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1 Introduction

In pattern recognition, the choice of features to be detected is a critical factor to
determine the success or failure of a method; much research has gone into finding the
best features for particular tasks [1]. When images are detected by digital cameras,
they are usually acquired as rectangular arrays of pixels, so the initial features are
pixel values. Some methods use those pixel values directly for processing, for
instance in normal matched filtering [2], whereas other methods execute some degree
of pre-processing, such as binarizing the pixel values [3].
An important tool for pattern recognition is the correlation matrix between objects
and its zero-mean cousin, the covariance matrix. Because the curse of dimensionality
plagues so many pattern recognition procedures, a variety of methods for
dimensionality reduction have been proposed. One of the classical statistical
procedures is the principal component analysis [1]. This method (known in the
communication theory literature the Karhunen-Loéve expansion ) finds a lower-
dimensional representation that accounts for the variance of the features. The
diagonalization of the correlation or covariance matrix is significant for image
processing, because among other advantages, it implies the decomposition of images
into independent components, it minimizes entropy, it minimizes the mean squared
error when some terms are removed, and it is related to principal value decomposition
and to factor analysis. Unfortunately the diagonalization of large matrices
corresponding to the covariance matrices of images with many pixels is often beyond
the capacity of even today's powerful computers.
So it is clear that finding an image decomposition that easily diagonalizes a
correlation matrix is of interest; in this paper, we introduce such a decomposition,
which we then use in order to see some familiar pattern recognition techniques in a
new light, and to propose a new and powerful approach to pattern recognition. The
correlation matrix that we propose should not be confused with the classical
covariance matrix between objects. Our correlation matrix is between the non-linerly
transformed features of two objects.
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2 Image Representation in Terms of the SONG Decomposition

Any two-dimensional quantized gray-scale image ),( yxf  can be decomposed into a

sum of orthogonal elementary images { })( fem  having the orthogonal property
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Each sub-image { })),(( yxfem  represents a gray level slice of the object. We define

the Sliced Orthogonal Nonlinear Generalized (SONG) decomposition of ),( yxf as
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where Q is total number of gray levels in the image and the basis is defined as
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A more general definition will be introduced in Section 3. Note that each object point
is characterized by only one gray level, so each q-slice is orthogonal to all of the
others, as indicated by the orthogonal property. By considering a three-dimensional
space with coordinates (x,y,q), the method can be interpreted as one of placing planes
parallel to the (x,y) coordinate plane of the image; each plane then “slices” the
function in the area of intersection. All of these areas form disjoint sets of pixels.
The function )),(( yxfeq  is an eigenfunction of the image pixel matrix ),( yxf  with

eigenvalue q, because )),(()(),( yxfqefeyxf qq = . This property will be important

when we consider the correlation matrix.

3 Pattern Recognition in Terms of the SONG Decomposition: The
SONG Correlation Matrix

We shall define a SONG correlation [4] based on the new binary SONG
decomposition. We shall also relate this correlation to a correlation matrix. Each
coefficient of the matrix can be viewed as the cross-correlation between two binary
slices of the input scene and of the reference object binarized using the SONG
decomposition. The general definition of the SONG correlation matrix allows the
representation of common correlation operations as special cases of the correlation
matrix.

3.1 Definition of the SONG Correlation

A more general definition of the SONG correlation between an input function )(xg

and an object prototype )(xf  is
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where ),( cqW  and ),( ckW ¢ are weighed correlation factors and c  is a parameter

that may depend on detection functions or other metrics and ˜  denotes the linear
correlation operation. For the sake of clarity, we use one-dimensional functions
although we will apply this correlation to two-dimensional images. We introduce a
general modified representation of any image as
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Note that if the weight factors are equal to the gray level values, we reconstruct the
original function f(x). Then the correlation of Eq. (4) can be expressed in matrix terms
as
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where { } qk

gfkqqk LCkWqWxfexgekWqWR ),(),())(())((),(),( cccc ¢=˜¢= . The

term qk

gfLC represents the linear sub-correlation between the q-slice of g(x) and the k-

slice of f(x); the operator Q  means the summation of all the terms of the matrix. It
can be viewed as the norm of the matrix, but, the norm of a matrix is defined as

{ }WW=W TTr  where {}×Tr  is the trace of a matrix, where the sum of the squared

coefficients is used instead of the sum of the amplitudes. So our operator Q  can be
viewed as the norm of the matrix in the absolute value sense.

In the following, we shall consider for simplicity objects located such that their
correlation peaks appear at the origin (0,0) because the correlation operation is shift
invariant, it is trivial to generalize to the case of targets located at any point (x,y) and
to the presence of multiple targets, since the correlation is also additive

For the case of autocorrelation where )()( xfxg = , the matrix of Eq. (6) becomes a

diagonal matrix because of the orthogonality between the slices, and
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The autocorrelation coefficients of the matrix are ff

qqqq LCqWA ),(2 c= . Note that we

do not need the squared values of the coefficients because the slices are binary
functions.
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In the absence of any a priori information about the input scene, there is no reason to
put any different weights on the binary slices. So the SONG correlation definition that
we shall consider is
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where 1),(’),( == cc kWqW . We are considering only the corresponding q-gray
level  binary slices for the g(x) and for the f(x) functions. This can be viewed as the
summation of the diagonal terms. A similar interpretation is to set to zero all the off-
diagonal terms the SONG correlation matrix.
The definition of the SONG correlation of Eq. (8) means that this operation can be
viewed as a function that counts the total number of non-zero pixels (or points) in an
image at the origin. Indeed, the SONG correlation process consists of separately
correlating each binary slice from the image with each binary slice of the prototype
corresponding to the same gray level, and then summing the correlation values.
Because the base { })( feq  is orthogonal in the )(xf  domain, each correlation value is

proportional to the number of pixels that are common to both slices. For the auto-
correlation, the sum for all the gray levels yields the total number of pixels in the
object. So the SONG auto-correlation at the origin is equivalent to a counting
operation: the height of the auto-correlation peak (in the absence of noise) is equal to
the number of pixels in the object, and in the case of false targets, the height of the
correlation peak is equal to the number of pixels that have the same gray level values
in the target and in the prototype. Note that there could be objects that have the same
number of pixels but that look totally different from the reference object. But the
counting operation that results from our cross-correlation measures the number of
equal-valued pixels that are in the same locations for both objects, which is a good
measure of similarity.
So coming back to what we pointed out in the introduction, we introduce a diagonal
correlation matrix representation for pattern recognition. This can be viewed as a
dimensionality reduction of the data, because we used the sum of only the diagonal

terms. Moreover, this choice of terms is best because the autocorrelation values ( qqA ,

from Eq. (7)) are found only along the diagonal, where the correlations of the
corresponding gray level slices are found. Other off-diagonal terms correspond to the
correlations between different gray level slices, and they add a background to the final
result without improving the discrimination.

3.2 Common Linear Correlation in Terms of the SONG Matrix

The linear correlation, gfLC , between two quantized gray level functions g(x) and f(x)

can be defined in terms of the SONG decomposition as
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The subindex indicates that we express the LC as a particular case of the SONG
correlation ( W ). So linear correlation can be expressed by means of the SONG matrix
using the particular weights as: 2qW Auto

LC =  and qkW Cross

LC = . Note that the dimensions

of the matrix are [ ]11 -·- QQ . So 2)1( -Q  sub-correlations are needed to express

the normal linear correlation (which, when done in the usual manner, are all carried
out in parallel). The same number of sub-correlations are required for the SONG
correlation, and the difference between both correlations are the weight factors.
However, because we shall use the particular case of the SONG correlation
corresponding to Eq. (8), we need only )1( -Q  sub-correlations. The SONG

correlation has a significant advantage in discrimination capability because only slices
corresponding to the same gray levels are compared.

4 Noise Robustness of the SONG Correlation

One might expect that because the SONG correlation is very selective for object
detection and discrimination, it might have poor noise robustness. In this section we
consider images that are degraded by very strong Gaussian noise. We prove that
whereas other common detection methods like common matched filtering and Phase
Only Filtering (POF) are not able to detect the correct object, the SONG correlation
will succeed. Moreover, the discrimination capability (DC), measured in terms of one
minus the ratio between the cross-correlation and the autocorrelation, will be more
stable than for the other methods over a wide range of Gaussian noise levels.
The input scene is shown in Fig. 1. It consists of two objects, the reference object
being the one in the lower part of the image. This image has 8 gray levels.

Fig. 1. Input scene with the reference object, placed in the lower part of the figure, and another
object to be rejected

Figure 2 is the input scene of Fig. 1 degraded by white additive Gaussian noise
(s=1.9). The visual pattern information is wiped out by the noise, but as long as some
pixels of the image remain unaffected, the SONG correlation will yield a high signal.
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Fig. 2. Input scene highly degraded with Gaussian (s=1.9) noise

Table 1 shows the discrimination capability (DC) for the SONG correlation and for
other common detection methods. A high value of DC, means that the value of the
cross-correlation is low compared to the autocorrelation, which means that a good
discrimination and good noise robustness are achieved. On the other hand, a low
value of the ration means that the energy of the cross-correlation has almost the same
value that of the auto-correlation.
We generated white Gaussian input noise patterns with various standard deviations s.
Three correlations were considered: the SONG correlation, the linear correlation and
the LC using a phase-only filter (POF).
Table 1 shows that for highly degraded images, only the SONG correlation is able to
detect the reference object with a high degree of discrimination. Note that the DC for
the SONG method is a high stable value for all the noise levels. On the contrary, none
of the other methods yield high values of the DC, which implies poor performance for
correctly detecting the reference object.

GAUSSIAN NOISE
Mean=0

Stand. Dev. (s)
SONG Correlation Linear

Correlation
Phase Only

Filter
0.2 0.95 0.05 0.80

0.25 0.95 0.00 0.70
0.5 0.95 0.00 0.3

0.75 0.95 0.00 0.2
1 0.95 0.00 0.2

1.2 0.95 0.00 0.1
1.9 0.95 0.00 0.1

Table 1. The discrimination capability (DC) of several pattern recognition operations and the
new SONG correlation.

5 Conclusion

We have introduced a sliced orthogonal nonlinear generalized (SONG) matrix
representation that allows a representation of common linear and nonlinear
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correlations. The SONG correlation can be expressed in terms of a sum of linear
correlation between the binary gray level slices of an input scene and of a reference
object. A weight factor is considered in the definition to allow a more general
definition. The discrimination ability and the noise robustness in the presence of
Gaussian noise are superior for the SONG method.
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