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1 Short Description

It is well known that planar embeddings of 3-connected graphs are uniquely
determined up to isomorphy of the induced complex of nodes, edges and faces
of the plane or the 2-sphere [1]. Moreover, each of the isomorphy classes of these
embeddings contains a representative that has a convex polygon as outer border
and has all edges embedded as straight lines. We fixate the outer polygon of such
embeddings and regard each remaining edge e as a spring, its resilience being
|e|k (|e| euclidean length of e, k∈ IR, 1<k<∞). For 3-connected graphs, exactly
one power-balanced embedding for each k exists, and this embedding is planar
if and only if the graph with the fixated border polygon has a planar embedding
inside that very polygon. For k=1 or k=∞, some faces may be collapsed; we
call such embeddings quasi-planar [2]. It is possible to decide the planarity of
any graph embedding in linear time [3]. The motivation for this result was to
develop a planarity test that simultaneously with the decision process constructs
a concrete planar embedding. This algorithm should work in three steps:

1. Choose any circle of the graph and embed it as a convex polygon in the
plane or as an equator of the 2-sphere.

2. Fixate this circle and hang in the rest of the graph. Substitute each edge by
a spring of a fixed norm k and compute its power-balanced position.

3. Decide if the computed embedding can be decomposed into two planar flanks.
The graph is planar if and only if this is possible. On the sphere, these flanks
should be represented by the two hemispheres belonging to the fixated circle.

If the input graph originates from a hierarchical definition of a chip layout system
(e.g. [4]), that definition gives the base for an efficient algorithm to compute this
embedding by use of a multi grid method [5].

The algorithm presented here assumes the graph to be 3-connected – but
it does not make special assumptions on its definition. We only use the isomor-
phy theorem mentioned. The stepwise construction of the embedding reflects the
single step method of iterative solutions of equations. Some steps produce quasi-
planar embeddings which in later steps will be unfolded to planar embeddings by
hanging in more springs. This requires some complex data structures, the han-
dling of which is responsible for the high worst case runtime bound O(n2 log n)
of the algorithm. The proof of this bound assumes a worst case situation which
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seems never to appear. We assume that a more thorough analysis will come out
with a O(n log n) bound.

We ran tests on randomly generated planar graphs with up to 6000 nodes and
compared the running time with the algorithms Fáry [6] (O(n2)) and Schnyder
[7] (O(n)) implemented in [8]. In all examples, our algorithm was in the worst
case and the average case faster than Fáry, and Schnyder always was faster
than our algorithm. Our algorithm shows complexity jumps for graphs of size
n at 2n, suggesting a possible additional speedup. The pictures produced by
our algorithm, representing the planar embeddings on the sphere, have a certain
aesthetical attraction.

The detailed description of the algorithm can be found in the Master’s Thesis
of the second of the authors [9]. It includes a C++ implementation for MS
Windows and UNIX.

2 Screenshots
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