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Abstract. The aim of this paper is to describe a theoretical back-
ground of systematic computer algebra methods for analyzing the free
and steady-state periodic vibrations of the nonlinear structures. Many
analytical steady-state solution methods are developed but each of them
has different capabilities. On the other hand, it is very important to as-
sess the efficiency of analytical methods in terms of the computer algebra
system. For this reason, the computer algebra system VIBRAN was used.
In this paper, the efficiency of two analytical methods is assessed from
the standpoint of the computer algebra system.

1 Introduction

When a nonlinear structure is subjected to harmonically varying forces, it first
passes through a transient state and afterwards it reaches a steady-state or
executes chaotic motions. Some steady-states can be non-periodic, but mostly
the periodic steady-states are observed. Two related problems of interest are
the periodic behavior of structure undergoing harmonic excitation and a free
vibration of structure.

Natural vibration of nonlinear systems is of primary concern in studying the
resonance phenomena because the backbone curves (the amplitude-frequency re-
lations) and the modes of vibrations, i.e. dynamic characteristics of systems, are
determined. Analytical expressions for the backbone curves are very complex and
numerical methods are not a convenient way to analyze nonlinear oscillations.

In some cases, such as the one in a range where the internal resonance ex-
ists, the corresponding backbone curves have a very complex shape owing to the
presence of sharp peaks, looping characteristic and rapidly changing slopes. It is
difficult to determine these types of backbone curves by the developed numerical
methods [1], [2]. Simulations by means of numerical methods are powerful tools
for investigations in mechanics, however, they have serious drawbacks, e.g., fi-
nite precision, difficulties in determining transient states and steady-states, the
investigation of stability is errorprone and complex.

The analytical steady-state solution by hand requires a lot of routine work,
is errorprone and available only for very simple systems. Here the computerized
symbolic manipulation systems – so called computer algebra – are indispensable

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2657, pp. 747–753, 2003.
c© Springer-Verlag Berlin Heidelberg 2003

Verwendete Distiller 5.0.x Joboptions
Dieser Report wurde automatisch mit Hilfe der Adobe Acrobat Distiller Erweiterung "Distiller Secrets v1.0.5" der IMPRESSED GmbH erstellt.Sie koennen diese Startup-Datei für die Distiller Versionen 4.0.5 und 5.0.x kostenlos unter http://www.impressed.de herunterladen.ALLGEMEIN ----------------------------------------Dateioptionen:     Kompatibilität: PDF 1.3     Für schnelle Web-Anzeige optimieren: Nein     Piktogramme einbetten: Nein     Seiten automatisch drehen: Nein     Seiten von: 1     Seiten bis: Alle Seiten     Bund: Links     Auflösung: [ 2400 2400 ] dpi     Papierformat: [ 594.962 841.96 ] PunktKOMPRIMIERUNG ----------------------------------------Farbbilder:     Downsampling: Ja     Berechnungsmethode: Bikubische Neuberechnung     Downsample-Auflösung: 300 dpi     Downsampling für Bilder über: 450 dpi     Komprimieren: Ja     Automatische Bestimmung der Komprimierungsart: Ja     JPEG-Qualität: Maximal     Bitanzahl pro Pixel: Wie Original BitGraustufenbilder:     Downsampling: Ja     Berechnungsmethode: Bikubische Neuberechnung     Downsample-Auflösung: 300 dpi     Downsampling für Bilder über: 450 dpi     Komprimieren: Ja     Automatische Bestimmung der Komprimierungsart: Ja     JPEG-Qualität: Maximal     Bitanzahl pro Pixel: Wie Original BitSchwarzweiß-Bilder:     Downsampling: Ja     Berechnungsmethode: Bikubische Neuberechnung     Downsample-Auflösung: 2400 dpi     Downsampling für Bilder über: 3600 dpi     Komprimieren: Ja     Komprimierungsart: CCITT     CCITT-Gruppe: 4     Graustufen glätten: Nein     Text und Vektorgrafiken komprimieren: JaSCHRIFTEN ----------------------------------------     Alle Schriften einbetten: Ja     Untergruppen aller eingebetteten Schriften: Nein     Wenn Einbetten fehlschlägt: AbbrechenEinbetten:     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]     Nie einbetten: [ ]FARBE(N) ----------------------------------------Farbmanagement:     Farbumrechnungsmethode: Farbe nicht ändern     Methode: StandardGeräteabhängige Daten:     Einstellungen für Überdrucken beibehalten: Ja     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja     Transferfunktionen: Anwenden     Rastereinstellungen beibehalten: JaERWEITERT ----------------------------------------Optionen:     Prolog/Epilog verwenden: Ja     PostScript-Datei darf Einstellungen überschreiben: Ja     Level 2 copypage-Semantik beibehalten: Ja     Portable Job Ticket in PDF-Datei speichern: Nein     Illustrator-Überdruckmodus: Ja     Farbverläufe zu weichen Nuancen konvertieren: Ja     ASCII-Format: NeinDocument Structuring Conventions (DSC):     DSC-Kommentare verarbeiten: Ja     DSC-Warnungen protokollieren: Nein     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja     EPS-Info von DSC beibehalten: Ja     OPI-Kommentare beibehalten: Nein     Dokumentinfo von DSC beibehalten: JaANDERE ----------------------------------------     Distiller-Kern Version: 5000     ZIP-Komprimierung verwenden: Ja     Optimierungen deaktivieren: Nein     Bildspeicher: 524288 Byte     Farbbilder glätten: Nein     Graustufenbilder glätten: Nein     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja     sRGB ICC-Profil: sRGB IEC61966-2.1ENDE DES REPORTS ----------------------------------------IMPRESSED GmbHBahrenfelder Chaussee 4922761 Hamburg, GermanyTel. +49 40 897189-0Fax +49 40 897189-71Email: info@impressed.deWeb: www.impressed.de

Adobe Acrobat Distiller 5.0.x Joboption Datei
<<     /ColorSettingsFile ()     /AntiAliasMonoImages false     /CannotEmbedFontPolicy /Error     /ParseDSCComments true     /DoThumbnails false     /CompressPages true     /CalRGBProfile (sRGB IEC61966-2.1)     /MaxSubsetPct 100     /EncodeColorImages true     /GrayImageFilter /DCTEncode     /Optimize false     /ParseDSCCommentsForDocInfo true     /EmitDSCWarnings false     /CalGrayProfile (Ø©M)     /NeverEmbed [ ]     /GrayImageDownsampleThreshold 1.5     /UsePrologue true     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /AutoFilterColorImages true     /sRGBProfile (sRGB IEC61966-2.1)     /ColorImageDepth -1     /PreserveOverprintSettings true     /AutoRotatePages /None     /UCRandBGInfo /Preserve     /EmbedAllFonts true     /CompatibilityLevel 1.3     /StartPage 1     /AntiAliasColorImages false     /CreateJobTicket false     /ConvertImagesToIndexed true     /ColorImageDownsampleType /Bicubic     /ColorImageDownsampleThreshold 1.5     /MonoImageDownsampleType /Bicubic     /DetectBlends true     /GrayImageDownsampleType /Bicubic     /PreserveEPSInfo true     /GrayACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>     /ColorACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>     /PreserveCopyPage true     /EncodeMonoImages true     /ColorConversionStrategy /LeaveColorUnchanged     /PreserveOPIComments false     /AntiAliasGrayImages false     /GrayImageDepth -1     /ColorImageResolution 300     /EndPage -1     /AutoPositionEPSFiles true     /MonoImageDepth -1     /TransferFunctionInfo /Apply     /EncodeGrayImages true     /DownsampleGrayImages true     /DownsampleMonoImages true     /DownsampleColorImages true     /MonoImageDownsampleThreshold 1.5     /MonoImageDict << /K -1 >>     /Binding /Left     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)     /MonoImageResolution 2400     /AutoFilterGrayImages true     /AlwaysEmbed [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]     /ImageMemory 524288     /SubsetFonts false     /DefaultRenderingIntent /Default     /OPM 1     /MonoImageFilter /CCITTFaxEncode     /GrayImageResolution 300     /ColorImageFilter /DCTEncode     /PreserveHalftoneInfo true     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /ASCII85EncodePages false     /LockDistillerParams false>> setdistillerparams<<     /PageSize [ 595.276 841.890 ]     /HWResolution [ 2400 2400 ]>> setpagedevice
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tools. Symbolic manipulations provided by computer algebra systems in combi-
nation with high-power number crunching abilities of traditional hardware and
software really opens a new way to large-scale computations needed in steady-
state solutions and the stability analysis [3], [5], [9].

The aim of this paper is to describe a theoretical background of systematic
computer algebra methods for analyzing the free and steady-state periodic vibra-
tions of the nonlinear structures. Many analytical steady-state solution methods
are developed, but each of them has different capabilities, e.g., small parameter
methods give a solution in close form and the harmonic balance method only
converts nonlinear differential equations to algebraic. On the other hand, it is
very important to assess the efficiency of analytical methods in terms of view
of a computer algebra system. For this reason, the computer algebra system
VIBRAN [4] was used. The computer algebra system VIBRAN is a FORTRAN
preprocessor for analytical computation with polynomials, rational functions,
and trigonometric series.

The main VIBRAN distinction from other computer algebra systems is the
representation form of analytical expressions. Analytical expressions are stored
in matrix form and analytical perturbations are replaced by matrix operations.
Analytical operations could be performed by calling VIBRAN procedures di-
rectly from the FORTRAN code.

Figure 1 illustrates the VIBRAN procedure fragment to perform Fourier
transformation. A special VIBRAN procedure can generate an optimized FOR-
TRAN code from the obtained analytical expressions, that can be directly used
in the programs for numerical analysis. In this paper efficiency of two analytical
methods is assessed by point of view of computer algebra system VIBRAN.

POLINOM C, D PROCEDURE BINT(A, B, C, IAR, K)
RATIONAL F POLINOM A, B, C. . .
READ 1, N FKCI(A, B, 0)
PRINT 17, N SCA1(A, 2.) . . .
DO 101 I=1, NN . . . MXN(A, PI, 1) . . .
BINT(C, D, F,IAR,I) . . . END
END

Fig. 1. A fragment of VIBRAN procedures.

2 Realization of a Small Parameter Method

The small parameter method (Poincare method) [7] was developed to solve sys-
tems of quazi-nonlinear differential equations. Consider the algorithm of the
small parameter method realized by the computer algebra system VIBRAN for
systems of nonlinear differential equations. For the sake of clarity, an algorithm
of the small parameter method is presented for one equation below:
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ẍ + k2x + f(t) = µF (t, x, ẋ, µ). (1)

where x, ẋ, ẍ – displacement, velocity and acceleration;
µ – small parameter;
f(t) – continuous periodical time function with a period 2π;
k – constant, not integer in nonresonant case and integer in a resonant case;
F (t, x, ẋ, µ) – integer polynomial function and periodical with respect to t.
The solution of equation (1) by the small parameter method [7] could be

found in the form:

x = x0 + µx1 + µ2x2 + µ3x3 + . . . , (2)

where x0 is the solution of equation (1) without nonlinearities, xi, i = 1, 2, 3, . . .
are unknown functions of t with a period 2π.

To find these functions, the series (2) is substituted into equation (1) and
coefficients with the corresponding µ power are equalized. With respect to µ
power, linear differential equations are obtained:

ẍi + k2xi = Fi, i = 1, 2, 3, . . . , (3)

where Fi are integer rational functions of x0, x1, . . . , xi−1; ẋ0, ẋ1, . . . , ẋi−1 and
continuous periodical function with respect to t. The solution of equations (3)
in non resonant case could be found in the form:

xi =
ai0

2k2 +
∞∑

j=1

aij cos (jt) + bij sin (jt)
k2 − j2 , (4)

where aij and bij are Fourier series coefficients of function Fi.
In the resonant case, where k is integer and nearly equal or equal to n, that

means
n2 − k2 = εµ,

where ε has finite value, the zero power solution must be expressed in the form

x0 = ϕ0(t) + M0 cos(nt) + N0 sin(nt),
x1 = ϕ1(t) + M1 cos(nt) + N1 sin(nt),

and the i-th power solution could be expressed in the same manner.
In the general case, M0 and N0 could be found from the equations:

2π∫

0

F
(
t, ϕ0 + M0 cos(nt) + N0 sin(nt),

ϕ̇0 − M0n sin(nt) + N0n cos(nt), 0
)
sin(nt)dt = 0,

2π∫

0

F
(
t, ϕ0 + M0 cos(nt) + N0 sin(nt),

ϕ̇0 − M0n sin(nt) + N0n cos(nt), 0
)
cos(nt)dt,



750 A. Čepulkauskas, R. Kulvietienė, and G. Kulvietis

where ϕ0 is the solution of equation (1) in the nonresonant case, excluding
resonant harmonics. Other coefficients Mi and Ni could be found from the system
of linear algebraic equations:

Mi−1

2π∫

0

{(
∂F

∂x

)
cos(nt) − n

(
∂F

∂ẋ

)
sin(nt)

}
cos(nt)dt

+Ni−1

2π∫

0

{(
∂F

∂x

)
sin(nt) + n

(
∂F

∂ẋ

)
cos(nt)

}
cos(nt)dt

+

2π∫

0

F ∗
i cos(nt)dt = 0,

Mi−1

2π∫

0

{(
∂F

∂x

)
cos(nt) − n

(
∂F

∂ẋ

)
sin(nt)

}
sin(nt)dt

+Ni−1

2π∫

0

{(
∂F

∂x

)
sin(nt) + n

(
∂F

∂ẋ

)
cos(nt)

}
sin(nt)dt

+

2π∫

0

F ∗
i sin(nt)dt = 0,

where

F ∗
i = Fi +

(
∂F

∂x

)
ϕi−1 +

(
∂F

∂ẋ

)
ϕ̇i−1

are known periodical functions.
The small parameter method was realized in VIBRAN for both resonant and

nonresonant cases in systems of nonlinear differential equations [6].

3 Realization of the Harmonic Balance Method

The harmonic balance method is probably the oldest analytical method in the
theory of nonlinear vibration [6]. Consider the following nonlinear differential
equation:

ẍ + f(x, ẋ) = F (t), (5)

where x, ẋ, ẍ denote displacement, velocity and acceletation; f(x, ẋ) is a nonlin-
ear function, expandable in Fourier series; F (t) is assumed to be a periodical
function:

F (t) = A0 +
∞∑

i=1

(Ai cos(iωt) + Bi sin(iωt)) .
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The solution of the above mentioned equation (5) can be expressed in the
Fourier series in time:

x(t) = a0 +
∞∑

i=1

(ai cos(iωt) + bi sin(iωt)). (6)

A nonlinear function is also expanded in the Fourier series in time:

f(x, ẋ) = α0 +
∞∑

i=1

(αi cos(iωt) + βi sin(iωt)), (7)

where Fourier series coefficients are calculated using the following formulas:

α0 =
ω

2π

2π/ω∫

0

f(x, ẋ)dt; αi =
ω

π

2π/ω∫

0

f(x, ẋ) cos(iωt)dt;

βi =
ω

π

2π/ω∫

0

f(x, ẋ) sin(iωt)dt.

A substitution of formulas (6) and (7) into equation (5) gives an infinite
number of algebraic equations to determine unknown coefficients of solution (6):

α0 = A0,
i2ω2ai = αi − Ai,
i2ω2bi = βi − Bi, i = 1, 2, 3, . . . ,

or
α0 = α0(a0, a1, b1, . . .),
αi = αi(a0, a1, b1, . . .),
βi = βi(a0, a1, b1, . . .).

(8)

The above mentioned version of the harmonic balance method was realized
in VIBRAN for the system of nonlinear equations [5].

4 Efficiency Assessment for Both Methods

Two VIBRAN programs that realize the above mentioned methods were tested
for the following equation:

ẍ + c1ẋ + c2x + c3x
2 + c4x

3 = d0 + d1 sin(t) + d2 cos(t).

This equation describes dynamics of aerodynamically supported magnetic
head in the recording device [8].

We present below the result of solution for the first harmonics, the first index
for solution coefficients A and B is the equation number and the second one is
the harmonics number. First result corresponds to the first equation in formula
(8) and afterwards we present the result for cosine and sine coefficients of the
first term of Fourier series.

The result for the first equation of formula (8) is:



752 A. Čepulkauskas, R. Kulvietienė, and G. Kulvietis

0=A10*C2−.5*B11**2*C3−.5*A11**2*C3−C3*A10**2
+.75*C4*B11**2*A12

−1.5*C4*B11**2*A10−1.5*C4*B11*B12*A11−1.5*C4*B12**2*A10
−.75*C4*A11**2*A12−1.5*C4*A11**2*A10−1.5*C4*A12**2*A10
−C4*A10**3−D0.

The result for the cosine coefficient of the first term of Fourier series is:
0=−A11−B11*C1+A11*C3−B11*B12*C3−2*A11*A10*C3−A11*A12*C3

−.75*C4*B11**2*A11−3*C4*B11*B12*A10−1.5*C4*B12**2*A11
−.75*C4*A11**3−1.5*C4*A11*A12**2−3*C4*A11*A10**2
−3*C4*A11*A12*A10−D2.

The result for the sine coefficient of the first term of Fourier series is as
follows:

0=−B11−A11*C1+B11*C3−B11*A12*C3−2*B11*A10*C3−A11*B12*C3
−.75*C4*B11**3+3*C4*B11*A12*A10−1.5*C4*B12**2*B11
−.75*C4*A11**2*B11−1.5*C4*B11*A12**2−3*C4*B11*A10**2
−3*C4*A11*B12*A10−D1.

In Figure 2, the number of terms in the solution expression (M) for the small
parameter (upper column) and for the harmonic balance method (lower column)
with respect to the number of harmonics (n) in the solution (number of µ power
in the case of small parameter method) are presented.

Fig. 2. Number of terms in the solution’s expression.

In Figure 3, the presented graphics illustrates the convergence of above men-
tioned analytical methods for the four coefficients. The upper curve corresponds
to the harmonic balance method and the lower one corresponds to the small
parameter method.

In this case, the magnetic head construction parameters were:

c1 = 0.1, c2 = 0.228 × 106 c3 = 0.167 × 104,

c4 = 0.587 × 103, d0 = 0, d1 = 0.12, d2 = 0.12.
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Fig. 3. Tolerance (%) for harmonic balance and small parameter analytical methods.

5 Conclusions

The comparison of the abovementioned analytical methods illustrates similarities
and differences of their application. The similarities illustrate tolerance curves,
that are of the same shape.

There are 12045 terms in the solution’s expression for the small parameter
method (5 harmonics), meanwhile only 1524 terms are observed for the har-
monic balance method. It means that the harmonic balance method is much
more convenient for computer algebra realization, especially for the systems
with multi-degree-freedom, but needs a special stability analysis procedure for
the steady-state solution.
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