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Abstract. In this paper, we propose a general class of linear programs 
that admit efficient parallel approximations and use it for efficient par-
allel approximations to hard combinatorial optimization problems. 

1 Introduction 

One of the foremost paradigms in the design and analysis of approximation 
algorithms to hard combinatorial optimization problems [9] is: 

1. First the problem is formulated as an integer program (IP), 
2. then a fractional solution is found with linear programming (LP), and 
3. finally the fractional solution is rounded to an integer approximate solution. 

The above methodology (M) is used in many sequential approximation algo-
rithms and hence a parallelization of the components of (M) would lead to a 
large number of parallel approximation algorithms for hard combinatorial prob-
lems. However the general LP problem is likely to be an inherently sequential 
problem, since it is complete for the class P ([2]). Moreover, any constant fac-
tor approximation to LP is also P-complete ([10],[3]). The largest, in several 
aspects, general class of linear programs that admits efficient parallel approxi-
mation schemes is the class of positive linear programs (PLP). 

A PLP is a linear program in packing or covering form where all coefficients 
of matrix A and vectors b and c are non-negative (Figure 1). Solving PLP op-
timally is a P-complete problem ([12]), however PLP is easier to approximate 
than general linear programming. Luby and Nisan presented in [6] an efficient 
parallel (NC) approximation scheme for PLP and later Bartal et al. [1] presented 
a modified version for the same algorithm for distributed settings. Using PLP in 
methodology (M) can lead to efficient efficient parallel approximation algorithms 
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PLP in packing form PLP in covering form 
min 
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Fig. 1. The Positive Linear Programming (PLP) model. All entries of matrix A 
and vectors b and c are non-negative. Note that the two forms of PLP correspond 
to the primal and the dual of the same problem. 

to problems that admit PLP formulations1. However the syntax of PLP is rather 
weak and hence only a very limited number of combinatorial optimization prob-
lems (including matching in bipartite graphs and set covering - [6]) admit native 
PLP formulations. We discuss the conditions for extending PLP in a natural 
way so that the extended model 

– can model a larger number of combinatorial optimization problems, and 
– at the same time still admits efficient parallel approximations. 

2 Extended PLP 

An extended positive linear program (ePLP) is a PLP with a number of vi-
olations that are equality constraints, covering constraints (for ePLP is pack-
ing form) and variables with negative coefficients in matrix A. As we show in 
Section 5 the ePLP can model a larger number of combinatorial optimization. 
Considering the complexity of ePLP an almost surprising result shows that: 

Theorem 1. Extensions of PLP with even one equality or covering constraints 
are P-hard to be approximated within any constant factor. 

The proof is based on a reduction from the Circuit Value Problem similar to 
the one used in [12]. Hence efficient parallel approximations are unlikely to exist 
even for the very simple ePLP. However we will show an algorithmic framework, 
the Lagrangian Search Method, that achieves efficient parallel approximations 
to ePLP problems if certain problem constraints can be violated by at most an 
arbitrary small constant factor. 

3 The Lagrangian Search Method 

As its name suggests, the Lagrangian Search Method (LSM), uses the general 
strategy of Lagrangian relaxation, that is to relax specific problem constraints 
by bringing them into the objective function of the linear program. The main 
idea is, given an ePLP to build a corresponding PLP and then to approximate 

1 There must also be an efficient parallel rounding procedure for the fractional solu-
tion. However in most cases there exists such a rounding procedure. 
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the PLP with the approximation scheme of [6]. However due to the limitations 
of the PLP model, and the fact that PLP can only be approximately solved, 
applying simple Lagrangian relaxation is not appropriate. LSM transforms the 
ePLP to an PLP in the following way: 

1. All violations all transformed to appropriate combinations of packing and 
equality constraints so that the only violations are equality constraints. 

2. The equality constraints are relaxed to packing constraints and a correspond-
ing term is added to the objective function. 

It is easy to show that the resulting PLP is equivalent to the original ePLP 
problem, if both problems are solved optimally. However a simple approximation 
to the PLP cannot guarantee an equivalent approximation to the original ePLP, 
since the error in the individual terms of the objective function might differ 
significantly from the overall approximation ratio. 

The novel approach of LSM to the above limitation is the addition of Z, a 
new parameter, to the PLP. The modified PLP is now called PLP(Z) and instead 
of solving the optimization version of ePLP, PLP(Z) aims at solving only the 
decision version of ePLP. The role of parameter Z is critical: 

–	 Z is an estimation of the optimal objective value of the ePLP. 
–	 A constraint assures that in PLP(Z) the value of the original objective func-

tion of ePLP does not exceed Z. 
–	 Knowing upper bounds for all terms of the objective function, permits the 

algorithm to force equidistribution of the objective function to all its terms. 

Theorem 2. In LSM, approximating PLP(Z) corresponds to solving a relaxed 
decision procedure for the original ePLP problem with the condition that spe
cific problem constraints of ePLP can be violated by at most an arbitrary small 
constant factor. 

4 Searching with Decision Problems 

In sequential algorithms solving a relaxed decision problem is generally equiv-
alent to approximating the corresponding search problem. However in parallel 
algorithms this is not always true. The problem determining the parallel com-
plexity of a search problem assuming an efficient solution to the corresponding 
decision problem is called the problem of ”parallel self-reducibility” ([3],[4]). In 
LSM, the relaxed decision problem is repeatedly solved within a binary search 
procedure until the largest possible value of parameter Z is found. The initial 
upper and lower bound of the binary search procedure must be valid upper and 
lower bounds on the optimal objective value of the ePLP. Clearly, if LSM is 
considered an approach for solving general ePLP programs this is a significant 
limitation of the method, since there must be polynomially related upper and 
lower bounds on the optimal value of ePLP, for LSM to run in polylog time. 

However when LSM is used in combinatorial optimization the parallel self-
reducibility can be achieved in most cases. The reason is a combinatorial property 
that we identify on many combinatorial optimization problems. 
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Definition 1. We say that a combinatorial optimization problem has the poly-
bottleneck property if its optimal objective value is always within a polynomial 
factor of one of its input weights. 

The poly-bottleneck property holds for all problems considered in this work 
and interestingly, seems to be valid for a surprisingly large number of com-
binatorial optimization problems. The problems considered in this work, but 
also the k-median, the traveling salesman and many other problems have the 
poly-bottleneck property. The proof is usually a simple combinatorial argument. 
Given a hard problem with a relaxed decision procedure and the poly-bottleneck 
property, a 2-level binary search procedure can find an approximate solution in 
at most a poly-logarithmic number of steps. At each step LSM is used to decide 
if the current value of parameter Z is feasible for the original ePLP. 

5 Applications 

The PLP extensions and the LSM algorithm have been used for efficient par-
allel approximations to a number of hard combinatorial optimization problems. 
The problems are Global Routing in Gate Arrays (GRGA [8]), Scheduling Unre-
lated Parallel Machines (SCHED [5]), Generalized Assignment (GAS [11]), and 
extensions of Simple k-Matching in Hypergraphs. The algorithms run in poly-
logarithmic time on a polynomial number of processors and achieve logarithmic 
or poly-logarithmic approximation guarantees. These are, to our knowledge, the 
best known parallel approximation results for the corresponding problems. 
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