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Abstract. In this paper, we propose a new model for segmentation of
images containing multiple objects. In order to take advantage of the
constraining information provided by neighboring objects, we incorpo-
rate information about the relative position and shape of neighbors into
the segmentation process by defining a new “distance” term into the
energy functional. We introduce a representation for relative neighbor
distances, and define a probability distribution over the variances of the
relative neighbor distances of a set of training images. By minimizing
the energy functional, we formulate the model in terms of level set func-
tions, and compute the associated Euler-Lagrange equations. The con-
tours evolve both according to the relative distance information and the
image grey level information. Several objects in an image can be auto-
matically detected simultaneously.

1 Introduction

Medical image segmentation is an important and challenging problem and a nec-
essary first step in many image analysis and quantitation methods. Sophisticated
automated and semi-automated techniques are required.

Since the original work by Kass et al. (1987) [1], extensive research has been
done on active contour models or “snakes”, where an initial contour is deformed
towards the boundary of the object to be detected by minimizing an energy
functional.

In the problem of curve evolution, level set methods [2] have been used exten-
sively, because they allow for automatic changes in the topology. Novel geometric
models of active contours have been proposed based on curve evolution and geo-
metric flows [4] [5] [6]. By using the level-sets based numerical algorithm, several
objects can be segmented simultaneously.

Recently, Chan and Vese [3] have proposed an active contour model, based
on techniques of curve evolution, using a Mumford-Shah functional for segmen-
tation with a level sets. In the level set formulation, the problem becomes a
“mean-curvature flow”. This model can detect objects whose boundaries are not
necessarily defined by gradient.

The idea of incorporating prior information into image segmentation has
received a large amount of attention in recent years and has been approached
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using point distribution models (Cootes,et al.)[7], Fourier parameters (Staib and
Duncan)[8], and statistical shape inforamtion (Leventon et al.)[9].

In many cases, objects to be detected have one or more neighboring structures
which have a consistent location and shape that provides a configuration and
context that aids in the delineation. The relative positions or distances among
these neighbors can also be modeled based on statistical information from a
training set. Though applicable in many domains these models are particularly
useful for medical applications. For example, the anatomical structures that
appear in magnetic resonance (MR) or computed tomography (CT) scans are
often segmented for use in surgical planning, navigation, simulation, diagnosis
and therapy evaluation. Without a prior model to constrain the segmentation,
the algorithms often fail due to difficult challenges such as poor image contrast,
noise, and missing or diffuse boundaries. It can be made easier if suitable models
of the relative distances among neighboring structures are available.

We incorporate relative position and shape information of neighbors by defin-
ing a new “distance” term into the energy functional. We introduce the represen-
tation for relative neighbor distances, and define a probability distribution over
a training set. By minimizing the energy functional, we formulate the model in
terms of level set functions, and compute the associated Euler-Lagrange equa-
tions. The contours evolve both according to the relative distance information
and the image grey level information.

2 Probability Distribution of Neighbor Distances

2.1 Binary Shape Alignment

Consider a training set of N images, with M objects or structures in each image.
Let the training set consist of a set of MN binary images {In

i |i = 1, 2, ...M ; n =
1, 2, ..., N}, each with values one inside and zero outside object i. To compute
the relative distances in the training set, we first transform each binary image,
In
i , into another binary image In

j , j �= i to jointly align them with a similar-
ity transformation. The idea is to calculate the set of transformation matrices
{Tn

ij |i, j = 1, 2, ...M ∩ j �= i}, where Tn
ij transforms the coordinates of In

i into
the coordinates of In

j , j �= i. Tn
ij consists of translation, scale and axis rotations.

In 2D, the transformed binary image Ĩn
ij is defined as: Ĩn

ij = In
i (Tn

ij · [x, y, 1]T )
An effective way to calculate Tn

ij is to descend along the energy functional:

En
ijalign

=

∫
Ω

(Ĩn
ij − In

j )2dA∫
Ω

(Ĩn
ij + In

j )2dA
(1)

Where Ω denotes the image domain. By minimizing (1), we minimize the
difference between Ĩn

ij and In
j [10]. To illustrate, Figure 1 shows two neighboring

objects where the dotted curves are the aligned versions of the two boundaries.
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Fig. 1. Shape alignments of 2 objects
and neighbor distance definition.

Fig. 2. Relative distance distribution
of the two shapes in Figure 3a.

2.2 Neighbor Distances Definition

We define dn
ijk as the nearest distance of the k th point on the boundary of object

i in Ĩn
ij to object j in In

j along ±n , where n is the normal direction at the k
th point of object i, as shown in Figure 1. The training set, D, consists of a set
distance matrices D = {D1, D2, ..., DN}, where Dn = {dn

ijk|i, j = 1, 2, ..., M ; k =
1, 2, ..., K} is the distance matrix of the n th image in the training set. Note that
dn

ijk is not necessarily equal to dn
jik′ because the optimal transformation may

differ. Our goal is to build a statistical model over this distribution of distance
matrices, under a Gaussian assumption N(d̄ijk, σijk). d̄ijk and σ2

ijk are the mean
and variance of dn

ijk. Figure 3 shows the outlines of two objects in a training set
with 9 images. The computed relative distance matrices D of the training set in
Figure 3 are shown in Figure 2. The yellow ‘*’ curve is the mean relative distance
between the two shapes.

3 Description of the Model

3.1 Energy Functional

Our method defines the segmentation problem in terms of minimizing an energy
functional. Given the distribution of the relative neighbor distances, the prior
information about the relative positions of all the objects of interest in an image
can be modeled as an energy term. The corresponding term in the level set
evolution equation of the model pulls the surface in the direction such that dijk

approaches its maximum likelihood estimation d̂ijk in the final segmentation.
Assume Ci is the evolving curve corresponding to object i in Ω, Ci0 is the

boundary of object i. Now, let us consider the following energy terms:

Eineighbor =
M∑

j=1,j �=i

∫
Ci

[dij(x, y) − d̂i,j(x, y)]2dxdy , Eneighbor =
M∑
i=1

Eineighbor

(2)

It is obvious that Ci0, the boundary of object i, is the minimizer of Eineighbor.
Boundary C0 = {Ci0|i = 1, 2, ..., M} of the M objects of interest is the minimizer
of Eneighbor. In our active contour model, we will minimize the energy term
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Eneighbor and we will add image gray level information based energy terms and
regularizing terms, like the length of the curve Ci and (or) the area of the region
inside Ci. Here, we use the energy terms defined by Chan [3] as the gray level
information based energy terms. Therefore, we introduce the energy functional
of each object of interest i as Ei(c1i, c2i, Ci), defined by:

Ei(c1i, c2i, Ci) = Eineighbor + Eilength + Eiarea + Eiimage

=
∑M

j=1,j �=i wij

∫
Ci

[dij(x, y) − d̂i,j(x, y)]2dxdy

+µi · Length(Ci) + νi · Area(inside(Ci))
+λ1i

∫
inside(Ci)

|I(x, y) − c1i|2dxdy

+λ2i

∫
outside(Ci)

|I(x, y) − c2i|2dxdy

(3)

Where wij , µi, νi, λ1i, and λ2i are non-negative fixed parameters. I is the im-
age. Ci is the evolving curve of object i, and the constants c1i, c2i, depending on
Ci, are the averages of I inside Ci and respectively outside Ci. We wish to min-
imize the total energy of all the objects of interest in the image Etotal(c1, c2, C):

min
c1,c2,C

Etotal(c1, c2, C) = min
c1,c2,C

M∑
i=1

Ei(c1i, c2i, Ci) (4)

Where C = {Ci|i = 1, 2, ...M}, c1 = {c1i|i = 1, 2, ...M}, c2 = {c2i|i =
1, 2, ...M}. This minimization problem can be formulated and solved using the
level set method. In this way, we can realize the segmentation of multiple objects
simultaneously.

3.2 Estimation of Relative Neighbor Distances

In the functional Etotal(c1, c2, C), we include terms that incorporate information
of the relative neighbor distances of the objects being segmented. For each given
evolving curve Ci, we seek the maximum likelihood estimate of the relative
neighbor distances dijk of the final curve:

d̂ijk = arg max
d̂ijk

p(d̃ijk/dijk) = arg max
d̂ijk

p(dijk/d̃ijk)p(d̃ijk)
p(dijk)

(5)

The first term in the numerator computes the probability of the relative
neighbor distance among certain evolving curves given the relative neighbor dis-
tances among the final curves. It is reasonable to model this term as a Gaussian
function: N(d̃ijk, σijk). The second term in the numerator of (5) is based on our
prior models, as described in section 2.2. Finally, we discard the normalization
term in the denominator of (5) as it does not depend on d̃ijk.

3.3 Level Set Formulation of the Model

In the level set method, Ci is the zero level set of a higher dimensional surface Ψi

corresponding to the i th object being segmented, i.e., Ci = {(x, y)|Ψi(x, y) = 0}.
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The evolution of the curve Ci is given by the zero-level curve at time t of the
function Ψi(t, x, y). We define that Ψi is positive outside Ci and negative inside
Ci. Each of the M objects being segmented in the image has its own Ci and Ψi.
Thus, we have M level set functions.

For the level set formulation of our model, we replace C with Ψ in the energy
functional in (3) using regularized versions of the Heaviside function H and the
Dirac function δ [3], denoted by Hε and δε:

Ei(c1i, c2i, Ci) =
M∑

j=1,j �=i

wij

∫
Ω

[dij(x, y) − d̂i,j(x, y)]2δε(Ψi(x, y))|∇Ψi(x, y)|dxdy

+ µi

∫
Ω

δε(Ψi(x, y))|∇Ψi(x, y)|dxdy + νi

∫
Ω

(1 − Hε(Ψi(x, y)))dxdy

+ λ1i

∫
Ω

|I(x, y) − c1i|2(1 − Hε(Ψi(x, y)))dxdy

+ λ2i

∫
Ω

|I(x, y) − c2i|2Hε(Ψi(x, y))dxdy (6)

To compute the associate Euler-Lagrange equation for each unknown level
set function Ψi, we keep c1i and c2i fixed, and minimize Etotal with respect to
Ψi(i = 1, 2, ...M) respectively. Parameterizing the descent direction by artificial
time t ≥ 0, the equation in Ψi(t, x, y) is:

∂Ψi

∂t
= δε(Ψi) · div[

∇Ψi

|∇Ψi| ]
M∑

j=1,j �=i

wij [dij(x, y) − d̂ij(x, y)]2 (7)

+
M∑

j=1,j �=i

2wjiδε(Ψj) · |∇Ψj |[dji(x, y) − d̂ji(x, y)]

+ δε(Ψi)[µi · div[
∇Ψi

|∇Ψi| ] + νi + λ1i|I(x, y) − c1i|2 − λ2i|I(x, y) − c2i|2]

3.4 Evolving the Surface

We approximate Hε and δε as follows [3]:Hε(z) = 1
2 [1 + 2

π arctan( z
ε )], δε(z) =

ε
π(ε2+z2) . c1i and c2i are defined by: c1i(Ψi) =

∫
Ω

I(x,y)·(1−H(Ψi(x,y)))dxdy∫
Ω

(1−H(Ψi(x,y)))dxdy
, c2i(Ψi)

=
∫

Ω
I(x,y)·H(Ψi(x,y))dxdy∫

Ω
H(Ψi(x,y))dxdy

.

Given the surfaces Ψi(i = 1, 2, ...M) at time t, we seek to compute evolution
steps that bring all the zero level set curves to the correct final segmentation
based on the prior relative distance information and image information. At each
stage of the algorithm, we recompute the relative distances dij and estimation
d̂ij as well as the constants c1i and c2i. We then update the Ψi. This is repeated
until convergence.
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No.1 No.2 No.3

No.4 No.5 No.6

No.7 No.8 No.9

The 0 Level Set Curve after 1 Iteration The 0 Level Set Curve after 14 Iteration The 0 Level Set Curve after 59 Iteration

Fig. 3. Training set: Outlines of
2 shapes in 9 images.

Fig. 4. Initial, middle, and final steps in the segmen-
tation of two shapes in a synthetic image.

The parameters wij , µi, νi, λ1i, and λ2i are used to balance the influence of
the relative distance information model and the image information model. The
tradeoff between relative distance and image information depends on how much
faith one has in the distance model and the imagery for a given application.
We set these parameters empirically for particular segmentation tasks, given the
general image quality and the prior relative distance information.

4 Experimental Results

We have used our model on various synthetic and real images, with at least
two different types of contours and shapes. We have generated a training set of
synthetic images of two elliptic objects with the addition of Gaussian noise, as
shown in Figure3. Figure 2 shows the distance distribution. Figure 4 illustrates
several steps in the segmentation of two synthetic objects in a noisy image. The
result of using neighbor information (lower row) is much better than only use
the image grey level information (upper row).

Figure 5 shows the construction of a two object model (left ventricle and
right ventricle) from 2D MRI heart images. In Figure 6, we show an example
delineation of the ventricles with the initial, middle, and final steps in the curve
evolution process. The experiment was first performed without using neighbor
distance information, as shown in Figure 6 top. The evolving curves stopped at a
place where there is a bigger change of the grey level. They cannot lock onto the
shape of the objects. We then use the relative distance information to segment
the same image again, as shown in Figure 6 bottom. By taking the statistical
relative distance information of the two shapes from the training set shown in
Figure 5, the curves are able to converge on the desired boundaries even though
some parts of the boundaries are too blurred to be detected using only grey level
information. Both of the segmentations converged in several minutes on an SGI
Octane with a 255MHz R10000 processor.
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The 0 Level Set Curve after 1 Iteration The 0 Level Set Curve after 11 Iteration The 0 Level Set Curve after 36 Iteration

Fig. 5. Training set: 16 MR
heart images.

Fig. 6. Initial, middle, and final steps in the segmen-
tation of two shapes in a heart image.

No.1 No.2 No.3 No.4

No.5 No.6 No.7 No.8

No.9 No.10 No.11 No.12

The 0 Level Set Curve after 1 Iteration The 0 Level Set Curve after 5 Iteration The 0 Level Set Curve after 16 Iteration

Fig. 7. Training set: outlines of
8 shapes in 12 MR brain images.

Fig. 8. Initial, middle, and final steps in the segmen-
tation of 8 shapes in a brain image.

In Figure 8, we show that our model can detect multiple objects of differ-
ent intensities, and with blurred boundaries in a 2D MR brain image. Figure 8
top shows the result of using the model based only on grey level information.
The lower (posterior) portions of the lateral ventricles can be segmented per-
fectly since they have clearer boundaries. But for the other six structures, their
boundaries are so blurred that they cannot be detected using grey level infor-
mation alone. To incorporate neighbor information, we used a training set as
shown in Figure 7. We also ran our algorithm to segment eight different objects:
the lateral ventricles, heads of the caudate nucleus, and putamen. Segmenting
all eight subcortical structures took approximately twenty minutes.

To assess the segmentation results, we computed the undirected distance
between the computed boundary A(NA points) and the manual boundary B:
H(A, B) = max(h(A, B), h(B,A)), h(A, B) = 1

NA

∑
a∈A minb∈B ‖a − b‖.
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For our experiments, we showed improvement in all the three cases comparing
with/without neighbor influence: synthetic 2.1/5.3, heart 2.6/4.2, brain 2.8/9.6.

5 Conclusions

A new model for automated segmentation of images containing multiple objects
by incorporating the information about the relative position and shape of neigh-
bors in the segmentation process has been presented. Our model is based on
defining a new “distance” term into the energy functional. We introduce the
representation for relative neighbor distances, and define a probability distri-
bution over the variances of the relative neighbor distances of a set of training
images. By minimizing the energy functional, we formulate the model in terms
of level set functions, and compute the associated Euler-Lagrange equations.
The contours evolve both according to the relative distance information and the
image grey level information. Multiple objects in an image can be automatically
detected simultaneously. We believe that our model can also be extended to 3D
image segmentation.
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