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Abstract. A structure-adaptive approach to robust statistical estimation of
image intensity for adaptive filtering and segmentation of images is described in
the context of a two-region structural image model. The proposed adaptive
estimation procedure is based on the selection of best fitting structuring region
relatively to a current point from all available multiple structuring regions by the
maximum a posteriori probability principle. In application to image filtering,
the described method allows to suppress noise and, at the same time, not
damage the initial image including corner edges and image fine details.  It
provides also a robust binary segmentation of local objects of interest and their
edges on noisy background.

1 Introduction

The main objective of image filtering is the suppression of different types of noise
present in images as well as the enhancement of imaged objects, edges and other
relevant details. The result of filtering is often used for reliable image segmentation,
e.g. for detection of local  objects of interest. A variety of filtering and intensity
estimation techniques have been proposed for this purpose. However, when solving
the considered problems, the known filtering and segmentation techniques often
evaluate image intensity incorrectly, that is mostly due to ignoring shape constraints
of objects of interest and noise statistics which can help in discriminating local objects
or fine details against noisy pixels [1-4]. For example, the median filter does not blur
edges, but it damages fine details including corner edges and small and thin isolated
objects. Some adaptive methods solve this problem in an edge-preserving manner but
they do not suppress noise at the edges and fine details in images.

Known robust statistical estimators can be applied in the case of assumed noise
model with outliers in order to achieve better noise removal. The noise model with
outliers supposes the noise magnitude follows one particular distribution law, e.g. a
normal distribution, except for a small amount of outliers with another distribution.
Recently, several image filtering and segmentation methods which are based on
statistical estimation of image intensity using the concept of robust regression have
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been proposed [4-6]. Although good results have been reported, the advantage of
mixed noise removal in these methods does not contribute to the preservation of
relevant local structures.

To overcome the mentioned disadvantages of the known nonlinear methods, it is
proposed to use a structure-adaptive approach to image filtering which consists of
using multiple structuring regions for robust estimation of image intensity or other
image local properties involving, first of all, pixels from the most homogeneous
regions [4]. This approach is based on a model of image local structures which
explicitly describes planar shape of local objects using notions and operations of
mathematical morphology. Another important application of such an image modeling
is the image segmentation based on a robust estimation of model parameters.

The paper is organized so, that after the problem statement in Section 1, the
underlying model of image intensity function is described in Section 2. The structure-
adaptive image filtering and segmentation using sub-sample selection by the
maximum a posteriori probability principle for intensity estimation is described in
Section 3. Experimental results of  filtering and binary segmentation are described in
Section 4 and concluding remarks are given in Section 5.

2  Image Structural Model Using Polynomial Regression

2.1  Modeling of Homogeneous Regions on the Image Plane

The so-called separate image modeling has been used in order to represent local
objects in images and edge structures of present objects (homogeneous regions) as
local geometrical structures [4]. It consists of two kinds of image modeling: domain
model of homogeneous regions and image intensity model as a stochastic
representation of intensity variations. The domain image modeling consists of a
description of object support regions  as sets of points on the image plane by means of
generating sets  and structuring elements [4]. The intensity function has constant
parameters inside the support regions which are created by using  morphological
operation of dilation of generating sets (lines), where the generating set is a set of
four- or eight-connected image points the width of which being equal to one. The
generating set is a kind of object’s skeleton which together with structuring elements
determines the shape and size of objects of interest on the background.

The defined structuring elements and generating sets are used to obtain the so-
called structuring regions which are involved in structure-adaptive image filtering
and segmentation [4]. The value of sample size N defines statistically sufficient
number of pixels for estimation of  model parameters, and ultimately, the image
intensity. For a structuring element, all the related structuring regions {Vl(i,j)} that
constitute a multiple local domain model, are derived from it by selecting at least N
nearest neighboring points relatively to every point of the structuring element. In the
case of multiple structuring elements, the same derivation procedure is made with
respect to each of the structuring elements with subsequent  reduction of redundant
structuring regions, namely, the regions which include other smaller structuring
regions. The structuring region which corresponds to the central point of a symmetric
structuring element is called a symmetric structuring region, all other structuring
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regions  represent edge structuring regions. Examples of structuring regions with
various shapes are shown in Fig. 1.

(a)                        (b)                        (c)

Fig. 1. Examples of two-region image fragments with different edge geometry. Appropriate
structuring regions are marked by the black quads.

It can be easily proved that in the condition of the assumed domain model every
image point belongs, at least, to one of the multiple structuring regions since every
domain point belongs to a certain structuring element shifted to a respective point on
the image plane. Estimation of a pixel intensity by considering only edge pixels of an
appropriate asymmetric neighborhood preserves corner edge pixels against
destruction whereas the median filtering, for example, destroys them.

2.2  Polynomial Regression Model of Intensity Function

A parametric function is defined for each region of the domain model in order to
model the image intensity function so that the function parameters are constant within
every single region in the image domain. The polynomial regression model has been
adopted for a concise intensity description within homogeneous regions defined in the
image domain model. The polynomial regression model states that the intensity
function g(i,j), where (i,j) are two coordinates as the non-random explanatory
variables (due to exact discrete values of coordinates), can be represented as a
polynomial function of order q within a neighborhood D(u,v) relatively to a current
point (u,v) plus independent noise field n(i,j) with a Gaussian distribution N(0,1):
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where D(u,v) might be a homogeneous region in the image plane or a structuring
region as a subset of this homogeneous region including current point (u,v), qr,s is the
(r,s) regression coefficient, n(i,j) is white noise having zero mean and unit standard
deviation, s is the scale parameter for model residuals (noise). The first term of the
right part in Eq. (2.1) is treated as residuals of the polynomial regression model. The
regression coefficients {qr,s} are considered together with the scale parameter s as the
model parameter vector  q=[q0, q1, ..., qt, s] to be estimated, where q0 is the surface
intercept coefficient.
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The resulting image local model after consideration of the introduced regression
model will be a piecewise polynomial representation of image intensity within a local
fragment, the size of which cover  all possible positions of the structuring regions
used. In some problem statements of image processing, especially in binary
segmentation, a two-region local model with assigned two sets of regression
coefficients can be assumed as a quite adequate representation of image intensity (see
Fig. 2). For example, such a two-region model is explicitly supposed in image
binarization by a thresholding operation. This local model of an image fragment
represents the generalization of a step or ramp edge model with various planar shape
of edges. The intensity of a two-region image fragment is described by two vectors of
regression parameters: q=[q0, q1, ..., qt, s] and h=[h0, h1, ..., ht, s]. The case of equal
polynomial coefficients except for the intercept coefficients represents the so-called
conformable polynomial regression (CPR) model in which the difference c=|q0-h0|
determines the local contrast of a two-region fragment.

3  Algorithms for Structure-Adaptive Filtering and Binarization

3.1  Robust  Estimation of Model Parameters

The method of least squares (LS) provides an optimal solution for estimation of
model parameter vector, q=[q0, q1, ..., qt, s], in the sense of maximum likelihood (ML)
principle in the condition of normal distribution of model residuals s¼n(i,j). However,
not all the residuals in Eq. (2.1) have a Gaussian distribution in the neighborhood
W(i,j) due to possible present edges and fine details in this neighborhood according
the assumed model of intensity (Section 2.2). The pixels belonging to other side of
present edge in  W(i,j) are considered, for example, as outliers which can take
arbitrary large values within the gray scale. In this case, the methods of robust
regression can overcome the deficiency of  LS intensity estimation. Different
approaches to robust parameter estimation have been developed including the well
known M-estimators and  L-estimators [7]. The known method of least median of
squares (LMS) is applicable in the case of general regression and has a breakdown
point of 50% [8]. The breakdown point of a regression estimation method is the
smallest amount  of outlier contamination that may force the value of the estimate
outside an arbitrary range.

The proposed approach to robust estimation is based on the maximum a posteriori
probability (MAP) selection of best partial estimate among all the computed partial
estimates with respect to different pixel sub-samples in W(i,j). Every partial estimate
vector qk is computed by the maximum likelihood estimation (ML)  principle that
corresponds to the least square method in the case of assumed Gaussian residuals
(inlier points) in the polynomial regression model by Eq. (2.1). It is supposed K
distinct cases of outlier positions with respect to the inliers with respective prior
probabilities {P(k)} of these occurrences. If the prior probabilities {P(k)} are all
known and correct, then the outlier occurrence m  for the final parameter estimate is
selected by the MAP rule:
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where )/( kP kx  is the conditional probability of residuals for the sub-sample xk

corresponding to the outlier occurrence k. In the case of impulsive noise, for example,
the binomial distribution is suitable for {P(k)}.

However, the direct application of the MAP rule for the best fitting sub-sample
selection by Eq. (3.1) needs the marginal probability density functions )/( kP kx  to

be known for all possible values of the parameter vector  to make  such a selection. It
requires multidimensional integration over all possible parameter vectors {q }.  Since
it is analytically unfeasible and computationally not practical, an asymptotic MAP
criterion can be used in practice for selection of best fitting sub-sample [9]. Another
approach to handle this problem is to use K partial conditionally robust estimates{qk}
of regression coefficients obtained from the sub-samples {xk }. Such an approximate
MAP criterion for model selection also requires robust initial estimates for the
distribution parameters of inlier and outlier residuals [10].

In the proposed image model, the distribution of inlier residuals is supposed to be
a Gaussian law N(0;s), whereas the distribution of the outlier magnitude is described
by its own probability density function.  For example, in the developed algorithms for
image filtering a one-sided Gaussian and Laplacian probability density functions
G(D;s) and L(D;s) (only one half of the shifted density function is used) were
assumed for the distribution of the difference (D-|rout|), where rout is the outlier residual
and D>0 is the outlier range parameter. In the proposed CPR model, the natural
assumption for outlier distribution law is also a Gaussian distribution N(h;s), where h
is the local contrast. The maximal value of |rout| can be adopted for the initial estimate
of D with respect to initial LS estimates of coefficients, whereas the initial estimate
for variance s2  is made over the sub-sample of supposed inlier residuals which yields
the minimal mean squared deviation.

The robustness of the proposed estimator is characterized  by a breakdown points
50%, i.e. the method yields a bounded estimate for the vector of regression
parameters even in the case when (N-1)/2 points in the sample of N points are outliers
with arbitrary large amplitudes. The statistical efficiency of this robust estimate is
determined by the total number of points in the sub-sample x

m
 selected by Eq. (3.1).

3.2 Application of Robust Intensity Estimation to Image Noise Filtering

The image filtering can be considered as a robust estimation of  model parameters
within a window W(u,v) of N points and computation of image intensity in point (u,v)
as the value of the polynomial function in point (u,v) with estimated coefficients.
However, the estimation of polynomial coefficients described in Section 3.1  is not
practical for noise filtering because of computationally prohibitive number of all
possible sub-samples of pixels equal to 2N-1. In contrast to known adaptive filtering
methods, the proposed structure-adaptive approach yields an acceptable solution to
this computationally complex problem by using  intensity estimates over a restricted
number of L structuring regions (Section 2.1) instead of all possible sub-samples. A
pixel value will be estimated over one appropriate structuring region from L multiple
structuring regions {Vl(i,j)} in the underlying model. The number M of the most
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suitable structuring region for pixel estimation is determined by the Bayes rule:
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where P(l) is the a priori probability for lth structuring region; P(x/l) is the
conditional probability for a feature vector x, and l takes values over all considered L
structuring regions. The feature vector x is composed of the residual vector of
polynomial regression with respect to current structuring region Vl(i,j) (for inliers
{rin}) and the background sub-region Bl(i,j) corresponding to Vl(i,j) (for outliers
{rout}). The inlier residuals have a Gaussian distribution N(0;s) whereas the
distribution of outlier residuals can be approximated, for instance, by a one-sided
Gaussian distribution G(D;s). For equal {P(l)} and equal size of structuring regions,
not including the symmetric region, the selection by Eq. (3.2) is reduced to the rule:
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 Thus, the complete enumeration of sub-samples in Eq. (3.1) is substituted by the
consideration of a relatively small number L of structuring regions. Since it is
supposed that the symmetric structuring region is without edges, it is excluded from
the selection on the first step. The second step consists of selection of one final region
from two remaining regions: selected edge structuring region and symmetric
structuring region. It is made by the likelihood ratio rule assuming respective
conditional distributions for inlier and outlier residuals and a significance level.

3.3  Application of Robust Intensity Estimation to Local Binarization

The goal of binary segmentation is to extract objects of interest from the background
and assign corresponding labels to them. The known techniques for image
segmentation by a thresholding operation are mostly based on threshold determination
from image histograms. In applications with low-contrast objects of interest located
on noisy background, these methods fail to segment correctly objects of interest
because the image histograms are usually not unimodal.

The main idea behind the proposed model-based method of binarization is to
apply the thresholding only in fragments which satisfy the CPR model condition for
image fragments in W(m,n). In fact, the discrimination of a two-region fragment is
made during the stage of selection of a single structuring region out of two regions:
symmetric structuring region and best fitting edge structuring region. No thresholding
is made when a symmetric structuring region is selected, otherwise the binarization of
the fragment is performed as an intensity thresholding with a variable threshold. If the
CPR model is assumed, the threshold surface has the same regression coefficients as
the intensity function in the selected structuring region except for the intercept
coefficient. The coefficients are robustly estimated during the selection of structuring
regions (Section 3.1). The explicit value for the variable threshold is determined
based on the likelihood ratio rule. Assuming the CPR model, i.e. the inlier (object)
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Fig. 2.  Flowchart of  structure-adaptive filtering and segmentation.

          
(a) (b)

          
(c) (d)

Fig. 3. Result of filtering of  noise corrupted image AZ by: (b) median filter ,  (c) LMS
filter,   and (d) proposed structure-adaptive filter with q=0  and window size N=3x3.
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residuals  have the distribution N(h;s2) and  the outlier (background) residuals have
the distribution N(0;s2), the thresholding is made by the testing:
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where f(i,j) is the reconstructed polynomial function based on the estimated regression
coefficients,  l is the ratio of prior probabilities P(0)/P(1) for background and object

points, respectively, h
~

 is the estimated local contrast as the difference value between

object and background intensities, and 2~s  is the estimated noise variance. The right
part of Eq. (3.4) represents a variable  (floating) threshold  surface if a two-region
fragment has been detected.
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Fig. 4.  RMSE  of image AZ corrupted by mixed normal and impulsive noise obtained
for different robust filtering techniques.

4  Experimental Results

The proposed technique for structure-adaptive filtering has been tested on different
real, composite (natural initial image and artificial noise) and synthetic images
including the synthetic image AZ (Fig. 3).  The initially bilevel image AZ has been
chosen for experiments because it contains abrupt edges of various shape. The results
of structure-adaptive filtering in comparison with the conventional median filtering
[1] and the adaptive LMS filter based on a modified LMS robust estimate [2,8] are
shown  in  Fig. 3 as applied to image AZ. The conventional median filter has been
selected for comparison because it provides in practice good results at low
computational expenses. For computational reason, the structuring regions in all
experiments coincide with respective shifted versions of one structuring element
consisting of N=3x3 points. The  polynomial regression of  first order (q=1, number
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of coefficients in the model (2.1)  (t+1)=3) and zero order (q=0) has been used in
most experiments. The experimental results have confirmed theoretical conclusion
that the proposed filter removes well noise and preserves edges at the same time. The
results of comparison in term of the root mean square error (RMSE) of restoration
with the median filter [1] and the modified LMS filter [2] are shown in Fig. 4. Some
results of multi-scale binary segmentation by using the proposed approach as applied
to radiographic images are shown in Fig. 5 and Fig. 6. The quality of binary
segmentation and detection of a two-region fragment has been evaluated in terms of
correct binary segmentation with respect to signal-to-noise ratio.

            
(a)                                                      (b)

            
(c)                                                      (d)

Fig. 5. Results of object extraction by the binary segmentation of medical radiographic images.

                 

Fig. 6. Local binarization of a radiographic weld image  for detection  of  weld defects.
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5  Conclusion

The proposed algorithm for robust intensity estimation using MAP sub-sample
selection has been presented and tested while solving image noise filtering and
binarization problems. It is a model-based approach using the concept of multiple
structuring regions as a principle of adaptive estimation of a pixel value corrupted by
noise.

The algorithm of structure-adaptive filtering removes well noise and does not blur
edges and small isolated objects. Application of the robust parameter estimation to
optimal threshold determination allows to perform reliable binary segmentation of
low-contrast and noisy image fragments. It is confirmed by experimental results on
radiographic images from non-destructive testing in industry and medical diagnostics
imaging.
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