can compute the Minkowski sums
in any order, because the algebra forms a group and the uniqueness of the final
result is guaranteed. Now, let us rewrite eq. (12) into

h = (fR(C) ⊕ f−1D )⊕ fE . (13)

Let {w(θ)} denote the first part of the right-hand side of the equation: w =
fR(C) ⊕ f−1D . w is a hypercurve.

If we compute according to eq. (12), the intermediate result g and the final
result h are both in Π+. On the other hand, if we compute according to eq. (13),
the intermediate result w goes out fromΠ+, and hence the computation becomes
invalid in the conventional algebra.

This difference is important, because w can be computed even if we are not
given the actual shape of the material. Actually, w depends only on the polish
machine, and hence we can interpret that the hypercurve w represents the ability
of the polish machine.

This example shows the following two important points. First, the hypercurve
has its own physical meaning, just as the “ability of the polish machine” in
the above example. Secondly, the hypercurve can save the computational cost,
because we need to compute the intermediate result w only once, and can apply
it to any material shape, whereas in the conventional method we have to compute
the intermediate result g every time a new material E is given.

7 Concluding Remarks

We have reformulated the Minkowski algebra in such a way that the new algebra
forms a group and consequently the sum and its inverse can always be taken
freely. In this new algebra, the conventional polygonal curves are extended to
more general geometric objects, which we name the “hypercurves”. We also gave
a physical interpretation of the hypercurve, and discussed the practical use of
this new concept.

There still remains many related problems to be solved. They include (i)
efficient algorithms for this algebra, (ii) optimal representation of a given polyg-
onal region by an angle-parametric polygonal curve, (iii) physical interpretation
of hypercurves generated by nonconvex curves, and (iv) extension to higher di-
mensions.
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