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Abstract. Spectral analysis provides a powerful means of estimating
the perspective pose of texture planes. Unfortunately, one of the problems
that restricts the utility of the method is the need to set the size of the
spectral window. For texture planes viewed under extreme perspective
distortion, the spectral frequency density may vary rapidly across the
image plane. If the size of the window is mismatched to the underlying
texture distribution, then the estimated frequency spectrum may become
severely defocussed. This in turn limits the accuracy of perspective pose
estimation. The aim in this paper is to describe an adaptive method
for setting the size of the spectral window. We provide an analysis which
shows that there is a window size that minimises the degree of defocusing.
The minimum is located through an analysis of the spectral covariance
matrix. We experiment with the new method on both synthetic and real
world imagery. This demonstrates that the method provides accurate
pose angle estimates, even when the slant angle is large. We also provide
a comparison of the accuracy of perspective pose estimation that results
both from our adaptive scale method and with one of fixed scale.

1 Introduction

Key to shape-from-texture is the problem of estimating the orientation of pla-
nar patches from the perspective foreshortening of regular surface patterns [1,2].
Conventionally, the problem is solved by estimating the direction and magnitude
of the texture gradient [3]. Geometrically, the texture gradient determines the
tilt direction of the plane in the line-of-sight of the observer. Broadly, speaking
there are two ways in which the texture gradients can be used for shape esti-
mation. The first of these is to perform a structural analysis of pre-segmented
texture primitives in terms of the geometry of edges, lines or arcs [4,5,6]. The
second approach is to cast the problem of shape-from-texture in the frequency
domain [7,8,9,10,11]. The main advantage of the frequency domain approach is
that it does not require an image segmentation as a pre-requisite. For this reason
it is potentially more robust than its structural counterpart.

The observation underpinning this paper is that there is a basic chicken
and egg problem which limits the estimation of perspective pose from spectral
information. Before reliable local spectra can be estimated, there needs to be
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an estimate of the local distortion of the texture so that the size of the spectral
window can be set. However, this local distortion is, after all, the ultimate goal
of perspective pose recovery. The main problem stems from the fact that if the
window size is incorrectly set then the local estimate of the texture spectrum
becomes defocussed.

This defocusing has serious implications for shape-from-texture. Most me-
thods for recovering perspective pose or determining surface shape rely on finding
spectral correspondences [8,9,11]. If the local spectrograms become defocussed,
then the process of matching corresponding spectral components can frustrated
by delocalisation or merging. This problem arrises in two important situations.
The first of these is for texture planes that are subjected to severe perspective
foreshortening. The second is for highly curved surfaces. In other words the effect
is most marked when the depth of the plane is small compared to the focal length
of the camera and when the slant angle of the plane is large. Distant texture
elements appear smaller while closer ones appear bigger. In order to accurately
quantify the information provided by this texture gradient we must be able to
locally adapt the size of the spectral window.

Most the methods listed above opt to use a spectral window of fixed size. In
other words, the accuracy of their perspective pose estimates are likely to be limi-
ted by defocusing. There are two exceptions. Garding and Lindeberg [12] address
the scale problem emploing a Gaussian scale-space decomposition locally over
the structural primitives. Stone and Isard [13] have a method which interleaves
the adjustment of local filters for adaptive scale edge detection and the estima-
tion of planar orientation in an iterative feedback loop. Although this provides
a means of overcoming the chicken and egg nature of the estimation problem, it
is couched in terms of structural textures and is sensitive to initialisation. The
aim in this paper, on the other hand, is to improve the accuracy of perspective
pose estimation by providing a means of adaptively and locally setting the size
of the spectral window. The work commences from a spectral domain analysis
where we show that there is a critical window size that minimises the degree of
defocusing. In order to provide a way of locally estimating this window size, we
turn to the covariance matrix for the two components of the texture spectrum.
Our search for the optimum window size is guided by the bias-variance structure
of the covariance matrix. The size of the local spectral window is varied until
the determinant of the spectral covariance matrix is minimised.

2 Motivation

As pointed out earlier, the selection of the physical scale for local spectral de-
scriptors is critical to accurate shape from texture. To illustrate this point, Fi-
gure 1 shows a doubly sinusoidal texture viewed under perspective projection.
The perspective distortion of the texture is controlled by the slant-angle of the
texture-plane, which in this case is in the horizontal direction. The main feature
to note is that the spatial frequency of the texture increases in the slant direction.
To accurately estimate the frequency content using local spectral descriptors, it
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is important that the local sampling window is adapted to avoid distortion of the
measurements. If the size of the window is fixed, then the computed descriptors
will not accurately reflect the local spectral content at the relevant point on the
image plane. Moreover, if the window is too large then the texture spectra will
be defocussed. This problem is also illustrated in Figure 1. The local spectra
estimated at the three marked locations are ordered in columns. The top row
shows the spectra estimated with a fixed window, while the lower row shows the
spectra obtained if the optimally sized sampling window is used. The main fea-
ture to note is that the spectra estimated with the fixed size window are blurred.
The spectra estimated with the optimally sized window, on the other hand, are
crisp.

Fig. 1. Projected artificial texture with squares showing the window sizes employed by
the spectral estimator together with the power spectrum response using a fixed data
window and our adaptive window.

3 Texture Gradient as a Time-Varying Signal

As we mentioned above, there is a chicken and egg problem which hinders the
estimation of perspective pose from spectral information. The slant parameter
induces a texture gradient across the texture plane. However, in order to recover
this gradient, and hence estimate perspective pose, we must adapt the spectral
window to the appropriate local scale. If the window size is not chosen correctly,
then the local estimate of the texture spectra will be defocussed. In this section
we provide a simple model which can be used to understand how the defocusing
varies with the choice of window size. This analysis reveals that there is a local
window size that minimises the defocusing.

To estimate the optimal local window size we require a means of estimating
the degree of defocusing. Here we use the covariance matrix for the two spectral
components as a measure of spectral dispersion. We locate the optimal window
size by minimising the determinant of the spectral covariance matrix.
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3.1 Perspective Projection

To commence our analysis of the spectral defocusing due to perspective fores-
hortening we first review the underlying geometry. We therefore commence by
reviewing the projective geometry for the perspective transformation of points
on a plane. Specifically, we are interested in the perspective transformation bet-
ween the object-centred co-ordinates of the points on the texture plane and the
viewer-centred co-ordinates of the corresponding points on the image plane. To
be more formal, suppose that the texture plane is a distance h from the camera
which has focal length f < 0. Consider two corresponding points. The point with
co-ordinates Xt = (xt, yt, zt)T lies on the texture plane while the corresponding
point on the image plane has co-ordinates Xi = (xi, yi, f)T . We represent the
orientation of the viewed texture plane in the image plane co-ordinate system
using the slant σ and tilt τ angles [14]. For a given plane, the slant is the angle
between viewer line of sight and the normal vector of the plane. The tilt is
the angle of rotation of the normal vector to the texture plane around the line
of sight axis. Furthermore, since we regard the texture as being “painted” on
the texture plane, the texture height zt is always equal to zero. With these in-
gredients the perspective transformation between the texture-plane and image
co-ordinate systems is given in matrix form by


xi

yi

zi


 =

f

h − xt sinσ

{
cos σ cos τ − sin τ sinσ cos τ

cos σ sin τ cos τ sinσ sin τ
− sinσ 0 1





xt

yt

0


 +


0

0
h




}
(1)

The first term inside the curly braces represents the rotation of the texture
plane in slant and tilt. The second term represents the displacement of the rota-
ted plane along the optic axis. Finally, the multiplying term outside the braces
represents the non-linear foreshortening in the slant direction. When expressed
in this way, zi is always equal to f since the image is formed at the focal plane of
the camera. As a result we can confine our attention to the following simplified
transformation of the x and y co-ordinates

[
xi

yi

]
=

f

h − xt sinσ

[
cos τ − sin τ
sin τ cos τ

] [
cos σ 0

0 1

] [
xt

yt

]
(2)

This transformation can be represented using the shorthand (xi, yi)T = Tp(xt,
yt)T , where Tp is the 2 × 2 transformation matrix. As written above, the trans-
formation Tp can be considered as a composition of two transformations. The
first of these is a non-uniform scaling proportional to the displacement in the
slant direction. The second transformation is a counterclockwise rotation by an
amount equal to the tilt angle.

3.2 Unidimensional Texture Gradient

We now turn our attention to the effect of perspective foreshortening on the
frequency contents of the texture plane. To simplify our analysis we confine our
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Fig. 2. Simplification of the geometric model for perspective projection

attention to the line of maximum texture gradient. This line points in the tilt
direction. Figure 2 illustrates the idea.

Without loss of generality, we can assume that the line in question is aligned
with the x-axis in both the image and texture plane co-ordinate systems. From
Equation (2) the relationship between the two co-ordinate systems is given by

xi =
fxt cos σ

h − xt sinσ
(3)

while the inverse transformation is

xt =
xih

xi sinσ + f cos σ
(4)

As a result the perspective distortion of the 1D texture signal depends only on
the slant angle.

Now consider a simple image model in which the texture is represented by
the following sinusoidal variation in intensity on the texture-plane

I(xt) = cos(2πωoxt) (5)

where ωo is the frequency of the texture pattern. Using Equation (4) the pro-
jected version of the texture-pattern in the image plane is given by

I ′(xi) = cos
[
2πωo(

xih

xi sinσ + f cos σ
)
]

(6)

The local frequency content is a function of the parameters of the 1D perespective
projection, i.e. the height h, focal length f and slant angle σ, together with the
position on the image plane, i.e. xi. The instantaneous frequency at the position
xi is given by

Ω(xi) =
ωoxih

xi sinσ + f cos σ
(7)
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The texture gradient is related to the derivative of the instantaneuous frequency
derivative

Ω′(xi) =
∂Ω(xi)

∂xi
=

fhωo cos σ

(xi sinσ + f cos σ)2
(8)

This 1D texture-gradient model is similar to a linear FM chirp waveform. The
finite chirp waveform is a time-varying signal whose the frequency increases or
decreases as a linear function of time. In our case, however, the perspective
projection imposes a non-linear rate of variation for the frequency with time.
However, when tan σ << f

xi
then the frequency modulation follows the appro-

ximate linear form

Ω′(xi) =
hω0

f cos σ

[
1 − 2xi tanσ

f
+ .....

]
(9)

Figure 3 illustrates the plot of the 1-D texture gradient represented by Equa-
tion (6). The rate of change for the frequency in terms of time is also shown in
the Figure.
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Fig. 3. (a) Texture gradient as a time varying signal (non-linear chirp). (b) Time
varying Instantaneous frequency.

The chirp is a non-stationary signal. Its spectral density covers a broad band
of frequencies which vary in time. In other words, it has an evolutionary broad
band spectrum. In order to analyse signals of this form, one approach is to
minimise the observation period while maintaining a reasonable spectral resolu-
tion [15]. The Fourier spectrum of a broad band signal is continuous and covers a
wide range of frequencies. At this point it is important to point out an important
limitation of the Fourier transform. When the signal is periodic and sufficiently
stationary, the Fourier coefficients converge rapidly. Unfortunately, this is not
the case for non-stationary signals. As a result the Fourier transform itself is not
satisfactory for analysing signals whose spectra vary significantly with time.
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3.3 Windowing

When analysing signals of a non-stationary nature, it is often important to un-
derstand the correlation between the time domain and frequency domain re-
presentations of the signal. The Fourier transform itself, provides information
about the frequency domain. However, the time localisation of the frequency
information is essentially lost in the process of computing the Fourier transform.
Another representational difficulty that can arise for non-stationary signals is
related to uniqueness. Two non-stationary signals that have completely different
periodicity can produce very similar spectra. As a result, Fourier analysis alone
is insufficient to represent time-varying signals.

An alternative is to perform a time-spectral analysis. A non-stationary sig-
nal is divided into a sequence of time slices within which the signal is quasi-
stationary. This is the idea exemplified by the short-time Fourier transform of
Gabor [16]. This method uses a sliding-window Fourier transform. The rela-
tionship with the conventional Fourier transform is captured by the following
definition

F (ω, ts) = F{g (t − ts) × f (t)} (10)

where g (t − ts) is a short-time window which has a fixed width shifted along the
time axis by an amount ts.

This window operation allows us to locally analyse the spectral energy con-
tent of a signal over a given time interval. If the window width is sufficiently
small, then its spectral content can be approximated by the instantaneous fre-
quency at the center point of the window. The instantaneous frequency at a
specific time is given by the derivative of the angular argument of the signal at a
fixed time. Equation (6), represents a non-linear chirp waveform whose instanta-
neous frequency varies linearly with time. The instantaneous frequency is given
by Equation (8). Using the Fourier duality theorem, in the time domain the win-
dowing operation is equivalent to a frequency domain convolution of the Fourier
transform of the signal with its windowing function. This convolution introdu-
ces a blurring or defocusing in the Fourier domain. The amount of defocusing
is inversely proportional to the width of the windowing function. It originates
from the main lobe broadening introduced by the windowing function.

3.4 Defocusing

We will now provide an analysis of the blurring of the frequency domain spectrum
which results from the windowing process. Consider the effect of windowing the
signal given in Equation (6) with a rectangular window function of width T . The
spectral bandwidth is the range of spectral content enclosed under a specific time
interval. Using Equation (8), the spectral bandwidth of the 1-D texture gradient
for a given window of width T is given by:

B = 2 × Ω′(T ) = 2
fhωo cos σ

(T sinσ + f cos σ)2
(11)
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Fig. 4. Illustration of the time-bandwidth tradeoff for the limited time broad spectrum

In other words, the signal can be compressed into a time interval of length of
1/B. However, we must add the excess bandwidth introduced by the windo-
wing operation. Here there are two opposing effects. The spectral bandwidth of
the signal decreases with the window size. The excess bandwidth, on the other
hand, increases as the window size decreases. This is basically the tradeoff of
time-localisation and frequency-resolution. Figure 4 illustrates the trade-off. Ac-
cording to the figure we have the bandwidth B extended by an excess due to the
window mainlobe contribution. The aim here is to minimise the defocusing due
to the band excess while reducing the size of the window. Figure 5 shows the
individual contributions to the time-bandwitdth from: (a) a rectangular window
and (b) a 1-D texture gradient of size T. This plot indicates the theoretical mi-
nimum of the defocusing trade-off illustrated by Figure 4. In Figure 6 we show
a plot of the signal defocusing as a function of the window size T . The mini-
mum corresponds to the optimum window size for the given bandwidth of the
non-stationary signal.

This analysis suggests how we might reduce the defocusing of the Fourier
spectrum by adapting the width of the local data window. The optimum size
is reached when the blurring of the local spectrum is minimised. This optimum
window width itself leads to an optimum estimation of the instantaneous fre-
quency of the signal at a specific point. The idea underpinning this paper is to
exploit this property to develop an unsupervised adaptive version of the short
time Fourier transform. We aim to exploit the method to avoid the defocusing
of the spectral representation and hence provide accurate estimation of the local
spectral frequency.

3.5 Minimising the Defocusing of the Local 2-D Spectral
Distribution

At this point we are ready to extend our unidimensional analysis to the two-
dimensional analysis of textured images viewed under perspective geometry. To
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Fig. 5. Time-bandwitdth plot for a rectangular window of size T together with Time-
bandwitdth plot for the 1-D texture gradient window of size T

achieve this goal we analyse the texture gradient using local estimates of the
power spectrum based on a quilt of patches on the image plane. The 2-D spectral
defocusing is modelled using the covariance matrix to describe the dispersion of
the spectral distribution. In this way we can determine the degree of blur in the
spectral energy.

We commence by defining our local spectral estimator. In order to obtain
a smooth spectral response we use the Blackman-Tukey(BT) power spectrum
estimator. This is defined to be the frequency response of the windowed auto-
correlation function. We employ a triangular smoothing window w (X) due to
its well documented spectral stability [17]. The spectral estimator is then

P (Ui)BT = F{rxx (Xi) × w (Xi)} (12)

where rxx is the estimated autocorrelation function of the image patch. To find
the optimally sized spectral window, we require a measure of spectral dispersion.
Here we use the covariance matrix for the two spectral components. Formally,
the matrix is defined as follows

ΣU = E
[
(Ui − µ) (Ui − µ)T

]
and µ = E [Ui] (13)

The eigenvalues λ1 and λ2 of the spectral covariance matrix are maximum and
minimum values of spectral variance in an orthogonal co-ordinate system. The
co-ordinate system is aligned in the direction of maximum spectral variance. If
we regard the two eigenvalues as representing the two radii of a spectral ellipse,
then the spectral area is equal to

A =
π

4
λ1λ2 =

π

4
|ΣU | (14)
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Fig. 6. Variation of the spectral defocusing in terms of the window width T .

We locate the optimal spatial domain sampling window by varying its size
until the spectral area, i.e. the determinant of the spectral covariance matrix, is
minimised. This in turn ensures that the dispersion, or defocusing, of the spectral
moments is minimised.

4 Experiments

In this Section we provide some experiments with the new scale adaptation
method. We commence in Figure 7 by showing a plot of the measure of spectral
dispersion, i.e. |ΣU | as a function of the size of the spatial window. The curve
corresponds to the central patch marked in Figure 1. Notice that the curve has
a deep minimum. The curve also has the same gross structure as the defocusing
curve shown in Figure 6.

To show that the selected window size returns accurate estimates of local
frequency, in Figure 8 we apply the adaptive window to the 2-D FM chirp
f(x, y) = cos(2πω0x

2). The figure shows the estimated instantaneous frequency
as a function of the horizontal position x. The figure shows the curves of the
theoretical value of the instantaneous frequency together with the value esti-
mated with our adaptive choice of window size. Also shown on the plot is the
estimated value using a fixed scale method. The main feature to note is that the
result obtained with the adaptive window agrees well with ground-truth. The
fixed scale method consistently overestimates the frequency.

To proceed, we illustrate how the adaptive window responds to increasing
perspectivity. In each panel of Figure 9, the left hand image shows an artifi-
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Fig. 7. Experimental plot of |ΣU | over increasing scale. The minimum of the distribu-
tion indicates a suitable choice for the size of the spectral analysing window.

cial planar texture surface when oriented at various slant angles to the camera
viewing direction. In each case there is a clear variation in the density of the
texture primitives over the images. This variation occurs mainly in the tilt di-
rection, which is also the direction of the texture gradient. Superimposed on the
images are the areas of the local windows which minimise the determinant of the
spectral covariance matrix. One feature to note is that each window contains ap-
proximately the same number of texture primitives. This is an important feature
since the energy relationships between the image patches can only be preserved
under scale consistency.

Turning our attention to the estimated spectra, Figure 9 illustrates the de-
focusing produced by a poor choice of window length. In the panels of Figure 9,
the remaining columns show the spectra estimated at the marked positions on
the planes. In each case the top row shows the results obtained using an fixed
window, while the lower row shows the adaptive window spectra.

We now furnish some results produced when our adaptive scale algorithm is
applied to real-world textures [18]. Figure 10 shows three textures taken from
the Brodatz album [19]. The images shown are projected at 45 degrees of slant.
The marked patches are again correspond to the optimal local spectral windows.

The final piece of experimentation aims to illustrate the utility of the new
method in improving the accuracy of perspective pose estimation. The results
are reported for the textures shown in Figures 6 and 8. Table 1 compares the
estimated perspective parameters with ground truth for the artificial textures
shown in Figure 9. The algorithm used in these experiments is described in [20].
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Fig. 8. Instantaneous frequency of a 2-D FM chirp f(x, y) = cos(2πω0x
2) calculated

along the horizontal direction.

The main feature to note from this table is that if we use the adaptive spectral
window, then we can recover accurate estimates of slant and tilt even when the
planes are highly inclined. Table 2 presents the estimated perspective parameters
for the three Brodatz textures shown in Figure 10. From these results, it is clear
the improvement in the pose parameter estimate even for non-regular textures.

5 Conclusions

The main contribution in this paper has been to provide a new technique for ad-
aptively setting the size of the local spectral window for estimating perspective
pose from frequency information. The aim is to minimise the degree of defocu-
sing that results if a fixed window of inappropriate size is used. The criterion
underpinning our method is the determinant of the spectral covariance matrix.
Based on an experimental study, we show that the new method leads to improved
estimates of perspective pose.

Our future plans revolve around using the new method to estimate shape
from the texture distribution of curved objects. Suffice to say that studies aimed
at addressing this topic are in hand and will be reported in due course.
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(a) (b)

(c) (d)

Fig. 9. Estimated scales for rectangular windows for several views of a texture plane.
The corresponding spectral response is shown on the right of each figure. First row:
fixed scale estimator; Second row: adaptive estimator.

(a) (b) (c)

Fig. 10. Estimated scales for rectangular windows for Brodatz textures at 45 degrees
slant. (a) D14 - aluminum wire; (b) D21 - French canvas; (c) D36 - Lizard skin.
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TABLE 1 - Slant and tilt values - Fixed and Adaptive Methods(Artificial Textures)
Fixed Scale Method Adaptive Scale Method

actual values estimated abs. error estimated abs. error
(σ) (τ) (σ’) (τ ’) σ’ τ ’ (σ’) (τ ’) σ’ τ ’

(a) 10 0 12.0 0.0 2.0 0.0 9.8 0.0 0.2 0.0
(b) 30 0 27.5 0.0 2.5 0.0 29.5 0.0 0.5 0.0
(c) 60 0 62.1 1.0 2.1 1.0 59.4 0.0 0.6 0.0
(d) 80 0 73.4 2.7 6.6 2.7 80.4 0.2 0.4 0.2

TABLE 2 - Slant and tilt values - Fixed and Adaptive Methods(Brodatz Textures)
Fixed Scale Method Adaptive Scale Method

actual values estimated abs. error estimated abs. error
(σ) (τ) (σ’) (τ ’) σ’ τ ’ (σ’) (τ ’) σ’ τ ’

(a) 45 0 41.6 2.0 3.4 2.0 46.5 -1.0 1.5 1.0
(b) 45 0 47.0 -0.9 2.0 0.9 44.5 -1.0 0.5 1.0
(c) 45 0 73.4 -10.9 28.4 10.9 55.3 9.0 10.3 9.0
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