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Abstract. Little information is known about in-vivo heart strain and stress dis-
tribution. In this paper, we present a novel statistical model to estimate the in-
vivo material properties and strain and stress distribution in the left ventricle.
The displacements of the heart wall are reconstructed in previous work of our
group by using MRI-SPAMM tagging technique and deformable model. Based
on the reconstructed displacements, we developed the statistical model to esti-
mate strain and stress by using EM algorithm. Two normal hearts and two
hearts with right-ventricular hypertrophy are studied. We find noticeable differ-
ences in the strain and stress estimated for normal and abnormal hearts.

1 Introduction

To better understand cardiac diseases, we need to get more information about cardiac
motion. Among the factors characterizing heart’s motion, stress and strain are two of
the most important determinants of various aspects of cardiac physiology and patho-
physiology [1]. Stress and strain in the heart depends on not only the structure and
material properties of heart but also the active force generated by the heart muscle and
the blood pressure on the heart wall. To fully understand it, we need clear pictures on
all these issues. The structure of heart has been intensively investigated in the last four
decades. It’s known that myocardium consists of locally parallel muscle fibers, a
complex vascular network, and a dense plexus of connective tissue[1]. Systematic
measurements of muscle fiber orientations were carried out by Streeter [10]. His main
finding was that fiber directions generally vary in a continuous manner from +60° on
the endocardium to -60° on the epicardium. The material properties of heart wall were
initially based on uniaxial tests mostly performed with papillary muscles [17,18].
Then the biaxial tests were carried out [19,20] and the constitutive relations were pro-
posed [21,22], which has shown that the myocardium is anisotropic. The active force
was modeled in [13] and the blood pressure can be referred in [23]. In the last few
years, some experiments were carried out on in-vitro left ventricle strain and stress
[2]. But little in-vivo cardiac stress and strain has been estimated. This is because any
invasive method will change the heart’s material property and non-invasive method is
not yet possible to measure these parameters. Some other experiments estimated in-
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vivo strain by using echocardiography [5,24]. But echocardio-graphy doesn’t have
accurate spatial resolution compared to MRI.

In this paper, the displacements of the left ventricle are reconstructed by using
MRI-SPAMM tagging [3] and physics-based deformable model [4] based on previous
work of Haber [14,25]. First we present a novel statistical model to estimate the mate-
rial properties of left ventricle. Second we use the statistical model to compute the
strain and stress distribution in different time intervals between the end of diastole and
the end of systole.

2 Mechanical Model

2.1 Geometrical Model

The geometrical model is chosen the same as given in [14,25]. We added the fiber
direction into each element. The left ventricle is divided into two layers circumferen-
tially, we assume the fiber is +60° on the endocardium and -60° on the epicardium.

Fig. 1. Fiber orientation on epicardium of
left ventricle

Fig. 2. Piece-wise linearity of Young’s modulus
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2.2 Strain-Stress Relationship

Myocyte is the main structural components of myocardium, which normally occupies
70% of ventricular wall volume. Myocytes look like cylinders and are embedded in a
complex matrix of collagen, elastin, etc [1]. In recent work [5,6], transversely iso-
tropic linear material model were used in the estimation of cardiac motion. Unlike in
[5,6], we model the myocardium as transversely isotropic material with symmetric
stiffness matrix and piece-wise linear elasticity. The stress-strain relationship is given
by [8]:
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where E1 is the Young’s modulus along fiber direction, E2 is the Young’s modulus
along cross-fiber direction,  ν12 and ν23 are the corresponding Poisson ratios, and G12  is
the Shear Modulus. Since the myocardium is approximately incompressible, the Pois-
son ratios are both set to 0.4 [9]. Both Young’s modulus are assumed piece-wise lin-
ear, which are shown qualitatively in Fig 2.

2.3 Coordinates Transformation Relation

Since the myofiber direction varies in different parts of the left ventricle [10], we need
to transform the local fiber coordinates into global element coordinate when imple-
menting finite element method. For coordinates shown in Fig. 3, the stress in local
fiber coordinate (1,2,3) can be transformation into global element coordinate (x,y,z)
by [8]:
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Fig. 3. Coordinate transformation between local and global coordinates

2.4 Model Dynamics

Using the energy minimization and variational formulation [11], we derived the finite
element equation:

PKqq =+! (3)

where q represents the displacement, K is the stiffness matrix and:
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where fp is the boundary force mainly generated by the blood, and fa is the active force
generated by the myofiber. D is the stress-strain matrix that relates nodal stress, σ, to
nodal strain, ε, as σ = Dε. B is the strain-displacement matrix that relates nodal strain,
ε, to nodal displacements, q, as ε = Bq.  N is the shape function for interpolation.
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3 Statistical Estimation of K and fa

In equation 3, stiffness matrix K and active force fa are unknown. We need to estimate
them before the calculation of strain and stress. The in-vitro stiffness parameters were
measured through experiments carried on canine heart [13], we’ll use the data as the
initial state based on similarity between human and canine hearts. The Expecta-
tion/Maximization (EM) algorithm is used for the estimation.

3.1 Expectation/Maximization (EM) Algorithm

EM algorithm [15] is typically used to compute maximum likelihood estimates given
incomplete samples. Define J(θ|θ0) as:
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where X is the random variable, θ is the parameter to be estimated, S(X) is the suffi-
cient statistics on X, p(X, θ) is the probability density function. The EM algorithm
works as following:
     1. Initialize θold = θ0

     2. Compute J(θ|θold) for as many values of θ as possible
     3. Maximize J(θ|θold) as a function of θ
     4. Set θnew  = arg max J(θ|θold), if θold ≠ θnew, set θold = θnew and go to step 2, otherwise,

return θ = θnew.
where Step 2 is often referred to as the expectation step and Step 3 is called the
maximization step.

3.2 Implementation

In our experiment, θ = (E1, E2, fa). Since we don’t have explicit form of probability
density function p(X, θ), we use the following way to construct it. We define the dis-
placement divergence as:
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where (xi,yi,zi) is the computed displacement based on estimation θθ ˆ=  and (xit,yit,zit)
is the reconstructed displacement from MRI tagging. Since the smaller the displace-
ment divergence, the better the estimation is, we put more weight on estimation with
less displacement divergence. Then the normalized density function is defined as:
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As shown in Fig. 2, E1 and E2 are stepwise linear, so we need to estimate θ in each
time interval. We assume E1 and E2 are linearly related. The implementation algorithm
is:

1. Initialize t = 1
2. In the t th time interval, calculate d(θ) and p(x, θ) for all θ ∈ Θ
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3. Initialize (E1, old, E2, old ) = (E1, 0, E2, 0), where E1, 0 and E2, 0 are calculated from the ex-
periments’ data given in [13]

4. Fix (E1, old , E2, old ), using the EM algorithm to get estimation fa, new

5. Fix fa, new, using the EM algorithm to get estimation (E1, new , E2, new )
  6. If (E1, old , E2, old ) ≠ (E1, new, E2, new), set (E1, old , E2, old ) = (E1, new, E2, new), go to step 4,
     otherwise, return (E1, E2 ) = (E1, new, E2, new), fa = fa, new

    7. t = t+1, if t < nt, go to step 2, otherwise, stop.
where nt is the number of time steps.

4 Results

We did experiments for two normal hearts and two abnormal hearts with right ven-
tricular hypertrophy. The blood pressures were set to average clinical measurements
as shown in Table 1. The procedure from the end of diastole to the end of systole was
divided into 4 time intervals. Time 1 corresponds to the end of diastole and time 5
corresponds to the end of systole. The Young’s modulus in each time interval were set
initially as shown in Table 2, which is computed from the data given in [13].

Table 1. Blood Pressures in left and right ventricles

LV Blood Pressure RV Blood Pressure

Normal Heart 120 mmHg 30 mmHg
RVH Heart 120 mmHg 80 mmHg

Table 2. Initial Young’s modulus in each time interval

Time Interval 1-2 2-3 3-4 4-5
E

1 
(Pa) 50,000.0 60,000.0 70,000.0 80,000.0

Normal
E

2 
(Pa) 15,000.0 18,000.0 20,000.0 22,000.0

E
1 
(Pa) 60,000.0 70,000.0 80,000.0 90,000.0

Abnormal
E

2 
(Pa) 18,000.0 20,000.0 22,000.0 25,000.0

Using the statistical method, we get the estimation of Young’s modulus in each
time interval as shown in Table 3:

Table 3. Final estimation of Young’s modulus in each time interval

Time Interval 1-2 2-3 3-4 4-5
E

1 
(Pa) 48,320.0 59,780.0 71,230.0 77,590.0

Normal
E

2 
(Pa) 14,210.0 16,700.0 20,980.0 20,810.0

E
1 
(Pa) 61,700.0 73,560.0 82,370.0 95,770.0

Abnormal
E

2 
(Pa) 23,550.0 24,350.0 33,360.0 36,790.0

The largest principal strain and stress in the free wall are shown in Fig. 4 and Fig. 5
respectively. From the figures, we know that the largest principal strain and stress get
larger from the end of diastole to the end of systole in both normal and abnormal
heart. Both normal heart and abnormal heart have larger strain and stress in the apex
than in the base. Quantitatively, normal heart has smoother distribution of strain and
stress than abnormal heart in the free wall. In addition, normal heart has larger strain
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than the abnormal heart although the stress has no much difference between normal
heart and abnormal heart. This means the normal heart deforms more than the abnor-
mal heart, but their stresses are similar because the normal heart has smaller Young’s
modulus.

Fig. 4. Largest principal strain of free wall in 4 time intervals: (a) Left ventricle of normal heart
(b) Left ventricle of abnormal heart with right ventricle hypertrophy

Fig. 5. Largest principal stress of free wall in 4 time intervals: (a) Left ventricle of normal heart
(b) Left ventricle of abnormal heart with right ventricle hypertrophy

Comparisons between septum and free wall are also made as shown in Fig. 6 and
Fig. 7.  It shows that the normal heart has larger stress in the septum than in the free
wall. For the abnormal heart, it has no much difference between septum and free wall.
This is because the higher pressure in the right ventricle prevents the left ventricle of
abnormal heart deforming as much as that of normal heart.

(a)Time 1-2

Time 1-2

Time 2-3

Time 2-3

Time 3-4

Time 3-4

Time 4-5

Time 4-5
(b)

Time 1-2 Time 2-3 Time 3-4 Time 4-5
(a)

Time 1-2 Time 2-3 Time 3-4 Time 4-5
(b)
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Fig. 6. Largest principal stress of normal heart: (a) Septum (b) Free wall in time interval 1-2

Fig. 7. Largest principal stress of left ventricle of abnormal heart: (a) Septum (b) Free wall in
time interval 1-2

5 Conclusions

In-vivo strain and stress estimation is an intrinsically difficult problem. We developed
a novel statistical method to compute the strain and stress by using accurate displace-
ments reconstructed from MRI-SPAMM tagging and deformable model. Some inter-
esting differences were found between abnormal hearts’ left ventricle and normal
hearts’ left ventricle. The difference between septum and free wall were also found in
the same left ventricle. The results may be used in the future clinical practice. More
human hearts need to be studied to validate our model and our next goal is to compute
strain and stress in right ventricle as well as left ventricle.
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