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Abstract. The goal of this work is to propose a general-purpose crossover op-
erator for real-coded genetic algorithms that is able to avoid the major problems
found in this kind of approach such as the premature convergence to local op-
tima, the weakness of genetic algorithms in local fine-tuning and the use of real-
coded genetic algorithms instead of the traditional binary-coded problems.
Mathematical morphology operations have been employed with this purpose
adapting its meaning from other application fields to the generation of better in-
dividuals along the evolution in the convergence process. This new crossover
technique has been called mathematical morphology crossover (MMX) and it is
described along with the resolution of systematic experiments that allow to test
its high speed of convergence to the optimal value in the search space.

1   Introduction

Since its genesis genetic algorithms (GA) paradigm is being increasingly used in
search and optimization problems. GAs are generally represented as a set (or a popu-
lation) of one-dimensional strings, called individuals, each of which contains a given
number of chromosomes and maps a possible solution to the problem. Given an
evaluation function, GAs approach the optimal solution by applying various operators
over the individuals of the population. Such operators as reproduction, crossover and
mutation are the most frequently used [1].

 Several improvements have been made to GAs during the last decade in order to
avoid some of the major inconvenients found in this kind of approach. Such problems,
object of attention in this work are: the premature convergence to local optima, the
weakness of GAs in local fine-tuning and the using of real-coded GAs instead of the
traditional binary-coded GAs.

The problem of premature convergence of the GA to local optima of the objective
function is tightly related with the loss of genetic diversity of the population, being the
cause of a decrease on the quality of the solutions found. Several techniques have been
proposed in order to avoid this problem: half greedy crossover was introduced [2]
based on delaying the convergence process making it slower. Other approaches are
related to changing dynamically the probability of mutation: at regular intervals in
time, the value of the standard deviation of the population is tested, if it is lower than a
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predefined value, the probability of mutation is increased, getting new random indi-
viduals and so, more diversity [3]. This approach has the inconvenience of the high
computational cost derived from the calculation of the standard deviation. Generalized
binary crossover (GBX) [4] has the important feature that extends dynamically the
schemata defined by the two parents in order to pick the offspring. The problem here
is that this expansion may be uncontrolled as it depends on the binary coding of the
values of the parents. BLX-a [5] is an example of a crossover operator for real-coded
GAs that has the ability of expand the interval defined by the two parents, but de-
pending on the previously fixed parameter a, not on the diversity of the population.

The weakness of GAs in performing fine tuned local search is widely recognized.
Although GAs exhibit fast convergence at first to a point of approximate solution in a
search space; when a population reaches a state where it is dominated by the best
individual, finding a better solution is very difficult, resulting in very inefficient
search. There are several ways to solve this problem, one of them is to have larger
population, however it requires extensive computation for each generation. Other
solution would be combining GAs and other approaches as descent gradient methods:
first GAs are used to locate a point near the solution. Then descent gradient leads to
the final solution. The problem here is to know the best point in time to change from
GA to descent gradient in order to be very efficient and the premise that the derivated
function of the fitness must exist near the optimal solution.

Finally a growing number of researchers have come to champion real-coded (or
floating point) chromosomes as opposed to binary-coded ones. The primary advan-
tages offered by the real-coded GAs are mainly three. First, real-coded GAs eliminate
the worry that there is inadequate precision so that good values are representable in the
search space. Second, the range of parameters does not have to be a power of two.
Third, real-coded GAs have the ability to exploit the gradualness of functions of con-
tinuous variables [6]. Several new crossover operators have been designed to work
with real numbers such as Radcliffe’s flat crossover (RFX) [7]. This operator chooses
parameters for an offspring by uniformly picking parameter values between (inclu-
sively) the two parents parameter values. Of course this approach has the premature
convergence problem. Other important, but also quite computationally expensive,
crossover technique for real-coded GAs is the UNDX [8] that can optimize functions
by generating the offspring using the normal distribution defined by the three parents.

A general-purpose method of optimizing functions using real-coded GAs is de-
scribed throughout this paper. The GA proposed to accomplish this task employs a
new crossover technique based in mathematical morphology [9] [10] as so it is called
mathematical morphology crossover (MMX). In particular MMX, employs the mor-
phological gradient very used with segmentation purposes [11] and adapting its
meaning from gray-scale images to the generation of better individuals to reach the
optimal solution very quickly. The objective when MMX was being designed was to
dynamically expand or make narrower the interval defined by the parents depending
on the genetic diversity of the population, allowing this way fine local-tuning capa-
bilities while avoiding the premature convergence to a local optimum.

Several optimization problems are devised to test this new approach ranging from
the optimization of some functions to even the task of training artificial neural net-
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works (ANN). These have been chosen to allow us to test its accuracy, high speed of
convergence and fine-tuning capabilities without being trapped in any local minima
that these problems present.

2   MMX: Mathematical Morphology Crossover

MMX works with a population of m individuals with l chromosomes each coded with
real numbers, so each point in the search space D  ́is defined by:

s=(a0, a1, ..., al-1), where ai ³ §. (1)

The operator MMX works with each gene in the parents independently to obtain the
corresponding two genes in the offspring. Let s1, ..., sn  be an odd number of strings
chosen from the actual population to be crossed, the ( ln · )gene-matrix is defined as:
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G  where si = (ai0, ai1, ..., ai,l-1), i = 1 ,.., n (2)

The crossover operator works with each column fi=(a1i,a2i, ...,ani) in matrix G ob-
taining genes oi³§ and oi’³§. The result of applying the operator to matrix G is,
therefore, the two new descendants o =(o0,o1, ...,ol-1)³D  ́and o’= (o0’,o1’, ...,ol-1’)³ D .́
The procedure employed by this crossover to generate the new offspring string o from
the parents s1, ..., sn in matrix G is shown in figure 1. The descendant o’ is obtained
from o as it will be seen from formula 7.

G =

a10  a11  ...  a1,l-1

a20  a21  ...  a2,l-1

...   ...   ...    ...

an0  an1  ...  an,l-1

o0 o1 ... ol-1O =

Fig. 1. Generating the new descendant o from the parents

2.1 The Morphological Gradient Operator

In the first step of the algorithm, the morphological gradient operator usually em-
ployed on digital images f is now applied on each vector fi with i = 0, 1, .., l-1. In this
case, fi may be considered as a function fi:Dfi•§, being Dfi = {1, 2, ..., n} and fi (j) = aji.



Real-Coded Genetic Algorithms Based on Mathematical Morphology 709

The structuring element taken to build the crossover operator is also a function b:Db•§
defined as:

bDxxb ˛"= ,0)( , Db = {-E(n/2), ..., 0, ..., E(n/2)} (3)

being E(x) the integer part of x.
The morphological gradient function applied on fi with the structuring element b is

defined by gb (fi). From this function gi is obtained as the value:

gi = gb (fi) (E(n/2)+1)  i ³ {0, 1, ..., l-1} (4)

The morphological gradient applied to images returns high values when sudden
transitions in gray levels values are detected, and low values if the pixels covered by
the window (structuring element) are similar. A new interpretation of the morphologi-
cal gradient has been given when applied on GAs: gi gives a measure of the heteroge-
neity of gene i in the individuals chosen to be crossed. If value gi is high, the popula-
tion is scattered, while if it is low, that means the values of that gene are converging.

2.2 The Crossover Intervals

This step determines n crossover intervals for each of the n chromosomes of the indi-
viduals of the population: {C1, C2, ..., Ci, ..., Cn}. Each of the n pairs oi and oi’ of the
offspring will be taken from the crossover interval Ci. In order to obtain the edges of
each crossover interval Ci, let us define j as the function j: § � §, and the maxi-
mum gene gimax as:

gimax = max(fi)-j(gi) (5)

While the minimum gene gimin is defined as:

gimin = min(fi)+j(gi) (6)

The maximum gene and the minimum gene finally determine de edges of the
crossover interval Ci  as: Ci=[gimin,gimax].

2.3 Obtaining the Offspring

The final result of MMX is the generation of two new descendants: o = (o0,o1, ...,ol-1)
and  o’ = (o0’,o1’, ...,ol-1’). oi is obtained by randomly picking a value inside the cross-
over interval Ci, while oi’ is obtained as:

oi’ = ( min (fi) + max (fi) ) - oi (7)

This way, the following formula is satisfied:

oi + oi’ =  min (fi) + max (fi) = gimin + gimax (8)
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3   How Does MMX Work?

Function j, used to obtain the maximum and the minimum genes in formulas 5 and 6,
is employed to determine the crossover intervals where the offspring is taken from.
This function carries out an important feature that allows MMX to work successfully:
the crossover interval may be dynamically extended or narrowed with respect to the
reference interval [min(fi),max(fi)] determined by the parents depending on the genetic
diversity of the population. When the individuals to be crossed are diverse (which
implies a high value of the gradient) the crossover interval is made narrower according
to the reference interval, thus allowing to explore its interior searching for the opti-
mum much faster. On the other hand, if the individuals to be crossed are very similar
(gradient close to zero), which means that the population is converging, then it is ad-
visable to expand the interval [min(fi),max(fi)] to allow the exploration of new points
in the domain, thus avoiding the possible convergence to a local optimum. This possi-
bility of expanding or narrowing the crossover interval depending on the value of the
gradient gi, must be given by the chosen function j, which must satisfy the following
premises:

 It should have low computational cost because on each application of the operator,
j will be calculated l times (the dimension of the individuals of the population).

 Its domain must fit within the range of chromosomes values.
 It is necessary that gimin� gimax in order to build the crossover interval Ci. From (5)

and (6):

min(fi)+ j(gi) � max(fi)-j(gi) (9)

Leaving j(gi) alone:

j(gi) � ½[max(fi)- min(fi)] (10)

From (4), and using the structuring element defined in (3), it may be obtained that:

gi = max(fi)- min(fi) (11)

So we have from (9) and (10):

j[ max(fi)- min(fi)] � ½[max(fi)- min(fi)] (12)

Obtaining the premise that j must finally satisfy to assure that gimin� gimax:

j(x) �
2
x

, " x ³ Dj
(13)

 A range in which function j returns positive values must exist in order to make the
crossover interval narrower. It is also necessary another range in which the function
returns negative values in order to expand the crossover interval.

 If gi = 0 then all the values of chromosome i of the individuals to be crossed are
equal:

gi = 0 � gb (fi)(E(n/2)+1) = 0 � fi(j) = k, " j ³ Dfi, k ³ § (14)
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Fig. 3. Function j employed by MMX

1 Failure Tests

Results given by MMX optimizing functions f1 to f4 have been compared to two
al-coded crossover operators: RFX and BLX-• with •=0.5; and also compared to the
sults reported by the binary-coded crossover operator GBX. Function f1 is a simple
cline problem with the optimum at one extreme: f(x) = x. The second, f2, is a parab-
a with the minimum at the center: f(x) = x2. The third, f3,  has the shape of a V: f(x)
 |x|. Finally, function f4 has the shape of function f3 between points x = -0.1 and x =
1, taking the minimum value of 0 at x = 0, and being 1 for all other values of x. For
ese for functions, x ranges from –229 to +229-1.
Results are reported in table 1 where it can be seen for each of the crossover op-

ators tested the percentage of successful trials over 1500 trials run. RFX is trapped
 local minima in most of the cases due to it does not extend the interval outside the
trema determined by the parents. RFX can not even solve f1 problem, but also, RFX

 the fastest algorithm when it is able to reach the optimum, which confirm the as-
mption that it is better to make the crossover interval narrower in the first stages of
e convergence process. BLX-0.5 is similar to RFX, but BLX extends the reference
terval, which gives better results than RFX except for function f4. GBX finds some
oblems in function f4 due to most of the points of the domain have the same fitness
d the algorithm can not find out which ones are closer to the optimum. Finally, as it
as supposed, MMX is never trapped in any local optima. One of the main reasons
hy RFX, BLX and GBX converge before reaching the optimum is because when the
pulation is converging, there is a high probability of getting a matting pool of two
entical parents, then, the children are also the same individuals, and the population
ickly converges. There is no way to obtain a child different to its ancestors due to
utation probability is set to 0. This effect does not occurs to MMX, which gives
fferent offspring for identical parents, so it can explore other points, searching for
e best solution.
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Table 1. Results for functions f1 to f4

f1     succ. % f2      succ. % f3      succ. % f4      succ. %
MMX 100% 100% 100% 100%

BLX-0.5 65% 91% 83% 44%
RFX 0 % 82% 68% 62%
GBX 100% 100% 60% 43%

4.2 Performance Tests

Function f5 and the task of training an ANN to solve the two-spirals problem have
chosen as performance tests. f5 is a two variables sine envelope sine wave function
very frequently used to measure the performance of GAs: f5 is cylindrically symmet-
ric about the z axis, the global optimum is located at coordinates (0,0), having infinite
local suboptima in concentric circles if seen from above.

MMX has been compared to BLX-0.5 and RFX optimizing function f5. These three
crossover operators have similar computational cost, so performance has been meas-
ured in terms of the number of crossover operations needed to reach the convergence.
Results for this test case, obtained from 1500 trials run, are reported in table 2 that
shows the averaged number of iterations needed to reach the optimum value (with the
error required), and the percentage of failed trials in the last two columns (the popula-
tion has converged to a local optimum). The three operators take more or less the
same iterations to reach the optimum value. The main differences are that MMX never
fails and it is much faster that the other algorithms in the first stages of the conver-
gence process due to MMX is the only algorithm that makes the crossover interval
narrower when there is high population diversity.

Table 2. Results for function f5

Averaged iterations
error•10E-4    error•10E-3

% Failed trials
error•10E-4    error•10E-3

MMX       16.234            4.972         0%                  0%
BLX-0.5       17.480            6.157       83%                88%

RFX       16.824            5.356       94%                98%

Training an ANN with the new crossover operator proposed has also been tested
using the two-spirals problem, where for each of 100 training points belonging to one
of two interwined spirals, the network must tell in which spiral a given point belongs
to. This is a hard task for descent gradient and GA methods due to its complicated
error landscape. In this problem, each of the floating point numbers of the individuals
in the population representing the weights and biases of the network are randomly
initialized within the interval [-25.0,+25.0]. The size of population is 30, which is
quite small, allowing higher efficiency in computational terms. To evaluate the fitness
of each individual, feed forward computation is performed by presenting the patterns
of one epoch and the mean square error (MSE) is calculated. Comparisons between
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MMX and other approaches based on GAs are not shown due to all other approaches
were computationally much more expensive that MMX or fell in local optima most of
the times. However, in this case, MMX has been compared to backpropagation with
quick-drop (BPQ), one of the fastest variants of backpropagation [12].

Table 3 shows the averaged number of epochs needed by BPQ and MMX to reach
each level of error (It has been calculated that one BPQ epoch is approximately
equivalent to 220 MMX iterations). Finally, last column shows the percentage of
failed trails. It can be seen from this table how, although the error landscape is very
complicated, MMX does not fall in any optima while performing very high speed of
convergence even when approaching to the optimum.

Table 3. Results from the two-spirals problem

MSE Averaged epochs
       BPQ                 MMX

% Failed trials
     BPQ               MMX

10E-3        326                   3,74      47,5%              0%
10E-4        401                   4,03      52,1%              0%

5   Conclusions

A new general purpose crossover operator called MMX has been proposed. This op-
erator works with real-coded individuals and is based on morphological techniques
allowing faster convergence speed than other approaches based on GAs. MMX solves
the major problems with GAs: Convergence speed is very high for small and larger
problems as different experiments demonstrated. It has also to be noticed that MMX
has been designed to avoid the loss of genetic diversity of the whole population in
order to prevent the premature convergence to local optima. At the same time, and
dynamically with the convergence process, MMX performs local search giving strong
local fine-tuning capabilities to the algorithm allowing high speed of convergence not
only at the initial stage, but also later by focusing the search. Another important novel
feature of MMX is that at the initial stages of the convergence process and when the
there is high genetic diversity, MMX makes the interval crossover narrower, which
focuses its search, increasing the speed of convergence.

The experiments shown in this paper also demonstrate that GAs with MMX clearly
outperforms other crossover operators and other gradient descent methods with a rela-
tively small population avoiding the problem of falling in a local minimum although
the landscape error is very complicated.
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