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Abstract. In this paper, we compare two restoration techniques applied
to 3D angiographies and to femoral CT scans. The first technique uses a
Partial Derivative Equation and the second one is based on an extension
of adaptive Wiener filters. We first present each method. Then, we dis-
cuss and compare the estimation of the local orientations in 3D images
obtained either by the smoothed gradient and the principal curvature
directions or by the eigenvectors of the structure tensor. A good esti-
mation of the orientations is essential because it directs the restoration
process. Finally, we compare the restored images on both synthetic and
real images for the two studied applications.

1 Introduction

Image enhancement is especially important in medical imaging because it allows
physicians to obtain a better visual interpretation, especially when viewing weak
structures (i.e. thin vessels), differentianting false joint regions (i.e. space between
femoral head and hip) and in other numerous clinical applications. Moreover,
enhancement is a preprocessing step for subsequent automated medical analysis,
such as segmentation of different tissues or registration of images from different
modalities. In this sense, this paper presents a qualitative comparison between
anisotropic diffusion [5, 9, 11] and anisotropic adaptive frequency filtering [4, 13],
that will permit future algorithmic improvements or a feedback process between
both. We also compare the local structure estimation that each technique uses,
analyzing which one is the best in different cases. The paper is structured as
follows: first, we present a brief description of both restoration methods, second
we compare two orientation extraction techniques, and finally we present our
results.
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2 Presentation of the Two Methods

In this section, we present two 3D anisotropic filtering techniques. The first is
based on anisotropic diffusion and uses the gradient and the principal curvature
directions. The second technique is designed in the Fourier domain and uses the
eigenvectors of the structure tensor to drive the filtering.

2.1 Flux-Based Anisotropic Diffusion

In [5, 6], a multi-directional flux-based diffusion scheme is proposed. The general
expression of the diffusion equation is:{

u(x, 0) = u0
∂u
∂t = div(F) + β(u0 − u).

(1)

where F is the diffusion flux that drives the diffusion and β is a data attachment
term which allows a convergence of the diffusion scheme to an image u that
remains close to the initial data u0. The expression of the differential equation
as the divergence of a vector field ensures conservation of image intensity. Par-
ticular cases of this equation with β = 0 are:
• the heat diffusion equation F = ∇u which is equivalent to a Gaussian con-
volution that reduces noise, but does not preserve the contours of the image,
smoothing the information in an isotropic way.
• the Perona and Malik equation [9] with F = g(‖ ∇u ‖)∇u where g is a dif-
fusion function that reduces the diffusion for “high” gradients. To achieve this
goal, a threshold δ on the norm of the gradient is introduced. g is chosen in such
a way that it diffuses a little when ‖ ∇u ‖ is higher than δ ; it tends to a positive
constant when ‖ ∇u ‖ is close to zero, acting like heat diffusion. However, the
flux is always oriented in the gradient direction.
• the matrix diffusion, developed by Weickert [11], uses a matrix diffusion D with
a flux F = D∇u. Then the flux can be expressed as F = D∇u =

∑2
i=0 λiuvivi

with λi and vi the eigenvalues and eigenvectors of D and uvi = ∇u.vi is the
first order derivative of the intensity in the direction of vi.
Let (e0, e1, e2) denote any orthogonal unit basis of R3 that generally depends
on the local structures of the image. Then, the diffusion flux proposed in [5, 6]
for this basis is written as:

F =
2∑

i=0

φi(uei)ei. (2)

It is equivalent to tensor diffusion where the eigenvectors of the diffusion matrix
are (ei)i∈{0,1,2} and the eigenvalues are functions of the first order derivative of
the intensity in the direction of the associated eigenvector: λi = λi(uei) leading
to diffusion functions φi(uei) = λi(uei)uei . This choice allows the separation of
diffusion in different directions so that the diffusion in a given direction does not
depend on the intensity variations in the other directions. Some interpretation
of this diffusion scheme is given in [5, 6, 7].
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For the local orientations, we use the gradient and principal curvature directions
computed on the smoothed image u∗, where the smoothing is obtained by con-
volution with a Gaussian of standard deviation σ. This basis corresponds respec-
tively to unit vectors in the directions of the gradient (e0 = ∇u∗

‖∇u∗‖ ), and of the
maximal and minimal curvature of the smoothed image. The principal curvature
directions can be computed as two of the eigenvalues (eigenvectors respectively)
of the matrix PHP , where H is the Hessian matrix of the image and P is the
projection matrix orthogonal to the gradient direction, that is H ′ = PHσP with
P = I−e0e0

t, where Hσ is the Hessian matrix of the smoothed image previously
computed and I is the identity matrix. One of the eigenvectors of this matrix is
the gradient of the smoothed image with a zero associated eigenvalue, and the
two others are the directions of principal curvature.

The diffusion functions Φi of eq. (2) are chosen as Φ0(x) = x e−( x
δ )2 with

a threshold δ on the intensity derivative in the gradient direction, Φ1(x) = 0
and Φ2(x) = x α, where α is a positive constant allowing a diffusion only in the
minimal curvature direction.

2.2 Anisotropic Adaptive Filtering

Here we describe a method based on an adaptive extension of the well-known
Wiener filter. The adaptive filter is steered by means of a local estimation of
structure as provided by an auxiliary bank of filters which enhances the local
orientation and the degree of anisotropy [3, 4].
Consider the Wiener filter H = Sff

Sff+σ2
n
, where σn is the noise standard deviation

and Sff is the power density spectrum. Based on the conventional unsharp
masking technique used by photographers [10], Abramatic and Silvermann [1]
proposed to use the filter Hα = H + (1 − α)(1 − H) in order to isotropically
trade-off a low-pass and a high-pass component weighting them with a visibility
function 0 ≤ α ≤ 1. Knutsson et al.[4] introduced an anisotropy component to
this filter:

Hα,γ = H + (1− α)(γ + (1 − γ)cos2(φ− θ))(1 −H) (3)

where γ weights the degree of anisotropy of the filter and θ is the main orientation
of the image local structure. The cos2(φ − θ) term is a polar function which
shapes the high pass component of the filter preventing any smoothing along
θ. In order to generalize this idea to N-dimensions, it is convenient to describe
the local structure by means of a second order symmetric positive semidefinite
tensor T, which principal eigenvector is aligned along the main direction of
the local structure. This can be visualized as a local ellipsoid elongated along
such direction. Different approaches can be used to estimate the local structure
tensor [2, 4, 12]. Here we combine the output from a bank of spherically separable
quadrature filters; details can be found in [3, 12].
An extension to the 2-D filter for the N-dimensional case is [13]:

Hγ = H + (1−H) < C,U > (4)
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where C =
∑N

k=1 γkêkêk
T is a control tensor, u is a vector of spatial frequencies,

U = ûûT is the outer product of the unit frequencies and < C,U > is an inner
product. The eigenvalues of the control tensor indicate the degree of smoothing
along the associated directions and hence the control tensor must be related to
the tensor structure.

In our implementation, the control tensor is obtained from C = m(λ1)T′,
where m is the mapping function

m(λ1) = γ(1− λ1) +
λβ

1

λ
(α+β)
1 + σβ

, (5)

T′ is the local structure tensor normalized by the globally largest eigenvalue
over the whole dataset, and λ1 is the maximum eigenvalue of T′ for every voxel.
Details can be found in [13].

3 Orientation Extraction

In this section we compare on 3D synthetic images the orientations obtained by
the gradient of the smoothed image eg and the maximal and minimal curvature
directions eM and em, with the orientations obtained by the eigenvectors of the
structure tensor, denoted by eλ1 , eλ2 , eλ3 , and ordered decreasingly according to
associated eigenvalues.

Fig. 1. Top row, comparison of the estimated orientations on a synthetic 3D
junction. Bottom row, comparison of the estimated orientations on a synthetic
3D joint, where each image on the left represents a YZ slice, and on the right,
an XY slice. The left column shows orientation obtained by the gradient and the
minimal curvature, and the right column shows the first and the last eigenvectors
of the structure tensor.
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We use two synthetic 3D images to test these orientations. The first one is a
synthetic 3D junction of vessels and the second one is a synthetic 3D hip joint
(fig. 3). The intensity of the synthetic junction is 100 while the background is
0, and the vessel radii are 4, 3 and 2 voxels. The image has been convolved
with a Gaussian kernel of standard deviation 1 and a white Gaussian noise of
standard deviation 30 has been added (top left of fig. 3). Top row of fig. 1 shows
results of eg in white and em in black on the left, computed with σ = 2, and
eλ1 in white and eλ3 in black on the right, computed with ρ0 = π/2 and B = 2.
For both direction estimations, the results on the two widest vessels are very
similar. However, the orientations are different near the junction and on the
smallest vessel. On the one hand, the top white square on the two images shows
points of the surface where eg gives much better results than eλ1 . In this case,
while the vectors eg are well oriented, the vectors eλ1 are parallel to the point
of view of the projection and seem very small. This can be explained by a global
deviation of eλ1 in the direction orthogonal to the 3D plane that contains the
junction, which is globally the direction of maximal intensity variation. On the
other hand, the bottom small white square shows that the black vectors eλ3

are better oriented than em, due to the Gaussian smoothing that displaces the
contour position. Globally, the basis of the gradient direction and the principal
curvature directions give a better orientation estimation than the basis of the
structure tensor eigenvectors.

In the second case, we present a synthetic hip joint (see bottom row of fig. 3)
with a sphere and a semi-cylinder that simulate femoral head and hip. This 3D
image has a size of 40 × 40 × 23 and a 1 × 1 × 3.04 voxel size. It has been
generated with a binary image using the same parameter values as the synthetic
junction and a noise standard deviation of 10. We observe (fig. 1 bottom row)
a better orientation of eλ1 , computed with ρ0 = π/4 and B = 2, (see XY slice
and circle in the YZ slice) than eg, computed with σ = 1. This better definition
of the local structure is due to the fact that the gradient is very weak between
the sphere and the semi-cylinder, so the normalized gradient orientation is not
accurate. However, the tensor structure responds well in this case and points
in the right direction, because it averages the orientations without taking into
account opposite directions.

4 Restoration

An intuitive analogy can be made between the two filtering techniques. First, the
low pass filter used by the first method is a heat diffusion equation with a data
attachment, while the second method uses a Wiener filter, which also has low-
pass characteristics. Second, anisotropic diffusion uses a diffusion function based
on a threshold parameter δ on the first derivative of the intensity in the gradient
direction to decide whether a region should be enhanced or smoothed. The pro-
posed adaptive filtering uses a mapping function based on the first eigenvalue of
the structure tensor to decide whether high frequencies should be increased or
decreased. However, the PDE scheme progressively cools the solution while the
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adaptive filter obtains it in a single step. In this section, we compare restoration
of noisy synthetic and real images using both methods.

4.1 Synthetic Images

Three synthetic images were created. The first synthetic image is a 3D image of
size 15× 15× 60 containing two bar-like structures of width 3 voxels separated
by 2 voxels. This image varies only along z axis and we represented an inten-
sity profile at the center of XY plane and along Z axis in figure 2. The image

Fig. 2. Intensity profiles on a synthetic image.

was first convolved with a Gaussian of standard deviation 1 and then Gaussian
white noise of standard deviation 15 was added. The solid line in the left graph
in figure 2 shows the intensity profile of the binary image that we created, and
the dashed line shows the convolved image. The middle graph in Figure 2 shows
the restored image after anisotropic diffusion (σ = 1, δ = 7, β = 0.05, α = 1)
superimposed on the noisy image. Then, the right-hand graph in figure 2 shows
the noisy image in slashed line and the restored image after adaptive filter-
ing (ρ0 = π/3, B = 2, α = γ = 0, β = 10, σ = 0.9) in plain line. We re-
mark that the adaptive filtering tends to give a result that is closer to the
convolved image, and the anisotropic diffusion attempts to converge to a seg-
mented image with constant areas. The second synthetic image (top row of

Fig. 3. Top row, comparison of the filtering on a synthetic 3D junction. Bottom
row, comparison of the filtering on a synthetic 3D joint. Left, initial image with
noise; middle, restoration using anisotropic diffusion; right, restoration using
adaptive filtering.
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fig. 3) represents a 3D synthetic junction between vessels. This image was de-
scribed in section 3. We use the following definition of the Signal to Noise Ra-
tio (SNR): SNR(I) = 10 log10

σ2(I)
σ2(Ib−I) where Ir is the image to evaluate, Ib

is the initial binary image, and σ denotes the standard deviation. Its value
is 0.4 for the noisy image, 5.7 for the image restored by anisotropic diffusion
(σ = 1, δ = 10, β = 0.1, α = 1 ) and 2.0 for the image restored by adaptive
filtering (ρ0 = π/2, B = 2, α = γ = 0, β = 10, σ = 0.9). This means that we can
obtain a better restoration using the anisotropic diffusion which corresponds to
the visual impression in fig. 3, and which can be explained by the better estima-
tion of the directions using the gradient and the principal curvature directions.
The third synthetic image (bottom row of fig. 3), described in section 3, rep-
resents a 3D synthetic joint. The parameters used for the anisotropic diffu-
sion are σ = 1, δ = 10, β = 0.05, α = 1 and for the adaptive filtering are
ρ0 = π/4, B = 2, α = γ = 0, β = 2, σ = 0.9. An iso-intensity contour of threshold
60 was superimposed in black on the restored images to show that the adaptive
filtering allows a better contrast enhancement. This is coherent with the better
estimation of the orientations obtained by the structure tensor.

4.2 Real Images

Figure 4 presents results on two real images. The top row is a XY slice represen-
tation of a 94×52×26 sub-volume from a 3D Magnetic Resonance Angiography.
The voxel size is 0.93× 0.93× 1.5mm. We remark that the anisotropic diffusion
(σ = 1, δ = 5, β = 0.2, α = 0.3 ) provides a more homogeneous background than
the adaptive filtering (ρ0 = π/2, B = 2, α = γ = 0.5, β = 1.5, σ = 0.5), while the
conservation of the small vessels is similar. This conservation depends on the pa-
rameters of each method. The bottom row presents a 85×83×20 sub-volume of
a hip joint CT scan of voxel size 0.82×0.82×3mm. We display on the top left of
each image a zoom on the joint region that confirms that better enhancement is
obtained by adaptive filtering (ρ0 = π/4, B = 2, α = γ = 0.5, β = 1.5, σ = 0.1)
compared to anisotropic diffusion (σ = 1, δ = 30, β = 0.1, α = 1) as in the
synthetic case.

5 Discussion and Future Work

We presented a comparison between two different types of anisotropic filtering.
The first one uses the gradient and the principal curvature directions to steer
the diffusion and the second one uses the eigenvectors of the structure tensor to
weight the frequencies. We first compared the orientations used by each method
and showed on synthetic 3D images that the gradient and principal curvature
directions are better oriented in the case of vascular structures while the eigen-
vectors of the structure tensor respond better in regions of closed structures.
We also made a qualitative comparison between the filtering results on both
synthetic and real images applied to vessels and hip joint. As far as we know,
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Fig. 4. Top row, 3D Magnetic Resonance Angiography. Bottom row, hip joint
CT scan. Left, initial real image; middle, restoration using anisotropic diffusion;
right, restoration using adaptive filtering.

this work is the first comparison that has been done between these two dis-
tinct filtering methods. An extended version of this work, including quantitative
evaluation on synthetic images, is presented in [8]. In future work we also plan
to use the same best estimation of orientation in boths methods, according to
the application, and quantify the restoration of real images based on a specific
segmentation algorithm and manually segmented images from physicians.
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