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Abstract. Forming a committee is an approach for integrating several
opinions or functions instead of favouring a single one. Selecting and
weighting the committee members is done in several ways by different
algorithms. Possible solutions to this problem is still the topic of current
research. Our starting point is the decomposition of the committee error
into a bias- and variance-like term. Two requests can be derived from
this equation: Models should on the one hand be regularized properly to
reduce the average error. On the other hand they should be as indepen-
dent as possible (in the mathematical sense) to decrease the committee
error.
The first request of regularization can be handled by a Bayesian learn-
ing framework. For the second request I want to suggest a new selec-
tion method for committee members based on the pairwise stochastical
dependence of their output functions, which maximizes the overall in-
dependence. Given these pairwise similarity values the models can be
separated in classes by a hierarchical clustering algorithm. From the
committee error decomposition I derive a criterion that allows to find
the optimal number of classes, i.e. the optimal stop criteria for the clus-
tering algorithm. The benefits of the approach are demonstrated on a
noisy benchmark problems as well as on the prediction of newspaper
sales rates for a large number of retail traders.

1 Introduction

If one wants to learn a functional relationship from empirical data, then the
goal of training a model is to recognize a structure in the data or an underlying
process and to generalize this knowledge to former unknown data points. When
estimating a functional relationship we face three basic problems.

Noisy data and limited amount of data: Firstly we have to deal with noisy
and finite-sized data sets which is usually done be regularization techniques
and/or bootstrapping [Vapnik, 1995,Bishop, 1995,Efron & Tibshirani, 1993].
Vapnik states that the problem of density estimation based on empirical data
is ill posed, i.e., small changes in the learning situation can result in a totally
different model; for example little distortions in the target data. The theory of
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regularization shows that instead of minimizing the difference between the target
data and the output of the network, a regularized error function

E = ED + λER (1)

should be minimized where ED is the error on the data and λ is a weighting
factor. ER is an additional term that measures the complexity of the model;
for example the often used weight decay regularizer in neural network training
[Bishop, 1995]. Thus, regularization is not an optional possibility, but a funda-
mental technique [Ramsay & Silverman, 1997]. One crucial problem is to deter-
mine the weighting factor λ. In case of neural networks, its optimal value depends
on the size of the network, i.e., the number of weights, the weight initialization, as
well as the patterns used for training, and the noise in the data. Often this value
is determined by cross-validation which is clearly suboptimal for the reasons just
given. Adjusting this value properly has been solved for neural networks by us-
ing a Bayesian learning algorithm. It was introduced by MacKay and provides
an elegant theory to prevent neural networks from overfitting by determining λ
during the training process without the necessity of additional validation data
[MacKay, 1992,Bishop, 1995]. Furthermore, the Bayesian framework provides an
analytical criterion to compare different models, the so-called model evidence. A
discussion of Bayesian learning for neural networks as used in this work can be
found in [Ragg & Gutjahr, 1998] or more detailed in [Gutjahr, 1999,Ragg, 2000].

Curse of dimensionality: Secondly, for many applications we need to encode
the problem by features and have to decide which and how many of them to
use. Bearing in mind the empty space phenomenon, it is often an advantage to
select few features and estimate a non-linear function in a low-dimensional space
[Silverman, 1986,Bishop, 1995]. In practical applications only a limited amount
of data is available for determining the parameters of a model. The dimensional-
ity of the input vector must be in a sensible relation to the number of data points.
By adding more features the information content of the input about the target in-
creases, but at the same time the number of data points per dimension decreases
in order to determine the parameters. Silverman gives some values for the number
of data points needed to estimate a multivariate normal distribution up to a an
error of 10% in the origin, which grow approximately like 4d, when d is the num-
ber of dimensions [Silverman, 1986]. That means that the class of functions in
which the solution is searched increases greatly with every additional component.
This problem is called the curse of dimensionality [White, 1989,Bishop, 1995] or
the empty space phenomenon [Scott & Thompson, 1983,Silverman, 1986]. A con-
sequence is that renunciation of supplementary information leads to a more pre-
cise approximation of the underlying process in a low-dimensional input space.
If one’s problem solution is designed from the beginning as a committee, it is
not necessary to discard input features and therefore all the information can be
used for the overall solution. In this way one can train models which use different
features, i.e., they have different viewpoints of the problem. Therefore, every in-
dividual model has a small input space, i.e., the problem caused by using many
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input features is avoided. However, the committee can utilize the information of
the entire input space through the combination of its members.

Model selection: Thirdly, if we have trained several models, we are left with
the problem of model selection. It is common practice to train several networks
and then select the best one according to the performance on an independent
validation set. This procedure has the disadvantage of introducing an additional
dependency on a fixed sample of data bearing the danger of overfitting if it is
used iteratively. Forming a committee of networks is a promising approach to
overcome these drawbacks and to avoid favouring one model while discarding all
others. This is sensible if one would like to minimize the insecurities during the
learning process. This can be seen directly from the inequation

1
L

EAV ≤ ECOM ≤ EAV (2)

which says, that the committee error ECOM is always smaller than the aver-
age error EAV of several networks yi, when yCOM is defined as yCOM (x) :=
1
L

∑L
i=1 yi(x). EAV is given by the average error of the single models, i.e.

EAV := 1
L

∑L
i=1 E(yi(x)). The right inequation follows directly by applying

Jensen’s inequality [Bishop, 1995,Henze, 1997] to a convex error function. The
left inequation, i.e., the rather dramatic possibility of error reduction by a factor
L follows under the assumption that the deviations εi(x) of the committee mem-
bers yi(x) from the target function h(x) are uncorrelated and have zero mean,
and justifies the efforts invested in these kind of algorithms. Thus, several meth-
ods of forming committees were suggested in recent years. An overview is given
in the book Combining Artificial Neural Nets [Sharkey, 1999]. These algorithms
differ in the way how the committee members are selected or weighted within
the committee.

Up to now, there is no algorithm which tries to minimize both the average
model error and the independence of committee members systematically with-
out resorting to cross-validation techniques or by neglecting the importance of
regularization. It’s is obvious that averaging reduces the generalization error,
when arbitrary models can be in the committee, but does it also reduce the
generalization error compared to a proper regularized model?

In the following I want to show that this is possible, and derive a method for
selecting committee members to achieve a maximal performance under certain
constraints, e.g. all models receive the same weight in the committee. For clarity
I will not write the dependency on the input vector x in the following.

2 Committee Error Decomposition

The error of a committee can be decomposed into the sum of two terms similar
to the bias-variance decomposition, which gives us a further insight into the
reasons for better generalization capabilities. The equation provides a connection
between the average error of the network and the error of the single networks
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through the expectation value of the committee error [Krogh & Vedelsby, 1995,
Bishop, 1995]:

E [(yCOM − h)2
]

=
1
L

L∑
i=1

E [(yi − h)2
]− 1

L

L∑
i=1

E [(yi − yCOM )2
]
. (3)

Since the first term depends on the generalization errors of the single networks
we can conclude that the average value should be as small as possible, which
can be ensured if the models are regularized. The second term measures the
spread of predictions of the single networks to the committee prediction itself.
If we have a set of trained networks we should prefer those networks to form a
committee, which maximize the second term.

Bagging for example averages over all models and does not try to maxi-
mize the variance of the models [Breiman, 1996]. Boosting adapts the train-
ing set for each model depending on the error of the previously trained model
[Freund & Schapire, 1996] and tends to overfit for noisy data as shown recently
by [Rätsch et al., 1998]. Furthermore, neither boosting nor bagging expect the
models to be regularized, which might cause the first term to be larger than
necessary. Other methods make use of validation sets to select the committee
members and determine the weights [Hashem, 1999] or optimize solely the second
term of eq. (3) which allows the single models to overfit strongly [Rosen, 1996].

All considered, our goal must be to find a subset of networks, such that the
first term does not increase while at the same time the second term is maximal
large. We cannot measure the average generalization error without an addi-
tional validation set, but we can expect the value to stabilize if the number L of
networks in our subset increases, and even more, if the models are regularized
properly.

Committee member selection: To find a criterion that maximizes the second
term of equation (3), we can resolve the quadratic form to

1
L

L∑
i=1

E [y2
i ] − 2

L

L∑
i=1

E [yCOMyi] +
1
L

L∑
i=1

E [y2
COM ] (4)

and then further evaluate the second and third term. The second term becomes

− 2
L

L∑
i=1

E [yCOMyi] = − 2
L

L∑
i=1

E

 1

L

L∑
j=1

yjyi




= − 2
L2

L∑
i=1

L∑
j=1

E [yjyi]

= − 2
L2


2

L−1∑
i=1

L∑
j=i+1

E [yjyi] +
L∑

i=1

E [y2
i ]




= − 4
L2

L−1∑
i=1

L∑
j=i+1

E [yjyi] − 2
L2

L∑
i=1

E [y2
i ] (5)
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where we summarized over the diagonal elements and used yjyi = yiyj . Together
with the definition of yCOM the third term can be transformed to

E [y2
COM ] = E


( 1

L

L∑
i=1

yi

) 1
L

L∑
j=1

yj






= E

 1

L2


 L∑

i=1

y2
i + 2

L−1∑
i=1

L∑
j=i+1

yiyj






=
1
L2

L∑
i=1

E [y2
i ] +

2
L2

L−1∑
i=1

L∑
j=i+1

E [yiyj ] (6)

Substituting these two expressions into equation (4) and taking E [XY ] =
E [X]E [X] + Cov(X, Y ) into account, leaves us with

1
L

L∑
i=1

E [y2
i ] − 2

L2

L−1∑
i=1

L∑
j=i+1

E [yjyi] − 1
L2

L∑
i=1

E [y2
i ]

=
L − 1
L2

L∑
i=1

E [y2
i ] − 2

L2

L−1∑
i=1

L∑
j=i+1

E [yjyi]

=
L − 1
L2

L∑
i=1

(E [yi])
2 +

L − 1
L2

L∑
i=1

Cov(yi, yi) −

2
L2

L−1∑
i=1

L∑
j=i+1

E [yj ]E [yi] − 2
L2

L−1∑
i=1

L∑
j=i+1

Cov(yi, yj) (7)

The expectation values of yi depend upon the data which was used to train the
specific model, since the mean value ȳi after training should be equal to the mean
value of the target data [Bishop, 1995]. Thus, the first and third term will be
nearly constant. Since Cov(X, X) = V (X) the variance of the network output
functions should be maximal, while the last term should be as small as possible.
The value of Cov(yj , yi) depends on the stochastical dependence of yj and yi. The
covariance of two random variables, Cov(X, Y ), is 0 when they are independent
and it is maximal if X = Y [Berger, 1980,Henze, 1997]. Thus it is possible to
optimize equation (7) by minimizing a sum over stochastical dependencies. A
measure for the stochastical dependence between two variables is their mutual
information I(X, Y ) [Cover & Thomas, 1991]. An estimation procedure for the
mutual information will be defined below. Our goal is then to find a subset of
networks such that

L − 1
L2

L∑
i=1

I(yi, yi) − 2
L2

L−1∑
i=1

L∑
j=i+1

I(yi, yj) −→ max (8)

The above formula (8) is referred to as heterogeneity criterion in the following. It
is already for small L impossible to compute the value of the criterion for all

(
L
k

)



Building Committees by Clustering Models 411

combinations for all k. A straightforward possibility is to use a cluster algorithm
to group the networks and choose from each cluster a representative, i.e., the
network with the highest model evidence. Note that maximizing the term (8)
can be done on arbitrary input data because no target data is necessary. Thus,
if only a small amount of training data is available the suggested method has
another important advantage.

Computation of pairwise similarity values: The mutual information
I(X;Y ) of two random variables X, Y is defined as the Kullback-Leibler dis-
tance between the joint distribution p(x, y) and the product p(x)p(y).

I(X;Y ) =
∫ ∫

p(x, y) · log
p(x, y)

p(x)p(y)
(9)

and measures the degree of stochastic independence of X and Y . In order to
calculate (9), we approximate the three probability distributions p(x, y), p(x)
and p(y), where we use a nonparametric density function approximation with a
Epanechnikov kernel function K [Silverman, 1986]. If z is a d-dimensional vector,
then

K(z) = (3/4)d(1 − (z2
1 + z2

2 + . . . + z2
d)) (10)

if ‖z‖2 < 1 and 0 otherwise. The normalizing constant (3/4)d guarantees that∫
K(z)dz = 1. Finally, the probability density for a given data point k is esti-

mated as

p(z(k)) =
1

N · hd

N∑
j=1

K
( 1

h
(z(k) − z(j))

)
(11)

where N is the number of training patterns and h is the spread of the kernel
function. In case of the Epanechnikov kernel a sensible value for h can be deter-
mined

hopt =
(

8
cd

(d + 4)(2
√

π)d

)−(d+4) 1
N1/d+4 (12)

where N is the number of data points, d the dimension of the vector and cd is
the volume of the unit d-dimensional sphere [Silverman, 1986]. By summarizing
equation (11) over all data points we get the desired density estimations.

Algorithm for clustering models based on similarity values: If we com-
pute the mutual information between pairs of network output functions we can
derive a matrix of pairwise similarity values. It is not possible to define a metric
based on the Kullback-Leibler divergence, since the triangle property does not
hold [Cover & Thomas, 1991], but clustering of models based on the stochastic
dependence can be done on basis of this matrix with a hierarchical agglomerative
cluster method, e.g. the complete linkage algorithm, which generates homoge-
nous classes [Kaufmann & Pape, 1996]. This is important, if we select a member
as representative.
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The algorithm starts by putting each network in an own class. In each step
two classes are merged. They are determined by computing the minimal simi-
larity between two elements for each pair of classes

Sim(G1, G2) := min
i,j

I(yi, yj) with yi ∈ G1; yj ∈ G2

and then choose that pair of classes {G1, G2} that has maximal similarity. This
is done until only one cluster is left. In every step the heterogeneity criterion (8)
is computed. According to this criterion, the committee error should be minimal
if the value of the criterion is maximal large. Thus, after termination of the
clustering procedure we can determine the optimal number of classes by selecting
that number that corresponds to the maximal value of the heterogeneity criterion
and use the corresponding committee as our final model. An example is shown
in figure 3. Figure 2 plots the clusters for the benchmark problem from figure
1a in the test error/evidence space. From each of the corresponding clusters one
network is selected as a committee member. If a Bayesian framework is used for
training then it is sensible to pick the network with the highest evidence from
each class [Ragg, 2000].

3 Experimental Results

At first, a noisy artificial regression problem serves as benchmark to explore the
algorithm presented here in detail. The data for this benchmark was generated
by adding Gaussian noise to a sinus function (Figure 1). The training data con-
tains 40 points, which do not cover the complete domain. Note that because of
the noise there are several sensible models for the data except the underlying pro-
cess. Figure 1 shows 4 models, two of them are networks trained with Bayesian
learning and give plausible explanations for the data. Thus, even proper regular-
ization gives still a variety of different models. Our next goal is to demonstrate
that forming a committee can further reduce this variance in performance, thus
lowering the probability of choosing the ’wrong’ model in a practical application.
If we train 50 networks and apply then the cluster algorithm as described above
we get 8 classes which are maximal independent. The result of this process is
shown in figure 2. Visualization of the functions shows that the classes are sensi-
bly chosen [Ragg, 2000]. Note that it is possible, that some networks with lower
generalization performance will be part of the committee, as long as they are in-
dependent from others. This is sensible, since they were optimized with Bayesian
learning and thus reflect the probability of this parameter vector to be a model
for the given data. Committees integrate over the various posterior probabilities
to form an overall solution [Bishop, 1995]. The committee error is smaller than
the error of almost all of the single networks (dashed line). The test error was
computed on 100 data points of the underlying process (without noise). Figure
3 shows the value of the heterogeneity criterion (8) and the committee error
during the clustering process. For each step the members of the committee are
determined and the corresponding error is plotted over the number of classes.
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Fig. 1. The figure shows the data for the benchmark regression problem. a) The un-
derlying process is just the sinus function sin(x). The target data was generated by
adding Gaussian noise with variance 0.4 and zero mean. Note that there is an interval,
where no data is available. b) Output functions of 4 models are plotted: An overreg-
ularized network, an underregularized network and two proper regularized networks
trained with Bayesian learning which still differ significantly.

Fig. 2. The figure shows the result of the clustering process for 50 networks which were
trained with the data from figure 1. The cluster, indicated by ellipses, are shown in
the test error-evidence space. Note that this is always a slightly distorted illustration.
Networks with similar output function will have a similar test error, but the evidence
might vary because its value depends on the overall network complexity. Conversely,
different network functions can still have a similar test error and a similar evidence.
The dashed line at the bottom shows the error (for 100 test points) of the resulting
committee, which is below the error of most of the single networks.

The committee error reaches its minimum (0.034) when the heterogeneity crite-
rion is maximal as expected. In the first step the committee is just the average
of all single networks with an error of 0.042. This corresponds to the bagging
approach with the difference that the networks were regularized with Bayesian
learning.

Predicting Sales Rates of newspapers for many retail traders serves as a real
world application to evaluate the approach. Every newspaper publisher has to
solve the problem of printing a large number of copies and distributing them to
the retail traders trying to keep the return quote as low as possible. On the one
hand the newspaper publisher wants to maximize his profit by selling as many
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Fig. 3. The figure shows how the number of classes is determined for a given set of
networks for the benchmark problem from figure 1. The heterogeneity criterion is a
curve with a clear maximum, which is reached here for 8 classes. The committee error
is relatively constant for a long time and decreases then strongly. Greater changes in
one step indicate that two heterogenous classes were merged together.

copies as possible. On the other hand he needs to minimize the number of unsold
copies to reduce his costs for production and logistic. To solve this task he needs
to estimate as accurately as possible the sales rates for each retail trader.

Prediction of sales rates is a challenging task, since the underlying times se-
ries is extremely noisy and bears the danger of overfitting easily. At the same
time the large number of data sets, e.g., data from several thousands of retail
traders, allows for a good evaluation of the approach. Furthermore, the real time
prediction system is continously evaluated in practice. The ’BILD-Zeitung’ is a

Fig. 4. The figures illustrates the problem of distributing newspapers: About 5,5 million
copies of ’BILD’ are printed each day, which have to be distributed to wholesalers and
from there to retail traders. About 16.2% of the total number of copies is returned each
day resulting in a loss of approximately 100.000 Euro.

german newspaper of the Axel Springer Verlag. More than 5,5 million copies are
printed daily depending on the orders of 110 wholesalers (Fig.4). Each of them
estimates the individual sales rates for all his retail traders based on the latest
data. Before neural networks were used to perform this task, the estimation was
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based on a moving average model. The results of the individual predictions are
combined with an extra charge to an overall prediction for the wholesaler. On
average, 4,6 million copies are sold resulting in a return of 900,000 copies, i.e.,
16.3% of the amount ordered, causing a loss of more than 25 million Euro each
year. The sales department of the Axel Springer Verlag developed a prediction
system based on neural network models for the time series of each retail trader
and improved the return quota of several wholesalers by more than 5%. That is
an average reduction of the percental return quota from 16.3% to about 15.5%.
The system uses pre-processed input features over the time series (xτ ), e.g. dif-
ferences like (xτ − xτ−1) or higher differences, long time history measures and
general movement indicators. Predictions are made for one week ahead, i.e., al-
ways from Monday to Monday, Tuesday to Tuesday, etc. The target data is the
difference of the sales rate of next week sale to a short term moving average. In
this sense, the neural network is an error correction model for the linear moving
average model. All in all, 47 input features were used, resulting in a large input
space and a long training time for the single networks. A standard weight decay
regularizer was used, where the weighting parameter λ was adjusted experimen-
tally by a series of training runs for a few data sets such that the overfitting
effect on a validation set was just suppressed and then fixed for all data sets
which is clearly suboptimal. On the other hand is it impossible in practice to
adjust this parameter manually for all time series, and this every time the model
is retrained. This makes the task an interesting application for Bayesian learning
algorithms because they compute the optimal weighting parameter λ without re-
sorting to cross validation techniques. Finally, the fast learning algorithm Rprop
was used to minimize the resulting error function [Riedmiller, 1994]. The data
used for this research was gained in the area of Münster (a university city in
north-west Germany), in the area of Freiburg (a university city in south-west
Germany) and Hamburg (north Germany). In total, the time series from over
1000 retail traders were available for training and testing. Training data ranged
over 4 years from 1993 to 1996 while the generalization performance was esti-
mated based on the sales rates of 1997 and 1998. For every data set, 50 networks
with different network initializations were trained with standard weight decay
as well as Bayesian learning. The network topology had one hidden layer with 4
units.

Figure 5 shows clearly the improvement of the average error (over all models and
data sets) of the Bayesian approach compared to optimizing the regularization
weighting factor by cross validation. Selecting always a subset of networks to
form a committee as proposed in this paper further reduces the generalization
error. As in figure 2 we get the same result that the committee is almost always
better than most single networks. Note also, that selecting for each time series
the network with the highest evidence also improves the system performance
significantly. Still, forming a committee leads to a lower prediction error. Fur-
thermore the range from the committee with the best test error to that with the
worst test error is smaller, e.g. the probability of choosing a suboptimal model
is reduced.
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Fig. 5. Average error for different approaches. ’WD’ stands for training with standard
weight decay as previously done by the Axel-Springer-Verlag, ’Bayes’ stands for training
with a Bayesian learning rule and ’Committee’ represents the clustering process to
select maximal independent committee members. The bars represent the range for the
model with the lowest test error to the model with the largest test error. That is, for
each time series the model with the lowest test error is selected and the average over
all time series is plotted (as the lower end of the vertical bar). The crosses mark the
the average errors of the different approaches. The figure shows clearly the average
reduction of the prediction error. Note also, that the spread between the best model
and the worst model decreases from left to right.

4 Conclusions

In this paper an approach was presented that combines several important steps
of neural network design into an optimization procedure. This method was pri-
marily aimed at developing committees of neural networks for tasks where the
data is noisy and limited and the optimal subset of features is not known. For
example as for time series prediction tasks [Ragg et al., 2000], which bear the
danger of overfitting easily. The averaging process of forming a committee is al-
ways sensible, since it can be shown that the committee error is never larger than
the average error of set of trained networks. On the other hand, the committee
error can be drastically reduced if the network functions are uncorrelated. Based
on the committee error decomposition we derived a criterion that allows us to se-
lect a subset of networks which form the best committee. This criterion measures
the overall independence of the network functions. By applying a hierarchical
cluster algorithm we can group the networks according to their similarities and
determine the number of classes such that the criterion (8) reaches its maximal
value. The benefits of the approach were demonstrated on a noisy benchmark
problem and a prediction tasks consisting of several thousand time series of sales
rates from retail traders.

The algorithm presented here can also be used with other function approx-
imators, e.g., Support Vector Machines or Gaussian Processes, as long as they
provide a possibility of model selection by some quality measure like the model
evidence in the Bayesian framework.
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[Rätsch et al., 1998] Rätsch, G., Onoda, T., and Müller, K. Soft margins for adaboost.
Technical Report NC-TR-1998-021, GMD, Berlin, 1998.



418 T. Ragg

[Riedmiller, 1994] Riedmiller, M. Advanced supervised learning in multi-layer per-
ceptrons - from backpropagation to adaptive learning algorithms. Int. Journal of
Computer Standards and Interfaces, 16:265–278, 1994. Special Issue on Neural Net-
works.

[Rosen, 1996] Rosen, B. E. Ensemble Learning Using Decorrelated Neural Networks.
Connection Science, 8:373–384, 1996.

[Scott & Thompson, 1983] Scott, D. and Thompson, J. Probability density estima-
tion in higher dimensions. In Gentle, J., editor, Computer Science and Statistics:
Proceedings of the Fifteenth Symposium on the Interface, pages 173–179. 1983.

[Sharkey, 1999] Sharkey, A. J. Multi-Net Systems. In Sharkey, A. J., editor, Combining
Artificial Neural Nets, pages 1–30. Springer, 1999.

[Silverman, 1986] Silverman, B. Density Estimation for Statistics and Data Analysis.
Chapman and Hall, 1986.

[Vapnik, 1995] Vapnik, V. The Nature of Statistical Learning Theory. Springer, 1995.
[White, 1989] White, H. Learning in artificial neural networks: a statistical perspective.

Neural Computation, 1:425–464, 1989.


	Introduction
	Committee Error Decomposition
	Experimental Results
	Conclusions

