Semi-dynamic Orthogonal Drawings
of Planar Graphs
(Extended Abstract)
Walter Bachl
sd&m AG, Thomas Dehler-Str. 27, 81837 München
Walter.Bachl@sdm.de

Abstract. We introduce a new approach to orthogonal drawings of planar graphs. We deﬁne invariants that are respected by every drawing of
the graph. The invariants are the embedding together with relative positions of adjacent vertices. Insertions imply only minor changes of the
invariants. This preserves the users mental map. Our technique is applicable to two-connected planar graphs with vertices of arbitrary size and
degree. New vertices and edges can be added to the graph in O(log n)
time. The algorithm produces drawings with at most m+f bends, where
m and f are the number of edges and faces of the graph.

1

Introduction

Orthogonal drawings of graphs are used in many applications, e.g. entity-relationship diagrams or VLSI design. They occur in interactive programs like CASE
tools, where graphs are built step by step in an interactive session. Clearly the
user shall be supported in this task. Such a system should not only create nice
drawings. The given layout shall be changed such that the users mental map is
preserved ([7,10]). A lot of work has been done on incremental orthogonal layout
of non planar graphs ([11,3,9,1]). But we know only one activity in the area of
incremental orthogonal layout of planar graphs [2] which is based on [8]. Brandes
et al. optimize a combination of static and interactive requirements, this means
layout quality and the preservation of the mental map.
We introduce a diﬀerent approach with invariants for the representation of
the users mental map. We restrict ourselves to two-connected planar graphs and
allow changes of the graph by insertions of vertices and edges. These insertions
must preserve planarity, the embedding, and the mental map. Our model is
based on the concept of the Kandinsky algorithm [8]. There are unit size vertices
with suﬃciently many pins on each side to connect arbitrary many edges to the
node. In the following, we ﬁrst deﬁne the restrictions R and show how updateoperations change R. We examine the number of bends which can be achieved
with this restrictions. This leads to the 4-sector model. Then we show how to
implement the update-operations O(log n) and how to generate drawings in O(n)
time.
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Restrictions

We consider two-connected planar graphs together with an embedding. Additionally we deﬁne restrictions as invariants for insertions.
Deﬁnition 1. Given a planar graph G(V, E). A restriction system R for G
consists of
1. An embedding of the graph.
2. Two attributes e. x and e. y for each edge e = {v1 , v2 } ∈ E.
A drawing of G is said to respect R, if it is drawn with the embedding and for
each edge e = {v1 , v2 }, if e. x , then v1 has to be left of v2 and if e. y , then v1
has to be below v2 . Both relations are proper. Hence, e. x and e. y have an
intuitive meaning.
Let G(V, E, R) denote a graph G with vertices V , edges E and the restriction
system R. For the semi-dynamic changes we consider the following operations:
– initialize(): Create a complete graph of three vertices as initial graph.
– insertV ertex(edge e): Replace the edge e = {v1 , v2 } by a new vertex v and
the two edges {v1 , v} and {v, v2 }.
– insertEdge(vertex v1 , v2 , f ace f ): Insert the edge {v1 , v2 } in the common
face f of v1 and v2 .
This set of operations is suﬃcient to produce any two-connected planar graph
([5]). The users mental map is preserved by the following requirements.
Deﬁnition 2. Let G(V, E, R) be a planar embedded graph with a restriction
system, which is transformed to G (V  , E  , R ) by an update operation from above.
insertEdge(v1 , v2 , f ) is called restriction preserving update operation if:
1. ∀ei ∈ E: ei . x and ei . y are not changed.
2. The embeddings of G(V, E, R) and G (V  , E  \ {e}, R ) are identical.
insertN ode(e) is called restriction preserving update operation if:
1. ∀ei ∈ E \ {e}: ei . x and ei . y are not changed.
2. The embeddings of G(V, E, R) and G (V  , E  , R ) are identical, if the vertex
v and the edges e1 and e2 are replaced in G by a new edge {v1 , v2 }.
3. e1 and e2 inherit the attributes x and y from e, i.e. {v1 , v}. x = {v, v2 }. x
= {v1 , v2 }. x ∧ {v1 , v}. y = {v, v2 }. y = {v1 , v2 }. y .

3

Bounds on the Number of Bends

We introduce the 4-sector model, which will serve as an invariant for our algorithm. From now on we use ﬁgures as graphical representations for restriction
systems. If {v1 , v2 }. x , then v1 is drawn to the left of v2 . Similary for y .

356

Walter Bachl

Definition 3. A graph with the restriction system G(V,E , R ) is in the 4-sector
model if the vertices around every face f are arranged such that it is possible to
divide t h e m into four groups, where in
-

-

-

-
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Note, that every sector can be empty or consist of a single vertex only. Figure 1
shows two graphical representations of faces in the 4-sector model. The ordering
of the vertices in the 4-sector model is unique. It is a necessary condition for the
insertion of a new edge with at most one bend. Is it also sufficient?

Fig. 1. Two drawings of faces in the sector model.

Lemma 1. There are graphs with a restriction systems R in the 4-sector model,
where a restriction preserving update operation i n s e r t E d g e inserts a n edge with
(at least) two bends in any orthogonal drawing respecting R.
Proof. See Figure 2. Suppose, that by the restriction system R the vertices are in
relative positions as shown. T h e n in any drawing of the graph a n edge between
vl and ug in f has to be drawn with two bends.

Fig. 2. Orthogonal edge between
and v g needs two bends.

vl

Fig. 3. Notations for the proof of Theorem 1.

This is no restriction of the 4-sector model, because two bends are unavoidable.
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Theorem 1. There are graphs, where a sequence of restriction preserving update operations leads to a graph with a restriction system such that in any orthogonal planar drawing that respects R, at least one edge has at least two bends.
This is independent of the initial restriction system.
Proof. Consider the vertices v1 and v2 in Figure 3, which shows an embedding.
For any restriction system, a connecting edge {v1 , v2 } through at least one of the
common faces must have at least two bends.
In the remaining faces we connect the two other vertices by an edge. Thus,
one common face of v1 and v2 remains, where v1 and v2 can be connected only
by an edge with at least two bends.

4

Interactive Algorithm

We show how to implement the update operations in O(log n) and then construct
a drawing of a graph with a restriction system in the 4-sector model. initialize()
creates a triangle with a restriction system in O(1).
4.1

Insert-Operations

Theorem 2. Given a planar graph with a restriction system R in the 4-sector
model. Then insertV ertex(edge e) can be made restriction preserving such that
the resulting graph and the restriction system are in the 4-sector model.
Proof. The proof is similar to a derivation step in [4]. The edge e is replaced
and the new edges inherit x and y from e. See Figure 4 for an illustration.
v1

v1
v
v2

v2

Fig. 4. Insertion of a new vertex where the partial-order in x-direction is represented
by a dashed arrow and the partial-order in y-direction by a dotted arrow.

Theorem 3. Given a planar graph with a restriction system in the 4-sector
model. Then insertEdge(v1 , v2 , f ) can be made restriction preserving such that
the resulting graph and the restriction system are in the 4-sector model.
Proof. The operation insertEdge(v1 , v2 , f ) divides f into two new faces f1 and
f2 . The embedding is updated by the insertion of e between the two edges adjacent to v1 and the two edges adjacent to v2 in face f . Hence, the embedding is
preserved as required by deﬁnition 2.
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Next consider the restrictions. The attributes x and y have to be computed
for the new edge. We discuss the main cases. All other cases are similar.
If v1 and v2 are in the same sector, then v1 and v2 are ordered in both
directions and x and y of the new edge are taken from this ordering.
If v2 is in the sector following the sector of v1 , then the vertices are ordered
only in one direction and unordered in the other. The given direction is taken by
the edge, the other is chosen arbitrarily.
Finally, if v1 and v2 are in diagonal sectors of the face (e.g. v1 in sector 1
and v2 in sector 3), then v1 and v2 are unordered in both directions. Because of
the geometric properties of the 4-sector model we have one forbidden ordering of
the vertices (v1 can not be right and below of v2 ). The algorithm chooses one of
the three remaining orderings (e.g. v1 above and left of v2 ).
In all cases, this leads to two new faces which inherit a part of the sectors of
face f and the new edge serves as part of one sector in both faces. The graph and
the restriction system respect the 4-sector model. No dependencies are changed.
4.2

Data Structures and Time Complexity

Our data structure is an extension of a DCEL ([12]) that is commonly used for
planar embeddings. The data structures consist of the following attributes:
– Edge e:
1. The embedding is stored in a DCEL. Thus every edge has pointers to its
cyclic successor and predecessor at both end vertices.
2. x and y are stored in the attributes of each edge.
– Face f :
1. vertex[1..4]: vertex[i] is the ﬁrst vertex of sector i of f .
2. edge[1..4]: edge[i] connects vertex[i] to its cyclic predecessor in f .
3. tree[1..4]: tree[i] is a balanced tree for all vertices in sector i. It supports
the operations “insert()”, “navigate()” (traversal from a leaf to the root)
and “split()” in logarithmic time. At the root we store the number of
the face and the number of the sector.
– Vertex v: Every vertex v holds pointers to the edges which end at v in a
face f , if v is not the ﬁrst vertex of a sector in f . The pointers to the edges
have a connection to the corresponding face. Since every vertex can be in
the middle of a sector in only two faces, two pointers are suﬃcient.
1. edge[1..2]: edge[i] is a pointer to the edge which connects v to its cyclic
predecessor in face fi .
2. leaf [1..2]: leaf [i] is a pointer to a leaf in the tree, which is assigned to
the sector in face i which contains vertex v.
Theorem 4. The operations insertN ode(e) and insertEdge(v1 , v2 , f ) can be
implemented in O(log n) time using a data structure of size O(n).
Proof. For insertV ertex(e) the embedding is updated by replacing e by the new
edges. Edge e is in two faces. From its end vertices we can access the trees and
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insert the new vertex in O(log n) time. For insertEdge(v1 , v2 , f ), we have to ﬁnd
the edges at v1 and v2 between which the new edge has to be inserted. If vi marks
the beginning of a sector in f , we get the edges from the attributes edge[1..4] of
f . Otherwise we traverse the trees leaf [1..2] to the root and compare the face
number with f . One of them must be f and we take the edge from the attribute
edge[1..2].
f is split into two new faces f1 and f2 , and we compute the attributes of f1
and f2 from the attributes of f . The attributes edge[1..4] and vertex[1..4] can be
computed in constant time from the same attributes of f and the vertices v1 and
v2 . tree[1..4] is either a part of a split tree or a full tree of a face f or is created
with only one vertex. Additionally, the number of the face at the root of every
tree has to be updated. By using the trees this takes O(log n) time.
x and y : For insertV ertex(e) the replaced edge is given. Thus, we can
copy x and y in O(1) to the new edges. For insertEdge(v1 , v2 , f ), we have to
know the sectors of v1 and v2 in f to ﬁnd valid dependencies for the new edge.
If a vertex is the ﬁrst vertex of a sector, then we can get this information from
the attributes of the face. Otherwise, we search in the two trees which are used
to ﬁnd the edges that are adjacent to the vertex in face f . Since we store the
number of the sector at the root we have access to the number of the sector of
the vertex.
The space requirement for all balanced binary trees is in O(n), because every
vertex is represented in at most two trees. All other attributes have constant size.
4.3

Drawing Algorithm

We generate an orthogonal representation, and then can use any algorithm which
computes an orthogonal drawing from an orthogonal representation (e.g. [8]).
The algorithm has the following properties:
1.
2.
3.
4.

The drawing respects the restriction system.
At most |F | edges have two bends. The remaining edges have one bend.
The algorithm takes O(n) time.
The routing of an edge is ﬁxed as long as the number of its bends is unchanged. In [6] the routing of an edge is claimed to be part of the mental
map.
5. The drawings are in the Kandinsky-Model [8].

Since the embedding is given, only the routing of the edges has to be computed. Every edge starts vertically at the right side of its left adjacent vertex
followed by a horizontal segment. If the edge has one bend, it ends at the right
vertex. In case of an edge with two bends we have an additional vertical segment. Figure 5 shows all possible edge routings. Thus it remains to compute
which edges have two bends and which have only one bend.
Lemma 2. Given a planar graph and its restriction system in the 4-sector
model. An edge e has two bends if there exists a face where
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Fig. 5. Possible routings of an edge.

1. sector 1 and 3 are empty and sector 4 consists only of edge e or
2. sector 2 and 4 are empty and sector 1 consists only of edge e or
3. the cyclic successor of e at the right end vertex v of e has two bends and both
edges leave v to the upper left or
4. the cyclic predecessor of e at the right end vertex v of e has two bends and
both edges leave v to the lower left.
All other edges have one bend. The orthogonal representation which is constructed by this rules leads to a planar drawing of the graph.
Proof. Clearly, edges in diﬀerent sectors do not intersect, since the algorithm of
[8] partitions a face into disjoint rectangles. Also edges in the same sector cannot
intersect and it remains to show, that edges do not intersect at incident vertices.
Consider the right side of a vertex v. Let e1 = {v, v1 } be the ﬁrst edge in
counterclockwise order, which ends at the right side of v. Let e2 = {v, v2 } be its
successor in the counterclockwise order around vertex v and e2 ends at the right
side of v. e1 and e2 cannot intersect, if edge e1 leaves v to the lower right and e2
to the upper right. If both e1 and e2 leave v to the lower right, then the vertical
segment of e1 has to be left of the vertical segment of e2 . This holds as long as
v1 and v2 are unordered in x-direction or v1 is to the left of v2 . If there is a path
in the x-dependencies from vertex v2 to vertex v1 , then v1 has to be right of v2 .
We show, that edge e1 must have two bends and therefore the vertical segment
of e1 can be to the left of the vertical segment of e2 .
Consider face f , which is bounded by the edges e1 and e2 (Figure 6). Let e3
be the cyclic successor of e1 at vertex v1 and e4 be the last edge in the path in
the x-dependencies from v2 to v1 . Since e4 is on a path in the x-dependencies, it
must be attached to v1 on the left side. The path cannot be to the left of edge e1
and therefore e4 ends above e1 at vertex v1 . Since e3 must be between e1 and e4 ,
it also leaves v1 to the upper left and therefore it is in face f in sector 2. Since
e1 is in sector 4 and e2 and e3 are in sector 2, all remaining edges are in sector
2 and edge e1 has two bends (rule one).
All other cases at other sides of the vertices are similar.
Theorem 5. Given a planar embedded graph with a restriction system in the
4-sector model. Then at most f edges have two bends, where f is the number of
faces of the graph.

5

Further Extensions

Our approach is easy to extend to additional requirements. For example, for
graphs with vertices of arbitrary sizes, the drawing algorithm takes the width of
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Fig. 6. Notations for the proof of Lemma 2.

the vertices into account, when it evaluates the 5, dependencies and similarily
for the height and 5, dependencies.
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