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Abstract.  The author presents a novel feature of 2D and 3D images invariant
to similarity transformations and robust to noise on the basis of the bispectrum.
The invariant feature is applied to the classification of texture images suffering
from rotation, scaling and noise. Computer experiment shows that about 90 %
correct classification ratio is obtained for 5 kinds of 2D natural textures and of
3D brain images rotated in arbitrary degree, scaled up to double and with the
white Gaussian noise of 0 dB SNR. The feature can also be used to the
estimation of the rotation angles of texture images.

1. Introduction

Texture classification invariant to geometric transformations is of importance in many
practical applications [1]. Several methods for the classification invariant to the
rotation and scaling of images have been proposed [2]-[15]. However, the robustness
to noise has not been considered except for [8], [12]. On the other hand, the third-
order correlation and the bispectrum are robust to the additive noise of any
symmetrical distribution [16], [17]. Some methods based on the third-order statistics
have been applied to noisy texture classification [18], [19] and texture synthesis [20].
The results on the classification of texture images under rotation, scaling and noise
using the third-order statistics have not been obtained, however, as far as the author
knows.

 In this study the author presents a bispectrum-based feature of 2D and 3D patterns
invariant to similarity transformations and robust to noise. The invariant feature is
then applied to the classification of 2D and 3D texture images suffering from rotation,
scaling and additive noise. It is also shown that the invariant feature is applicable to
the estimation of the rotation angles of texture images.

2. Invariant Feature Based on the Bispectrum

The derivation of the invariant feature from the bispectrum and the effective
calculation method are as follows.



788 Y. Horikawa

Let f(x) be 2D or 3D image data and F(ω) be its Fourier transform.

F(ω) = ∫ f(x)exp(-jω⋅x)dx (1)

The bispectrum B(ω1,ω2) of f(x) is defined by the triple product of F(ω)

B(ω1,ω2) = F(ω1)F(ω2)F(-ω1-ω2) (2)

which is invariant to the shift of  image data.
When image data is rotated at an arbitrary point, the bispectrum is rotated at the

origin by the same angle. When image data is scaled, the bispectrum is scaled at the
origin by the inversely proportional amount. We then integrate the bispectrum in the
(ω1,ω2) space on condition that |ω1|/|ω2|=r, ω1⋅ω2/(|ω1||ω2|)=cosθ.

I’(r,θ) = ∫∫r,θ B(ω1,ω2)dω1dω2       (|ω1|/|ω2|=r, ω1⋅ω2/(|ω1||ω2|)=cosθ) (3)

This two-dimensional function I’(r,θ) on the (r,θ) plane represents the amount of the
sinusoids of frequency components ω1, ω2 and ω1+ω2 which have the same ratio r of
length and the same angle θ in image data.

A feature I(r,θ) of image data invariant to similarity transformations (shift, rotation
and scaling) is obtained through normalization.

I(r,θ) = I’(r,θ)/(∫∫ I’2(r,θ))1/2 (4)

Note that this feature is also invariant to linear changes in the gray-scale values of
image data.

To avoid computational complexity in calculation and interpolation of the
bispectrum of high-dimensional (2D or 3D) data, a simple and effective method of
calculating the invariant feature is introduced.

Let f(x) (x=(x,y), x, y = 0, ⋅⋅⋅, N-1) be 2D digital image data of N×N  pixels.
(Extension to 3D images is straightforward.) The Fourier transform F(ω) of image
data is calculated with 2N ×2N point FFT using the Gaussian window exp(-(x-µ)⋅(x-
µ)/(2σ2)) (µ=(N/2,N/2), σ=N/3) and padding zero outside of N×N  data. For each
frequency pair (ω1,ω2) (ωI=(ωx,ωy) –N/2≤ωx,ωy<N/2 (integer)), the triple product
F(ω1)F(ω2)F(-ω1-ω2) is calculated. (The value of F(-ω1-ω2: non-integer) is calculated
with the bilinear interpolation.) Its value is then added up into appropriately divided
classes of (r,θ), where |ω1|/|ω2|=r and ω1⋅ω2/(|ω1||ω2|)=cosθ).  The obtained table
(histogram) on (r,θ) corresponds to I’(r,θ) and the normalization leads to an estimate
of the invariant feature I(r,θ). The calculation is done in O(N4) time and in O(N2)
space. (For d-dimensional data, the computational time is in O(N2d) and the space is in
O(Nd), where N d is the number of pixels of image data.)

3. Texture Classification Experiments

The invariant feature is applied to the classification of 2D natural texture images and
3D brain images under rotation, scaling and additive noise.
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3.1     2D Natural Textures

Five natural texture images: (a) D4 (Pressed cork), (b) D12 (Bark of tree), (c) D15
(Straw), (d) D17 (Herringbone weave) and (e) D84 (Raffia looped to a high pile) are
taken from the Brodatz album [21]. The pictures of the textures are digitized to 8 bits
gray-scaled image data of 260×240 pixels and their central parts of 128×128 pixels
are used in the experiment.

Figure 1 shows the invariant features I(r,θ), where Re(I(r,θ)) is plotted since
Im(I(r,θ))≈0 owing to F(-ω)=-F(ω). The ratio r is ranged from 1.0 to 10 by 100.2 and
the interior angle θ is ranged from 0° to 180° by 18°. The graphes of the invariant
features have different shapes.

Fig. 1. Invariant feature I(r,θ) of 2D textures.

Table 1 shows the RMS distances between the features of the original images and
those of transformed and noisy images. The transformed images are made with the
bilinear interpolation of the original images. For three scaling factors (1.0, 1.5, 2.0),
the images are shifted from 0 to 0.5 by 0.1 and are rotated from 0° to 45° by 5°. A
hundred noisy images are made by adding the white Gaussian noise N(0, 402) (SNR is
about 0 dB) to the original images. All the transformed and noisy images are correctly
classified with the RMS distance to the invariant features of the original images.
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Table 1. RMS distance of the invariant feature of transformed 2D texture images.

(d) (e)

Next, classification experiment on image data with random transformations and
additive noise is done. The original image data are randomly shifted in [-40.0, 40.0],
rotated in [0°, 360°] and scaled by the factor in [1.0, 2.0]. The white Gaussian noise
with the standard deviation (S.D.) 40, 80 and 120 (SNR ≈ 0, -6 and –10 dB,
respectively) is added to the transformed image data. For each image, 100
transformed and noisy images are made and classified with the RMS distance to the
invariant features of the original images.

The correct classification ratios are shown in Table 2. More than 90% correct
classification ratio is achieved for the randomly transformed images with the noise up
to -6 dB. Note that the simple RMS distance to the original data is used here. It can be
shown that the performance is still improved when optimization and learning
techniques are applied.

Table2. Correct classification ratio for 2D texture images.
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3.2     3D Brain Images

The Normal Brain Database in the BrainWeb at McGill University [22] is used for 3D
texture images. The database consists of the realistic MR images of the brain of
181×217×181 voxels (1 mm size), which are generated using the MRI simulator. Five
3D image data of 16×16×16 voxels are taken from the brain image: (a) right anterior
region, (b) right posterior region, (c) left anterior region, (d) left posterior region, (e)
central region.

Fig. 2. Invariant feature I(r,θ) of 3D brain images

The invariant features I(r,θ) of the original images are shown in Fig. 2. Table 3
shows the RMS distances between the features of the original images and those of
transformed and noisy images. The images are shifted from 0 to 0.5 by 0.1 along the
x-axis and rotated from 0° to 45° by 5° about the x-axis and by 15° about the y, z-axes
for each scaling factor. Those of 100 images with the white Gaussian noise N(0, 252)
(SNR is about 0 dB) are also shown. Several transformed images magnified by double
are not correctly classified with the RMS distance. The scaling gives variations in the
invariant features larger than those in 2D images since the size of the 3D images are
small.

Table 4 shows the correct classification ratios for randomly transformed and noisy
images. The original image data are randomly shifted in [-0.5, 0.5] along the x, y, z-
axes and rotated in [0°, 360°] about the three axes, with or without scaling by the
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factor in [1.0, 2.0] and adding the white Gaussian noise N(0, 252). For each image,
100 image data are made and classified with the RMS distance of the invariant
features. More than 80% correct classification ratio is achieved for the additive noise
up to 0 dB.

Table 3. RMS distance of the invariant feature of transformed 3D brain images.

Table 4. Correct classification ratio for 3D brain images.

4. Estimation of Rotation Angle

The invariant feature is applied to the estimation of the rotation angles of 2D texture
images.

First, we take a complex-valued function fc(x,y) obtained from the gradient field of
images.
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fc(x,y) = fr(x,y)+ifi(x,y),      fr(x,y) = f(x,y)+f(x,y+1)-f(x+1,y)-f(x+1,y+1)

        fi(x,y) = f(x,y)-f(x,y+1)+f(x+1,y)-f(x+1,y+1)
(5)

The image f(x,y; θt) rotated by θt has the phase change by θt.

fc(x,y; θt) = fc(x,y; 0)exp(iθt) (6)

It can be shown that the phases of the bispectrum and the invariant feature I(r,θ) are
also changed by θt. The LMS estimate θe of the rotation angle θt of the image is given
by

θe = Tan-1{∑(-ReI(θt)ImI(0)+ImI(θt)ReI(0))
        /∑(ReI(θt)ReI(0)+ImI(θt)ImI(0))}

(|I(r,θ; θt)-I(r,θ; 0)exp(iθe)|
2 → min.)

(7)

Figure 3 shows the LMS estimates for the rotation angles of the 2D texture images
used in 3.1, where (a) without noise, (b) with N(0, 202), (c) with N(0, 402) and (d)
scaled by 1.5. The mean and standard deviation of the estimation errors are shown in
Table 5. The standard deviation of the estimation errors is less than 10° for the noise
up to 6 dB and for the scaling up to 1.5.

Fig. 3. Estimation of rotation angle of 2D texture images.
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Table 5. Mean and S.D. of the estimation errors of rotation angles.

5. Discussion

The invariant feature based on the bispectrum is applied to the classification of 2D
and 3D texture images suffering from rotation, scaling and additive noise. The high
performance is obtained for arbitrary rotation, scaling up to double and additive noise
up to 0 dB. The feature is also invariant to linear changes in the gray-scale values of
image data.

The RMS distance of the invariant features between the transformed images and
the original ones are used and no a priori knowledge of the transformations is
assumed in the classification experiment. The use of optimization techniques can
increase the classification performance and make it possible to classify similar texture
images the RMS distance of the features of which is more small.

The advantage of the features based on the third-order statistics is the robustness to
noise. The invariant feature is effective even for the additive noise less than 0 dB
SNR, where most approaches based on the second-order statistics are not applicable.

Computational complexity in the calculation of the bispectrum is avoided to some
extent by using the voting method. The computational time is in O(N2d) and the space
is in O(Nd), where N d is the number of pixels of image data (d: dimension). The
calculation for one image data is done in several minutes with the SUN workstation in
the experiment, which is in a range of practical use.
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