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Abstract. In this paper, we present a time dependent diffusion model
for load balancing on synchronous networks with dynamically changing
topology. This situation can arise for example from link failures. Our
model is general and include Cybenko’s diffusion models for fixed topol-
ogy networks. We will show that under some assumptions, the time de-
pendent load balancing algorithm converges and balances the total work
load among the processors in the distributed network.

1 Introduction

One of the most fundamental problems in distributed processing is to balance
the work that must be performed among all the processors in a distributed
network or a parallel machine. The distributed load balancing problem is the
following. The processor network is modeled by an undirected connected graph
G = (V, E) in which each node contains a number wi of current work load. The
load balancing problem was studied by several authors from different perspec-
tives [2,9,4,3,7]. The goal of a load balancing algorithm is to determine how to
move amounts of work load across edges so that finally, the weight on each node
is equal. The schedules of the load balancing problem are iterative in nature
and their behavior can be characterized by iterative methods derived from lin-
ear system theory. Local iterative load balancing algorithms were first proposed
by Cybenko in [2]. These algorithms iteratively balance the load of a node with
its neighbors until the whole network is globally balanced. The are mainly two
iterative load balancing algorithms : diffusion algorithms [2,3] and their vari-
ant the dimension exchange algorithms [2,9]. Diffusion algorithms assume that a
processor exchanges load between neighbor processors simultaneously, whereas
dimension exchange algorithms assume that a processor exchanges load with a
neighbor processor in each dimension at each time step.

These algorithms, however, have been derived for use on synchronous net-
works with fixed topology. In a synchronous network, the nodes share a global
clock. In each time step, each edge can transmit a message in each direction.
In a network with dynamically changing topology (i.e., a dynamic synchronous
network), the set of edges in the network may vary at each time step. In any time
step, a live edge is one that can transmit one message in each direction [5,8].
We assume that at each time step, each node in a synchronous dynamic network
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knows which of its edges are live. A dynamic network can be viewed here as a
network in which some edges fail during the execution of an algorithm. The fault
tolerance properties of many specific network have been analyzed [1,8]. Typically
the goal is to show that a network with faults can emulate a fault-free network
with little slowdown [5]. The locations of the faults are assumed to be known or
at least locally detectable. In the following, we do not make any assumption on
either the pattern of link failures or the topology of the network.

In this paper, we extend the diffusive local load balancing scheme to be used
on synchronous networks with dynamically changing topology. We show that
under some suitable assumptions, a load balancing algorithm converges to the
uniform distribution. We address in this paper the static load balancing problem.
The uniform distribution allocates the same amount of work to every processor
while keeping the total amount of work in the network constant.

This paper is organized as follows. In section 2 we review the diffusion load
balancing approach developed by G.Cybenko for synchronous networks with a
fixed topology. In section 3, we describe a time dependent load balancing ap-
proach that can be used in synchronous networks with dynamically changing
topology. This approach is a generalization of Cybenko’s diffusion algorithms as
it will be showed in section 4. We analyze then the proposed approach in section
4 and we give some examples in section 5. We end this paper by some conclud-
ing remarks and by a discussion of future work. Notations and mathematical
background needed for this paper are given in the appendix.

2 Fixed Topologies Diffusion Load Balancing Schemes

2.1 Standard Diffusion Approach

In the rest of the paper, Mk denotes the kth power of the matrix M, and uT

denotes the transpose vector of u ∈ N.
Assume that we have a distributed system represented by a graph G = (V, E)

with n nodes, V is the set of nodes (i.e., processors) and E is the set of edges
(communication links). Let wi(t) ≥ 0 be the load handled by processor i at time t,
where t is a nonnegative integer time variable. The diffusion load balancing model
defined by G. Cybenko is the following

wi(t + 1) = wi(t) +
∑
j �=i

αij(wj(t) − wi(t)), (1)

where the αij are constants and satisfy the following conditions:

– αij ≥ 0 for all i, j,
– if (i, j) /∈ E, then αij = αji = 0,
– 1 − ∑n

j=1 αij ≥ 0.

we rewrite (1) as a simple vector equation w(t + 1) = Mw(t), where w(t) =
(w1(t), ..., wn(t))T denotes the work distribution and M = (mij) is a constant
matrix given by
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mij =
{

αij if i �= j
1 − ∑n

j=1 αij if i = j.

G. Cybenko showed the following result

Theorem 1 (Cybenko, [2]). If the network is connected and the associated
constant diffusion matrix M is symmetric, doubly stochastic and not bipartite,
then the iterative process (1) converges to the uniform distribution that balance
the total load among the nodes.

2.2 Dimension Exchange Approach

Given a d-dimensional network, the dimension exchange load balancing model
presented by G. Cybenko [2] and extended in [4,7] is the following

w(t + d) = Mw(t), (2)

where M = Md−1 × ... × M0.
If w(t) is the load distribution at time t, then Mw(t) is the new distribution of
loads at time t + d resulting from applying successively the balance operations
for the consecutive dimensions 0, 1, ...,d−1 in consecutive steps. In other words,
a single iteration of the diffusion approach is serialized in one sweep through all
dimensions of the network.
M	 = (m	)ij is a constant matrix across the �th dimension , 0≤ � < d, given by

(m	)ij =




αij if j is the neighbor of i across the dth dimension
1 − ∑n

j=1 αij if i = j

0 otherwise.

G. Cybenko has presented this model for a d-dimensional hypercube in [2]. Note
that the comparison between diffusion algorithm and the dimension exchange
algorithm is similar to the differences between Jacobi and Gauss-Seidel methods
for iterative matrix methods.

It is worth noting that the matrices used by both the two schemes are con-
stant matrices. In the standard diffusion scheme, all the entries of the matrix M
are constants and remain unchanged during the load balancing process. In the
dimension exchange scheme, the matrix M consists of d matrices, when we have
a d-dimensional network, all their entries are constants. During the iterative load
balancing process, we cycle through the dimension sequence of the network in
consecutive steps [2]. In the rest of the paper, we refer to the two Cybenko’s
load balancing schemes as diffusion load balancing scheme

Our approach in this paper is quite different from the Cybenko’s approach.
We assume that the network can have a dynamically changing topology (a dy-
namic network): communication links may go up and down dynamically. Cy-
benko’s diffusion scheme fails in a dynamic network because it assumes that the
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topology is fixed: in each step of the iterative process, load can be moved across
fixed set of communication links. This is why it proceeds with constant matrices.

In what follows, we will describe a time dependent diffusion approach that
can be used on a synchronous network with dynamically changing topology.

3 Diffusion Load Balancing on Dynamically
Changing Topology

3.1 Description

In this paper, we propose the following load balancing model defined by

wi(t + 1) = wi(t) +
∑
j �=i

(αt)ij(wj(t) − wi(t)), (3)

where the (αt)ij are time dependent coefficients.
we rewrite (3) as a simple vector equation

w(t + 1) = Mtw(t), (4)

where w(t) denotes the work distribution and Mt = (mt)ij is given by

(mt)ij =
{

(αt)ij if i �= j
1 − ∑n

j=1(αt)ij if i = j.

The load assignment given by (3) is similar to Cybenko diffusion scheme [2]
given by (1) except that the term (αt)ij , as suggested by its notation, is not a
constant but it depends on the time t.
The main result of this paper is the following.
Result If there exist integers �(k), where k is a nonnegative integer time
variable such that
i) at times, �(k) successive diffusion matrices appearing in (4) are all equal to a
fixed matrix T ,
ii) for a sufficiently large time k, T 	(k) is a constant positive matrix,
then the time depend load balancing scheme (3) converges to a vector distribution
of loads among the nodes of the form w∗ = (w̄, ..., w̄)T .
In addition, if the diffusion matrices are doubly stochastics then w̄ =

Pn
i=1 w(0)

n
where w(0) is the initial load distribution.

3.2 Convergence Analysis

The mathematical formulation of the above result is the following

Theorem 2. Suppose that there exists a matrix T , a sequence {pk}k∈N
and

integers �(k) such that
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i) Mpk
= Mpk+1 = .... = Mpk+	(k) = T,

ii) lim
k→∞

T 	(k) = Q,

where Q is a positive matrix
then the time dependent load balancing scheme (3) converges to a vector w∗ =
k(1, 1, ..., 1)T .
in addition, if the matrices Mt are doubly stochastic then w∗ is the uniform
distribution of loads among the nodes, i.e.

w̄ =
∑n

i=1 w0
i

n

where w0 = (w0
1 , ..., w

0
n)T is the initial load distribution vector.

Proof. For w = (w1, ..., wn)T , let |w|∞ denotes the maximum norm of w, |w|∞ =
max1≤i≤n |wi| .
Since Mpk

is a stochastic matrix, |Mpk
| = 1. We prove that the sequence

{w(pk)}k∈N
is bounded and thus it contains a convergent subsequence (Borel-

Lebesgue theorem). Let {w(pkm)}m∈N
denotes this subsequence,

lim
m→∞w(pkm ) = w∗. (5)

We have |w(t + 1)|∞ = |Mtw(t)|∞ ≤ |Mt|∞ |w(t)|∞ ≤ |w(t)|∞ . . . ≤ |w(0)|∞ , so
the sequence {|w(t)|∞}t∈N

is a decreasing bounded sequence thus it is convergent
and limt→∞ |w(t)|∞ = limm→∞ |w(pkm )|∞ = |w∗|∞ .
Let’s denote by Mpk,	(k) = Mpk+	(k).....Mpk+1Mpk

. We have

Mpkm ,	(km)w(pkm) = Mpkm+	(km).....Mpkm+1Mpkm
w(pkm)

= Mpkm+	(km).....Mpkm+1w(pkm + 1)
...
...

= w(pkm + �(km) + 1).

Note that by hypothesis i) of theorem 2, Mpkm ,	(km) = T 	(km)+1. We can check
that

limm→∞ |Qw∗ − w(pkm + �(km) + 1)|∞ ≤ limm→∞
∣∣(Q − T 	(km)+1)w∗∣∣

∞
+ |(w∗ − w(pkm))|∞ .

By hypothesis ii) of theorem 2 and (5) we obtain

lim
m→∞ |Qw∗ − w(pkm + �(km) + 1)|∞ = 0.

Thus
|Qw∗|∞ = lim

m→∞ |w(pkm + �(km) + 1)|∞ = |w∗|∞ . (6)

We prove now that the sequence {w(t)}t∈N
converges to w∗. We have

Mtw
∗ = w∗,
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and
lim

t→∞ |w(t + 1)− w∗|∞ = lim
m→∞ |w(pkm )− w∗|∞ = 0.

Since for all t ∈ N, Mt is doubly stochastic then

n∑
i=1

wi(1) =
n∑

i=1

n∑
j=1

(m0)ij wj(0) =
n∑

j=1

wj(0)
n∑

i=1

(m0)ij

︸ ︷︷ ︸
1

=
n∑

j=1

wj(0),

by induction we obtain that for all t ∈ N,
∑n

i=1 wi(t) =
∑n

j=1 wj(0), and∑n
i=1 w∗

i =
∑n

i=1 wi(0).
Since w∗

i = k, we have
∑n

i=1 wi(0) =
∑n

i=1 w∗
i (t) = nk which yields

w̄ =
∑n

i=1 wi(0)
n

,

as desired.

3.3 Specific Schemes Derived from Theorem 2

First if we suppose that we have a fixed topology network, then we obtain the
classical Cybenko algorithm stated in theorem 1.

Corollary 1. Theorem 1 is a particular result of theorem 2.

Proof. In theorem 1 it is assumed that the network is connected which means
that M is an irreducible matrix. It is also assumed that M is symmetric so it
is doubly stochastic. The not bipartite assumption implies that −1 is not an
eigenvalue of M, hence limk→∞ Mk exists.
A classical result in [6], (page 28, theorem 1.7) states that
−1 is not an eigenvalue of M and M is irreducible⇐⇒ ∃L ∈ N, ML is a positive
matrix ( M is a primitive matrix).
So limk→∞ Mk = Q which is positive and doubly stochastic.
If we choose in theorem 2, {pk}k∈N

= {k}k∈N
and �(k) = k for all k ∈ N, and

T = M a doubly stochastic matrix then for all t ∈ N, Mt = T = M is obtained
by assumption i) and limk→∞ Mk = Q is obtained by assumption ii); theorem
1 becomes a particular case of theorem 2.

Corollary 2. If for all t ∈ N, Mt is a doubly stochastic matrix and if there exist
a matrix T such that

lim
k→∞

T k = Q

where Q is a positive doubly stochastic matrix and if there exist an increasing
subsequence {�(k)}k∈N

such that

Mpk
= Mpk+1 = ... = Mpk+	(k) = T

then the time dependent load balancing scheme (3) converges to a vector w∗ =
Pn

i=1 w0
i

n (1, 1, ..., 1)T .
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Proof. Since �(k) is an increasing sequence, we have limk→+∞ �(k) = +∞, so
limk→+∞ T 	(k) = limk→∞ T k = Q which is a positive doubly stochastic matrix.
This corollary corresponds to the situation below

M0 ∗ ... ∗ T ∗ ∗... ∗ ∗TTT ∗ ∗... ∗ ∗TTTTT ∗ ∗... ∗ ∗TTTTTTTT ∗ ....−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ time axis

Example
Consider the behavior of the load balancing algorithm on a d-dimensional

hypercube with d = 2, when matrix T is

T =




0 1/3 0 2/3
1/3 0 2/3 0
2/3 0 1/3 0
0 2/3 0 1/3




if a live edge that connect two nodes i and j fails during the course of the
computation then its correspondent entry (mt)ij in Mt becomes equal to 0.
If there are no faults then the we obtain the matrix T . We remark that for
large enough k (k ≥ 18), T k = Q, where Q is a positive matrix all its entries
are equal to 1/4. By Corollary 2, we know that if limk→∞ T k = Q and if we
encounter the matrix T successively in an increasing consecutive steps then the
time dependent load balancing balances the total work distribution among the
processors regardless of possibly faults occurring in the network.
Another particular case corresponds to the following situation

Corollary 3. If there exists a subsequence {pk}k∈N
such that

Mpk
= Q

where Q is the matrix wherein all its entries are equal to 1/n, then the time
dependent load balancing scheme (3) converges to w∗ =

Pn
i=1 w0

i

n (1, 1, ..., 1)T .

Proof. This is a particular situation of theorem 2 where we choose �(k) = 1.

M0 ∗ ... ∗ Q ∗ ∗...−−−−−−−−−−−−→ time axis

Remark 1. As soon as we meet a positive doubly stochastic matrix the distribu-
tion load of work is uniform.

Corollary 4. If there exists an integer L and a matrix T such that T L = Q,
where Q is a doubly stochastic matrix and if there exists a subsequence {pk}k∈N

such that
Mpk

= Mpk+1 = ... = Mpk+L = T

then the time depend load balancing scheme (3) converges to the vector w∗ =
Pn

i=1 w0
i

n (1, 1, ..., 1)T .

Proof. This is a particular situation of theorem 2 where we choose �(k) = L.

The above corollary corresponds to the following situation

M0 ∗ ... ∗
L times︷ ︸︸ ︷
TT..TT ∗ ∗...−−−−−−−−−−−−−−−−→ time axis
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4 Conclusion

A new model of time dependent local load balancing is proposed in this pa-
per. This model can be used on synchronous networks with fixed topology and
synchronous networks with dynamically changing topology. This is useful when
the topology might change owing to failures in communication links. This is
well-suited for large problems that need to share computations among distant
processors of a NOW or COW(Network or Cluster of Workstations) as well as
large networks. It is worth pointing out that our approach makes no assumptions
on either the topology of the network or the pattern of possibly link failures. It
is shown that under some assumptions, a time dependent load balancing algo-
rithm converges and balances the total work load among the processors in the
distributed network. Our next further investigation concerns the study of local
load balancing algorithms on asynchronous networks.
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