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The foundation of  implementation of algebraic specifications in a modular way is investigated. Given an alge- 
braic specification with visible and hidden signature an observing signature is defined. This is a part of the visi- 
ble signature which is used to observe the behaviour of the implementation. 
Two correctness criteria are given for the implementation with respect to the observing signature. An algebraic 
correctness criterion guarantees initial algebraic semantics for the specification as seen through the observing 
signature, while allowing freedom for other parts of the signature, to the extent that even final semantics may be 
used there. A functional correctness criterion allows one to prove the correctness of the implementation for one 
observing function in Hoare logic. The union over all observing fimefions of  such implementations provides an 
actual implementation in any programming language with semantics as described above. 
Note: Partial support has been received from the European Communities under ESPRIT project no. 348 (Gen- 
eration of Interactive Programming Environments - GIPE). 

1. INTRODUCTION 

An algebraic specification is a mathematical smactnre consisting of sorts, functions (and constants) over these sorts, and equa- 

tions describing the relation between the functions and constants. It is a convenient tool to specify static and dynan~dc seman- 

tics of programming languages, see e.g. Goguen and Meseguer ([GM82], [GM84], [MG85]) for more detail on algebraic 

specification, and [BHK85], [BDMW81] and [Die86] for examples. The implementation of an algebraic specification usually 

consists of the conversion of the equations into a term rewriting system, either directly or through the completion procedure of 
Knuth-Bendix. More detail can be found in [HOS0] and [ODo85]. The performance of such an implementation is rather slow 

in general, compared with algorithms written in conventional programming h~mguages, while the specification must have cer- 

tain properties to be implemented in this way at all. The aim of this paper is to provide another implementation strategy, based 

on pre- and postconditions, allowing the application of more classical programming and optimization techniques. 

1.1. Modular algebraic specifications 
Algebraic specifications have been introduced to provide a description style for data types in an algebraically - -  mathemati- 
cally - -  nice way. The mathematical notion of a (many-sorted) algebra used here is a structure consisting of carrier sets and 

typed functions (including constants) over these sets, together with a set of equations, specifying the behaviour of the func- 

tions. The combination of a set of sorts (the names of the carrier sets) and a set of functions (which include constants, unless 

stated otherwise), is called the signature of the algebra, 
The algebraic specifications studied in this paper have additional organization primitives, prompted by both theoretical and 

practical considerations. Central issue is the modular structure imposed on the algebraic specifications. An algebraic 

specification can import another algebraic specification as a module, meaning that it adds the sorts, functions and equations of 

the imported specification to its own. Sorts or functions with the same name are only allowed when they are the same (they 
must originate in the same module), otherwise they must be renamed. 

The modular approach naturally leads to two other primitives, a parameter mechanism, and the occurrence of hidden (local, 

auxiliary) sorts and functions. Hidden sorts and functions (lfiddens) are used in the equations of the module in which they are 
defined, but they are not included in the exported or visible sorts and functions. Only the latter are included in the algebra 
associated with the module. Hiddons make it easier to write many specifications by providing local definitions, and they are 

necessary to specify properties needing an infinite number of equations (when defined without hiddens) in a finite way 

([BT831, [BT82]). 
The equations used are conditional equations, i.e. equations which are valid only when certain conditions are satisfied. The 

semantics provided are of an initial nature, which will be explained and modified in the paper. These semantics are usually 

intuitively clear, 
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12. Implementation of  algebraic specifications 
Once an algebraic specification has been written there is no ctearcut way to derive a working program from it. In general, any 

model of the algebra can be seen as an implementation. Certain models are preferable, though. 

A strategy followed quite often to implement a model satisfying initial semantics (an initial model) is to lransform the 

specification into a term rewriting system. The easiest way to do this is to give every equation a direction, say from left to 
right, and to view the set of directed equations as a set of rewrite rules, transforming one term over the signa~e into another. 

This system can be found in various places in the literature ([BK86], IDES4], [FGJM85], [GMP83], [ODo85], [Die86]), but 

the success of this method depends on the properties of the directed version of the (in principle undirected) set of equations, 

combined with the technique used for rewriting. Turning an equation around (writing B=A instead of A=B) or writing the 

equations in a different order may have significant consequences for the behaviour (both in speed and in termination) of the 
implementation, while the specification has not been changed, except textually. 

An additional problem is what to do with the modular structure when fitting a modular specification in a term rewriting sys- 

tem. Transparent semantics can be obtained by a normalization step (as described by Bergstra, Heering and Klim [BHK86]), 

flattening all imports into one module (renaming hidden functions and sorts where necessary). The approach above can be 

applied to the normalized module. It may be debated whether the loss of the structure in the specification is sufficiently 
motivated by the a-ansparoncy of the semantics. 

The present paper aims at a more module-oriented implementation, giving semantics to implement an observing signature (a 

signature through which one can observe the visible signature, of which it is a subsignature) in a functional way, using descrip- 
tions of the observing functions in Hoare logic (see e.g. the text books [LS84], [Bac86]). The significance for the semantics of 

the import construct will be touched upon briefly. The main advantage of this approach is that it permits the implementation of 

modules in a, possibly low-level, efficient way from the high-level specification. This allows the construction of a library of 

efficient basic modules upon which more sophisticated algebraic specifications may depend. 

1 3. Related work 
Implementation techniques for pure initial semantics are burdened with the obligation to implement the initial algebra seman- 

tics faithfully. This generally slows down the implementation, since often an initial specification demands too much detail, as 
has been discussed by Baker-Finch [Bak84]. 

In [MG85] and [ST85] another implementation criterion for algebraic specifications is provided. They focus on observable 

sorts, while the present paper takes a functionally oriented point of view. Their approach is a special case of the approach 
presented here. More detail can be found in section 3.2.2. 

There is a strong resemblance to abstract data type theory as practiced in the verification of correcmess of programs (of. 

Jones [Jon80]). After all, an algebraic specification is a nice way to describe a data type. While the specifications look similar, 

the point of view is different. Constructor functions (i.e. functions describing the data type) really construct the type in alge- 

braic specifications, while they only serve as a description tool in [Jon80]. 

Techniques which use term rewriting systems have the advantage of allowing (semi-)automatic translation schemes, but pay 

the price with severe reslrictions on the set of equations allowed. Perhaps the overhead of a completion procedure for genera- 

tion of rewrite rules is needed, e.g. the Knuth-Bendix procedure (see [HO80] and [013o85] for more detail). The technique 
presented here allows for faster implementations, but does not support automatic translation. 

1.4. An outline of  this paper 

In section 2 brief introductions to both specification formalisms used (the algebraic specification formalism ASF and Hoar¢ 

logic) are given. Section 3 begins with a description of certain disadvantages of the initial algebra approach to motivate the 
theoretical framework leading to an algebraic impleraentation notion in the second half. An exaraple giving an implementation 

according to this notion follows in section 4, which may be read before section 3.2 to get the flavour, or in the order provided 

to convince oneself of the rigour of the approach. The functional implementation notion is described as an extension of the 

algebraic notion in section 5, preceded by an example to show the insufficient strength of the latter notion for our purpose. 

The example of section 4 is implemented in an imperative language in section 6 according to this notion. Finally some conclu- 
sions are formulated in section 7. 

2. THE FOR~HSMS INFORMALLY 

2,1. Algebraic specifications 

The algebraic specifications in this paper are presented in the specification formalism ASF (for Algebraic Specification For- 

malism), of which a complete treatment of syntax and semantics is given by Bergstra, Heering and Klint in [BHK87]. The 
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choice of ASF is not essential to the paper, so there is no need to explain tiffs formalism in great detail. Various features (e.g., 

renaming, infix operators) are not used in the paper and wilt not be discussed here at all. 

A specification in ASF consists of a list of modules. Every module is named and contains the following (optional) sections: 

• A parameters section, which contains a list of sorts and functions to be bound to fully define the module. 

• An exports section, containing the sorts and (typed) functions w'sible to the outside world (which is an importing module). 

• An  imports section, containing a list of modules. The sorts and functions exported by the modules in the list are imported in 

the current list and exported again. Parameters can be bound in this section. The sorts and functions of this and the preced- 

hag section provide the visible signature in the corresponding formal treatment of the algebraic specification. 

• A sorts section, and a functions section, providing the hidden signature of the algebraic specification. These two sections 

together are often informally dubbed the hidden section. Definitions here are local to the module. 

• A variables section, which quantifies the list of typed variables universally over the equations presented in the 

• equations section, containing positive conditional equations (i.e., equations of the form A=B or A=B when 

P 1 = Q 1 ̂  ' " ' ^ P,  = Q,). Terms in equations consist of open terms generated by all (also the hidden) functions. 

The equations which hold in a module are all equations of the module itself and the equations of the (directly and indirecdy) 

imported modules with proper renaming of hidden functions, sorts and variables from the imported modules. 

A special place in ASF has the function ±f,  which is predefined. This function has three arguments of which the first must 

be of type BOOL and the second and third of the same, but arbitrary, type. The term i f  (boo3., x ,  y) (with variables x, y of 

the same sort) may be interpreted a s / f b o o l  then x else y. 

The semantics of a module is defined by the initial algebra over the export (visible) signature and the function i f. This will 

be encountered in more detail in the remainder of the paper. Various ASF-specifications will appear in the sequel, to which 

one is referred for examples. 

22.  Hoare logic and abstract data types 

Hoare logic is a well-known technique to describe the behaviour of programs in both imperative and functional languages. It 

has found its way into various text books, e.g. [LS84] and [Bac86]. Briefly, Hoare logic allows one to write {P} S {Q}, 
meaning that evaluation of program S in a state in which precondition P holds results in a state in which postcondition Q holds. 

These conditions describe the state vector, i.e., the variables and their contents, of the program. Various proof rules and proof 

techniques are available to verify such a program. 
In the paper some functions specified in an algebraic way will be specified in an equivalent Hoare logic way by giving con- 

ditions on its input terms and its outpuL Such a specification is independent of the actual implementation program, which may 
be ehanged (and preferably optimized). Since Hoare logic techniques can be formulated for many languages the ultimate pro- 

gram could be written in any appropriate language, at a cost in interfacing. Hence a large degree nf language independence for 

the implementation is achieved, allowing various kinds of optimization strategies. 

One way to intet~et an algebraic specification is as a high level specification of an abstract data type. Hence the implemen- 

tation strategy for algebraic specifications presented here bears a more than casual resemblance to the theory of implementa- 

tion of abstract data types. An abstract data type is some type together with a set of functions on the type. An implementation 
is a more concrete (i.e., closer to machine level) type with a corresponding set of functions which model the abstract type and 

fimcfions. This is done by providing a translation back and forth between the abstract and concrete types, such that the abstract 

functions are simulated correctly by the combination of the translation to the concrete type, application of the concrete func- 

tion and the translation back to the abstract type (el. Jones [Jon80]). 
The scheme in the paper basically relaxes the translation conditions for all terms in the initial model of the algebraic 

specification by demanding translations for specific terms only. This stems from the functional orientation: only the input 

terms need to be translated and only the output terms need to be translated back. Section 5 provides more detail. 

3. ALGEBRAIC IIvIPLEMENTATION 

3.1. Initial algebra semantics and reusability 
The question we want to consider is the following. Suppose we have an algebraic specification and we want to provide an 
efficient implementation for further use by someone else, as in a library. What is the interaction between efficiency and 

semantics? 
Initial algebra semantics have much in favour. They are characterized by 'no junk', i.e., it is clear which objects exist, and 

'no confusion', i.e., closed terms (terms without variables) are only equal if they can be proved equal using equational logic. 

While these two characterizations are clearly desirable in many circumstances this is not always the case. 

The 'no confusion' condition generates overspecificatiun in the sense that terms might be distinguished from each other 

without necessity. If the writer of a specification does not care about whether two terms are equal or not (in the common case 
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that their usage is identical), and hence does not specify their equality, they are unequal This puts a burden on the imple- 

mentor of the specification to provide this inequality, not allowing a possibly more efficient identification. If such an 

identification could be allowed the burden is shifted to the shoulders of the specifier, who has to provide additional equations. 

While the extra amount of work is undesirable it is also not clear in general what additional equations are necessary and 

whether a sufficient set can be found at all. For discussions see [Bak84], [Kam83] and [Wan79]. 

Apart from the question whether a satisfactory solution can be found in general this is contrary to the amount of detail one 

wants to specify algebraically. For this two important considerations can be given, one philosophical and one practical: 

• Algebraic specification is a higher level programming formalism. While the formalism is powerful enough to express bit 

level if  necessary, this is a waste of effort. There are more than enough lower level programming languages already. 

• An algebraic specification (and indeed any specification) is made with a certain use in mind. This use is what has to be 

specified in detail, since that is  what has to be implemented. Other details specified are peripheral in the sense that one might 

have chosen another description. The less detail is fixed by these peripheral specifications the more freedom an implemen- 

tor has for optimizing it. The choice of models for implementation should not be restricted to one model (up to isomor- 

phism), but rather be as broad as the class of all models. So demanding the implementation of initial algebra semantics is 

too restrictive. 

For the remainder of the paper we distinguish three important subsets in the signatare of an algebraic specification. The conse- 

quences of this tripartition for the theory are investigated in the next section. These subsets are: 

- The visible signature which generates the terms existing in the specification for the outside world. 

- The hidden signature, which is necessary to obtain finite initial algebra specifications on the one hand and useful for alter- 

native data description on the other hand. The complete signature is the union of the visible and the hidden signature. 

- The observing signature, which restricts the terms generated by the visible signature. It contains the functions through 

which visible terms may be used and the sorts with terms which may be used as observing terms. A term is an observing 

term if  both the head function and its sort are in the observing signature, This signature is the subset of the visible signature, 

that one wants to be implemented as specified. 

"lhe choice of the functions and sorts in the observing signature depends on the goal one has in mind for the specification. 

Making this signature bigger enhances the possibilities for use but restricts the freedom of the implementor. So one can opt for 

a fast, but narrowly applicable implementation, or for a more generally usable, but slower implementation. 

Of course, the speed of a certain function in an observable signature is not only dependent on the signature but also on the 

implementations of other (not necessarily observing) functions. One can for instance trade the speed of an insertion function 

for the speed of a retrieval fimction by gearing the underlying data structure (at this level of abstraction represented by the visi- 

ble functions that are not observing and the hidden functions) to the other task. 

3.2. A theory of algebraic implementation 
This section is devoted to the development of a theory for the subsequently introduced notion of algebraic implementation 
with respect to an observing signature. Roughly speaking two algebraic specifications are algebraic implementations of each 

other when the behaviour of the observing functions is the same in both specifications. An annotated example is provided in 

section 4. The reader may wish to read the exampl~ first, referring back to notations and details in this section where needed. 

3.2.1. Notations (algebraic specifications) 
in the rest of the paper the following conventions are used: 

a. A s ignature  ~ is a tupte (S,F) in which S is a set of sorts and F a set of typed functions. (Note that there is no intrinsic rela- 

tion between the sorts in S and F.) Often an element of F is denoted by its name only, providing typing when necessary. 

Two functions with the same name, but different typing are different functions. 

b. A complete s ignature 2; = (S,F) is a signature in which for all f :  s l X .  - - ×sk--~s ~F  holds that all sorts in the typing of f a r e  
available in S, so s l ,  • • • ,  s~, s ~ S. 

c. For a signature E is T(E) the set of closed terms; Ts(E) is the subset of terms of sort s from T(E). 

d. Union, intersection and inclusion are defined for signatures El, Y--2 (El = (Si,F/)), as: 

~1 k'J~2 ---- (SlkAS2, Flt.-JF2), E1 ~ ' 2  = (S1~$2, FlnF2),  and E 1 _c,Y_, 2 = SI~S 2 ^ F1cF 2. 

e. An algebraic specification is ample  (Zv, ZH, E) with 

- Z~, = (Sv, Fv) a complete signature (the visible signature), 

- ];t~ = (Su, Fn) a signature (the hidden signature) such that ZvUZH (the internal  signature) is a complete signature, and 
- E a set of equations over T(~,vUZn). 

f. Let (Zv, Eft, E) be an algebraic specification and let t, t 'E  T(ZvUZH). For an equation e~E,  t and t '  are  equal  through 

direct  substi tution in equation e (i.e., in one step) is written as t =, t'. 



6B 

t and t '  are equationally equal, i.e., equal through zero or more direct substitutions in one or more equations from E, is 

written as t =E t'. 

3.2 2 .  Deflm'tions (Zo-observability and -equality) 

Let (Zv, I n ,  E) be an algebraic specification and Xo = (So, Fo) (the observing signature) a signature such that Zo ~ Xv. 

a. The set of  closed Zo-terms over Zv, also called the set of  observing terms is the set of terms in T(Xv) of sort in So and 

bead function symbol in F o. It is defined as: 

T(Xo, Zv) = {t~T(Zv) I 3 f : s l x .  " . xs~-->s EFo, s ¢ S o  3 u l e T ~ v ) "  " 3ukeT(Xv) [teTs(Xv) ^ t=f(ul ,  "'" ,uk)] }. 

The set of closed ,To-terms over Zv of  sort  s is written as Ts(Xo, Ev). 
Note that it is possible to have functions in F o whose output sort is not in in So, or sorts in So which cannot be reached from 
F o. This choice of notadun is motivated by the function-oriented approach of this paper. By choosing a set of observing 

functions F o and all visible sorts Sv for So all sorts in Sv which cannot be reached do not infinence T(Xo, Y,v). For sym- 

metry reasons the definition is formulated in such a way that one can also restrict the sorts and not the functions, as will be 
done in point e below. Alternatively, it is possible to define So as the set of sorts in the range of Fo without affecting the 

theory. 
b. Where no confusion can arise the abbreviations T O = T(~.o, Zv), Tv = T(Xv), Ts,o = Ts(Zo, Xv), and Ts~ v = Ts(Xv) are used. 
c. A context (for sort s) T(%) is a term with a missing subtema of sort s. The empty context (i.e., a context in which the top 

term is missing) is written as ~. 

A term t~  Ts.v is go-observable if and only if there exists a context T(os) such that T(t)~ To; 

a Zo-observable term t e  Ts, v is directly F.o-ohaervable ff and only i f  t~ To (the empty context T(%) = % satisfies T(t)¢ To); 

a Zo-observable term t~ Ts, v is indirectly Zo-observable if and only if t¢~ To (T(%) = % does not satisfy T(t)e To). 

d. F_.o-cquaUty (i.e., equality with respect to observations through terms in the observing signature Igo) is defined as follows 

for two terms t, t ' e  Ts, v: 

t-E,Z~ t' ¢=* WI'(%) [T(t), T(t') ~ T o --~ T(t) =E T(t') ]. 

Where no confusion can arise -E,xo is abbreviated to -o,  

e. L e t f  ~ Fv. A term t ~ T(Zv) is f-observable if and only if t is (Sv, {f})-observable; 

two terms in T(Zv) are f-equal if and only if they are (Sv, {f})-equal. 
Let s e Sv. A term t e T(F,v) is s-observable if and only if t is ({s }, Fv)-observable; 

two terms in T(Zv) are s-equal if and only if they are ( { s }, Fv)-equal. 
Since the definition in case c ignores unreachable sorts and functions to unavailable sorts, only terms with head symbol f i n  

the first two cases, and with range s in the last two, are relevant. 
The notion of olxservabitity via a sort corresponds to the notion in [MG85], and is underlying the behavioarat equivalence 

notion in [ST85]. In the latter paper, the observational equivalence notion is very general, since it is parameterized with the 

logic used to reason about observations. Thus Zo-equality corresponds to observational equivalence under conditional 

equationnl logic in the terms of [ST85]. By concenlrafing here on one logic more can be said about the implementation. 

3,2.3. Some facts about Zo-observability and -equality 
In final algebra semantics terms are equal unless they can be proved different, so in models with final semantics there is the 

maximum amount of "confusion' consistent with the inequalities which must exist in the model. As such, Zo-equality is a 
notion from final algebra semantics. If you want to show that two closed terms are different you have to find a context for 

which these terms behave differendy, thus proving their inequality. If no such context can be found the terms cannot be dis- 

tinguished from each other. In initial semantics, on the contrary, they are distinguished unless they are equationaUy equal, in 

other words, unless they can be transformed into each other via equations from E, thus proving their equality. 
Let (Z v, X+t, E) be an algebraic specification, go -~-*, and t, t" e Ts, v, then the following facts hold: 

a. T(F,v, Xv) = T(Xv). 
Observing through the visible signature gives all visible terms. This follows immediately from definition 3.2.2.a. 

b. If  Z'o ~ Zo then T(Z'o, Y-,v) c TCLo, Zv). 
A smaller observing signature results in less observing terms, Again this follows from definition 3.2,2.a, 

c. If  Z' o ~ Xo then t -E,xo t" --> t-E,X.o t'. 
This follows from the definition of go-equality and fact b, since there are less contexts in T(Z'o,Zv) than in T(Z o, 5:v) to 

show the difference between t and t'. 
d. If  t and t" are not Xo-observabte they are ]~o-equal. 
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Since lhere is no context m show the difference between t and t '  tl~s follows from the definition. 

e. If  t is Zo-observable and t '  is not then they are Zo-equal. 

The argument for fact d holds here also. 

f. It should be noted that in cases d and e both t -E ,~  t' and -1 t - ~ , ~  t '  can be true. Take for example: 

Z v = ( { s } ,  {a ,b ] )  w i t h a ,  b ~ s ,  and 

]~o = ({s}, {a}) for case e, o rZo  = ({s}, O) for case d. 

When E is empty a - ~ . ~  b and ~ a  -o,r., b hold; E = {a =b  } has as result that a -{a =bJ,z, b and a -{a =b].~ b. 

The following lemma states that the initial algebraic structure is retained on directly observable terms. So only indirectly 

observable and unobservable terms can lose their initial behaviour. It follows immediately (corollary 3.2.5) that no mslriction 

on the observability (i.e., Z o = Ev) retains the initial algebraic structure. 

32 .4 .  Init ial  A lgebra  L e m m a  

For t, t ' eTs (Zo ,  Zv): t -E,r~ t" ¢~ t=E t'. 

P r o o f  direct from definition 3.2.2.d (omitted). 

32_5. Corollary (Zo = Zv  preserves initial algebra semantics) 

For t ,  t '~Ts(r,v): t-E.r~ t" ¢~  t=E t'. 

3,2.6. Witness Existence Lemma 

The following lemma formulates a nice fact for proofs with observable terms. Two terms are Zo-equal unless there is a con- 

text proving the opposite. Hence two terms are ]go-equal when there is no common context. So it is important to have at least 

one common context. In this lemma existence of a witness context is asserted for Zo-observabte terms of the same sort. 

Lemma: For two Zo-observable terms t, t" ~ Ts.v there exists a context T(*s) such that T(t), T(t') e To. 

P r o o f  (omitted). 

3.2.7. Zo-equal i ty  as congruence: a problem with transitivity 

We would have liked to use the notation of =o instead of -o  since it should define a congruence similar to =E. However, there 

am some problems connected with the final nature of - o  and the initial nature of =E- A congruence - satisfies the laws of sym- 

metry ( t - t ) ,  reflexivity (if t - t "  then also t ' - t ) ,  transitivity (if t - t "  and t ' - t " ,  then also t - t " ) ,  and the substitution property,  

(ff t 1 - t 1' ̂ " "  ^ tn - tn' holds then also f ( t  l , " " ,tn ) - f ( t  1 ", " '"  ,t~ ~) holds). For terms in T(Zv  ) reflexivity, symmetry and the 

substitution property of - o  follow immediately from the corresponding properties of =~ and definition 3.2.2.d. However, in 

section 3.2.3 facts d and e show that transitivity is not guaranteed on T(Zv). Since these facts deal with terms that are not 

observable, fltis is no real problem. However, - o  is also not transitive on the subset of Zo-observable terms in T(Zv). This is 
illustrated in the following example. 

c 

FIGURE 3.1 Ftotr~E 3.2 

Let F¢¢ = ({s }, {a, b, c, z, f } )  with a, b, c, z ~ s and f :  s ~ s, E consists of the equation f (x) =z  with x a variable of sort s, 

and 7-,0 = ( {s }, { a ,  b, z, f} ). This structure is shown in FIGURE 3.1. Then a -o  c, since f (a) =E f (c), f ( f  (a)) =E f ( f  (c)), e tc ,  

and similarly c -o  b, though ~ a - o  b. Still, this is not unreasonable. If  one only looks at Zo any relation involving c is 

irrelevant. The new structure is given in FIGURE 3.2, forgetting the dashed arrow, ff later on one would want to add a new 

constant named c, then c t o d d  be a new name for an old constant like a, b, or z, or a completely new constant. So if  c is 

observably not equal to one or more of the constants, this would rule out some of the possibilities. Hence, the freedom 

allowed when introducing c would be limited in an undesirable way. 

The precise criteria conserving transitivity, and hence making - o  a congruence are given in Theorem 3.2.8. Some impor- 

tant classes of observable signatures that are transitivity conserving are given in a corollary (3.2.9). 
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32.8. Transitivity Theorem 

Let t, t ' ,  t "  be ]£o-observable terms of sort s such that t - o  t' and t ~ - o  t", then 

-~ t - o  t" ¢~ t, t" E To ^ t' e Tv-To ^ VT(%) T(t), T(t") ~ To -s, [ T(t)~e~T(t") ~ T(o~) =os] 

Proof based on the fact that % is used to compare t with t", but not t '  with t or t "  (omitted). 

3.2.9. Transitivity conserving constraints 

The transitivity theorem states that two directly Zo-observable terms can be Xo-unequal, even though there is an indirectly 

,Y,o-observable term which is Y-,o-equal to both. This is the case in the example in 3°2.7. Hence ~o-inequality is stronger for 

directly observable terms than for indirectly observable terms. 

The theorem above provides necessary and sufficient conditions for transitivity. This may be unwieldy to use in practice. 

However, it is conveniently possible to give criteria, that are important from the point of view of implementation, to check 

whether -o  is an equivalence relation. Intuitively, the implementation of directly observable terms only has to follow the ini- 

tial algebra semantics (Lemma 3.2.4), while indirectly observable and unobservable terms are less demanding for the imple- 

mentation. Some criteria are formulated below: 

Corollary: 

Let T s be the subset of Zo-observable terms from Ts, v. The relation -E,~ is an equivalence relation on T s if either of the fol- 

lowing holds: 

& Ts,o = O, i.e., sort s is not directly observable. Consequently its internal representation may be changed without altering the 

directly observable sorts. 

b. Ts,o = Ts, i.e., Ts has to be implemented with initial algebra semantics. 

c. for all te  T s there is precisely one t'~ Ts,o such that t " -o  t, i .e ,  there is exactly one directly observable term Xo-equai to any 

term of Ts. This term plays the role of a canonical form and has to be implemented faithfully. All other terms may be imple- 

mented by their canonical equivalent. 

d. Z o = (So,Fv) for some S O ~ Sv, i.e., if  s ~ So then all constructor functions for terms of sort s are available, hence 

T, = Ts,o (case b), and, if  s ~ So then no constructor function for terms of sort s qualifies as outermost function in To, hence 

T~,o = O (case a). 
This case states that for s-observability - o  is a congruence for terms of any sort s'e Sv, including s itself. Hence it is a 

rephrasing of the well-known fact that observability through a sort conserves the congruence (see [MG85]). 

Generally -o  will be a congruence. If  that is the case it is usually written as =o in the sequel. Similarly -E,z becomes =E.x. 

32.1 O. Definition (Algebraic Implementation) 
The following definition represents the central notion in this section, namely the notion of implementation for an algebraic 

specification relative to an observing signature. Intuitively, two specifications are algebraic implementations of each other 

when they have the same congruence on the observable terms. This is inherently an almost symmetric notion: if a small 

specification implements part of a large one then the large specification implements the same part of the small one (and more, 

but that is redundant) if  the set of observable terms is the same. We provide the following definition: 

- Let (Zv, ]£H, E) and (Z'v, Z'h,, E') be algebraic specifications and Zo be a signature such that E o c_ Zv ~ E'v- 

(Z ' v ,Z ' , ,E ' )  is a Eo.implementat ion of (.Ev, ZH, E) if  and only if for all s ~ Sv and for all Eo-observable terms 

t, t" ~ Ts(Zv): 

t -E,~ t '  ¢=~ t -E' ,~ t'. 

32.11. Some facts about algebraic implementations 
a. If  Z o ~ Ev then an algebraic specification (Ev, Xn, E) is a Y-.o-implementation of itself. As an even more trivial special case 

(Ev, Zu, E) is a Zv-implementation of itself. 

b. If (E'v, X'~, E') is a Xo-implementation of (X v, E~ t, E) and Z' o c Z o then (X" v, X'tt, E') is also a Z'o-implementatien of 

(Xv, z . ,  E), 
c. ,Y.o-implementation is a symmetric relation on the class of algebraic specifications with the same set of Zo-observable terms. 

d. Z o-implementation is also a transitive relation under the conditions of case c. 

While the facts above provide some idea about the usefulness of the definition two important properties have to be proved. Of 

course we want to conserve the property in initial algebra semantics that the hidden signature and the set of equations may be 

changed as long as this does not affect the congruence on the visible signature, This is asserted in lemma 3.2.12. 

Next, in the central theorem a functionally oriented criterion is given for an algebraic implementation. This serves as a 
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starting point for section 5, in which a notion of functional implementation wiU be given. 

32.12. Initial Algebra Implementation Lemma 

Let (Zv, •'/-/, E') be a Xv-implementation of (~v, ZH, E), then for all s e Sv and for all t, t" e Ts, v: t =E t" ¢~ t =E" t'. 

Proof  follows from the fact that all terms in Tv are Xv-observable, and corollary 3.2.5 (omitted). 

32.13. Algebraic Implementation Theorem 

Let (~v, Zn, E) and (Z'v, Z'/./, E') be algebraic specifications and Xo _c ZvC~Z'v . 

If  for all f e F  O, f : s l x * . . x s k - - > S o ,  with s o e S  o, for all teTs,(Y,v)  and for all (Ul, " " , u k ) e ( T ( ~ . v ) /  

f (u  1, " " ,  uk) =z t ¢~ f (u  i, "" ", uk ) =n' t holds, then (Z' v, Y'n, E') is a Zo -implementation of (Ev, Z H, E). 

Proof by unfolding all ~o-observable terms in T(5~v) (omitted). 

Note: this theorem is sufficiently strong to describe the behaviour of a function up to the congruence defined by -E,zo, if  such a 

congruence exists. An example of the use of the theorem is given in the next section. A more restrictive definition of imple- 

mentation, strong enough to describe functional implementation, is given in section 5. 

4. AN EXAMPLE: TABLES 

tn this section, two definitions of  elementary data structures for objects of arbitrary sort ELEM are given. Both data structures 

support storage and retrieval with elements of an arbitrary sort KEY with equality function e q  as selection criterion. 

The first specification describes a sort TABLE. An element of  this sort is a list of all entries with corresponding keys in the 

data structure. This data structure can be searched from the last enlry to the first, in linear time. The second specification uses 

a hidden sort TREE to implement the same data in a search-tree. This is possible when we have a total ordering on sort KEY. In 

the example function l t ,  combined with eq,  provides such an ordering. 

The specifications below are parameterized with sorts KEY and ELEM at the specification level. To guide the intuition, one 

should think of two (perhaps equal) sorts which are already well-known, e.g. CHAR for ELEM and INT for KEY. ASF does not 

provide a semantics for unbound parameter sorts, since there is no mechanism to force restrictions on the actual parameter 

0ike the total ordering in the example). In the paner restrictions are given in the commentary, so it will be clear what the 

semantics should be. 

The remainder of this section is devoted to a proof sketch of the fact that the modules T a b L e s  and T a b l e s - a s - t r e e s  

are algebraic implementations of each other when one observes through the retrieve function l o o k u p  only, in other words, 

with respect to lookup-equality. So we take for the observing signature ({BOOL, ELEM, KEY, TABLE], {lookup}), or 

({ELEM}, {lookup}), since ELEM is the range of lookup. 

The simple specification is given below: 

module Tables -- original specification 

begin 

parameters Keys-and-Elements 

begin sorts KEY, ELEM 

functions eq: KEY # KEY -> BOOL -- equality 
end Keys-and-Elements 

exports 

begin sorts TABLE 

functions nulltable: -> TABLE 

tableadd : KEY # ELEM # TABLE -> TABLE 

lookup : KEY # TABLE -> ELEM 

errorelem: -> ELEM 
end 

imports Booleans 

variables key, keyl, key2: -> KEY 

elem : .-> ELEM 

table • -> TABLE 

equations 

[I] lookup (key, nulltable) = errorelem 

[2] lookup (keyl, tableadd (key2, elem, table) ) = if (eq(keyl,key2) , elem, 

lookup (keyl, table) ) 
end Tables 

This specification speaks for i tsel /  Function t a b l e a d d  is tmderspecified and hence the problems indicated in section 3.1 can 

arise. To avoid them we restrict the set of observing terms to those with funcdon l o o k u p  as outermost symbol. Hence an 

implementor of this module can concentrate on the correct implementation of l o o k u p .  

To get an efficient implementation of l o o k u p  more detailed information about sort KEY is needed. I f  KEY is a small set 
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something s imi l~  ~ a bounded array is ~ i ~ e .  If  a hash function could be defined, a hash table might be used ~ implemen- 

tation. Each of ~e se  slrucmres can be ~gebraic~ly specified ~ ~dden sa'ucture, ~ u s  providing an ~ g e ~ m c  spe~fication 

which upon implementation gives an eqmv~enL but m o ~  efficieng implementation of l o o k u p ,  

For this example i t  ~ assumed that a total ordering can be defined on ~ e  set KEY w i ~  ~ e  functions e q  and i t  (lower- 

than). The total ordering g lows  ~ e  defimfion of a binary ~arch-ffee. This is done m module T a b l e s - a s - t  r e e s  below: 

module Tables-as-trees 

begin 
parameters Keys-and-Elements 

begin sorts KEY, ELEM 

functions eq: KEY # KEY -> BOOL -- equality 

it: KEY # KEY -> BOOL -- lower-than --~w 

-- eq and it must provide a total ordering on sort KEY 

end Keys-and-Elements 

exports 

begin sorts TABLE 

functions nulltable: -> TABLE 

tableadd : KEY # ELEM # TABLE -> TABLE 

lookup : KEY # TABLE -> ELEM 

errorelem: -> ELEM 

e n d  
imports Booleans 

-- hidden section 

sorts TREE 

functions tree 

niltree 

: TREE # KEY # ELEM # TREE -> TREE 

: -> TREE 

treeadd : KEY # ELEM # TREE -> TREE 

lookuptr : KEY # TREE -> ELEM 

tbltotree: TABLE -> TREE 

key, key2 : -> KEY 

elem, elem2 : -> ELEM 

table : -> TABLE 

treel, tree2: -> TREE 

variables 

-- new 

[h2] tbltotree(tableadd(key,elem, table))= treeadd(key, elem, tbltotree(table)) 

[h3] treeadd(key, elem, niltree) = tree(niltree, key, elem, niltree) 

[h4] treeadd(key, elem, tree(treel,key2,elem2,tree2)) 
= if(eq(key,key2),tree(treel,key, elem, tree2), 

if(it(key, key2), 

tree(treeadd(key, elem, treel),key2,elem2,tree2), 

tree(treel,key2,elem2,treeadd(key, elem, tree2)))) 

[hS] lookuptr(key, niltree) = errorelem 

[h6] lookuptr(key, tree(treel,key2,elem, tree2)) 

= if(eq(key, key2),elem, 

if(It(key, key2),lookuptr(key, treel), 

lookuptr(key, tree2))) 

[h7] lookup(key, table) = lookuptr(key, tbltotree(table)) 

end Tables-as-trees 

NOR dmt ~I equations c0nmin ~dden sons. Equation h7 defines lookup in mnns of lookuptr, ~e ~Uiev~ function on 

a~es, itseff defined m h5 and h6. Equations h l  through h4 define the build-up of a tree ~om a table. 

It is possible m declare ~1 ~dden sorts and ~ncl iens  visible m~er  than ~dden. The effect w o l d  be ~a t  module 

T a b l e s - a s - t  r e e s  would sfiU be an implementation w i ~  ~spect  to l o o k u p - o b ~ a b i l i t y  of module T a b l e s ,  but not ~ e  

other way ~ound. The reason ~ r  the ~tter is the exismnce of o b ~ a b l e  terms containing constructor flmc6ons ~ r  TREE in 

mod~e  T a b l e s - a s - t  t e e s ,  ~rms w~ch  are not exismm m moduM T a b l e  s. 

The ~flowing proof ske~h first defines a well-~nnedness predicam searchmee for ~rms of son TREE, since not all con- 

sU'ucdble ~rms ~ e  search-flees. Then it is proved fllat the predicate searchtree is mvariant over the inse~on  ~nct ion 

t r e e a d d ,  and ~a t  the ~ e v ~  ~ncflon l o o k u p t r  is weft-defined ~ r  single ad~fions to a tree which satisfies this p ~ -  

ca~. Hnally the equiv~ence between the two spe~fica6ons is proved w i ~  reduction on the number of in~rtions. 

equations --u//aew 

[hl] tbltotree(nulltable) = niltree 
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4.1. Definition (well-formedness of searchtrees) 
The pre~cate searchtree(t) for a term t of sort TREE describes the well-formedness of a l~e as search-tree. It can be used in 

to derive properties about the behaviour of the data structure generated by function t r e e a d d .  TI~ds holds in particular for the 

belmviour observed through function l o o k u p t r ,  which is needed to derive the behavionr of function l o o k u p .  The predi- 

cate is defined as follows (with t 1, t 2 of sort TREE. j ,  k, 1 of sort KEY, and e of sort ENTRY): 

- searchtree(niltree) = true; 

- searchtree(tree ( t l , k , e ,  t 2 )  ) = searchtree(tt) ^ V j ~ set-of-keys(tl) [ l t  ( j , k )  = t r u e ]  ^ 

searchtree(t2) ^ V 1 E set-of-keys(t2) [ l t  (k, 1) = t r u e ] ,  

withset-of-keys(t) for terms t of sort TREE a set containing all keys in t .  

42. Well-formedness temma for trees 
Let k, k '  be of sort KEY, e, e '  be of sort ENTRY, and t be of sort TREE, then we can formulate the following 

Lemma: 

a. searchtree(t) -~ searchtree(t r e e a d d  ( k ' ,  e ' ,  t ) ). 

b. searchtree(t)-9 [eq(k,k') = true -) lookuptr (k, treeadd(k',e',t)) = e']A 

[eq(k,k') = false -~lookuptr(k,treeadd(k',e',t)) = lookuptr(k,t)]. 

Proof by induction on the number of nodes in the tree (omitted). 

4.3. Proof of 1 o o k up  -equality 

Lookup-equality can now be proved by induction with respect to the number of insertions using function tableadd. The 

well-formedness predicate searchtree makes the proof straightforward. If the equivalence defined by the equations from 

module T a b l e s  is called =rb and from module T a b l e s - a s - t r e e s  =Tr, then (Theorem 3.2.13) it is sufficient to prove for 

all pairs (k, t )  E Tr~y.v x T~aZLE.V and for all terms e 6 TELss,V 

lookup (k, t) =1% e ¢=~ lookup (k,t) =Tr e- 

The proof (subsequently omitted) proceeds by assuming that e does not contain the function l o o k u p .  Next, it can be 

extended to general terms e E TELEM,V by replacing such terms with equivalent terms not containing function l o o k u p .  

5. FUNCTIONAL IMPLEMENTATION 

5.1. The functional view 

The implementation Theorem (3.2.13 in section 3.2) gives an algebraically clean criterion for implementation. However, it is 
not sufficient as a tool to fix implementations of functions in the classical sense: a function has a certain result value for every 

combination of input values. Of course the result value should depend on the input values, but it should not depend on the 
implementatiorL 

The violation of this property is shown by taking Zv = ({s, t}, {a, b, p, q, f} ) with a, b e s, p ,q e t and f: s --r t, ~o = ({s, t}, 

{a, b, f}), ZH = ~ ,  E = {f(a)=p, f(b)=p}, and E' = {f(a)=q, f(b)=q}. The Zo-observable terms in Tv are a, b, f(a) and f(b). 

Obviously f(a) =E,r~ f(b) and f(a) =E',xo f(b). Hence (Xv, 0 ,  E) and (~'v, 0 ,  E3 are Zo-implementafioos of each other. How- 

ever, f clearly has different result values. 

Additional restrictions are needed to be able to view a term in To as a function (the header function) defined on tuples in Tv 
and with range Tv. In inilial algebra semantics the 'result' is the congruence class defined by the set of equations E. Hence 

any term in the congruence class will do, since it fixes (for specific E and ~v) the class. So we need a canonical form, which is 

a representative for every congruence class, In a confluent and terminating term rewriting system this canonical form is called 
'normal form', and it is defined by the system itself. 

The following three sets of terms within Tv are induced by Eo: 
- the directly Xo-observable terms, 

- the indirectly Zo~obsorvable terms, and 

- the terms reachable t~om To, i.e., terms not necessarily in To but in the congruence class of some term in To. 
Note ~a t  the last two sets may overlap. The input values for functions in Fo with range in So form a subset of the union of the 
first two sets. Any element of the first and the third sets could be in the range of a function in Fo. 

The directly Zo-observable terms do not necessarily contain a desired result value. For example, a specification of string- 
of-characters might contain a function length from strings to integers. The set of length-observable terms contains the length 
function applied to various strings, but it does not contain gae integers, which is clearly the desired set of result values. 

In the subsection below this idea is formalized for a specific observing function. The function has input terms, which should 

be well-typed, and an output term, depending on the input terms and the set of equations, which must be in a certain set of 
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canonical terms. There is an obvious link with the theory of abstract data types (of. Jones [Jon80]) here. The well-typedness 

of the input terms serves as precondition and the equations and a characterization of the set of canonical terms serve as 

postcondition. 

In general one has more than one observing function, so some preliminary work has to be done to allow a decomposition of 

the observing set of functions into singletons. 

5.2. A theory of functional implementation 

52.1. Definitions (input-, reachable and canonical terms) 
Let (Zv, Y'tt, E) be an algebraic specification and Zo ~Ev .  Then 

a. the set l i fo ,  Zv) of Xo-lnput te rms over Z v is defined as: 

l(Zo, Zv) = {t¢T(Zv) I 3feFo f : s t x  • " " ×sk"->s, seSo 3i <<.k teTs,(Xv)}, 

b. the set R(Xo, Zv) of Zo-reaeliable terms over Zv is defined as: R(Y~o, Xv) = {t~ T(~v) I 3t'~ T(Xo, Xv) t=Et'}. 
Note that terms containing hidden functions and sorts are not considered reachable. 

c. A set C (Xo, Ev) c R (Xo, Xv) is a set of canonical terms if  and only if  Vt, t' e C (Zo, Xv) [t=Et" ---r t=t']. 
d. A set of canonical terms C(~o, Zv) is complete if  and only if Vt~ T(Xo, Zv) ~t'¢ C(Xo, Xv) t=Et'. 
e. A reduction to canonical te rms - , ,c~, r , )  (abbreviated ~ c  or even -*,) is  defined as follows: 

t-~c(r~.~)t' ¢:~ teR(Xo,~',v)^t'EC(Xo,~,v)At=Et'. 

f. Analogous to the definitions of To and Ts(Z o, Xv) the following shorthand conventions are adopted: 

lo =f(Xo, Xv), Ro =R(Xo, Xv), Co = C(Xo, xv), 

Is.o = Is(Xo, Xv) = I(Xo, F-,V)o Ts(Ev), Rs.o = Rs(Y-o, Xv) = R(Xo, Ev) n Ts(Xv), C.~.o = C.~(Xo, Xv) = C(Y.o, Xv)n Ts(Xv). 

5.22. Some facts 

a. R(Xo, Xv) ~ T(Xo, Zv). 
b. Every term in l(Eo, Xv) is Xo-observable. 

c. The converse of fact b does not hold, i.e., not every Eo-observable term is a Zo-input term. 

5.2.3. Lemn~ 
Let C(Zo, Xv) be a complete set of canonical terms. The terms in C(~,o, Zv) with the (adapted) functions on R(X o, Xv) form a 

canonical term algebra ff the operation of these functions on R(Zo, Ev) is restricted to reach C(Xo, Zv) by application of the 

reduction to canonical terms "~c after the normal application of the function in R(Eo, Xv). Then C(Eo, Zv) as a term algebra 

is isomorphic to R(Eo, Zv)/=E. 
Proof from the defi ifion ofR(Zo, Xv) and C(Zo, Xv) (omitted). 

5.2.4. Functional decomposition of a reduction to canonical terms 
Next we want to pursue a 'divide and conquer' sWategy to provide an implementation of a reduction to canonical terms ~c .  

The de, composition chosen is made on the typed head symbol (the "function") of the term to be reduced. This allows for a 

separate implementation for each function. The total implementation of -~c can be constructed from the union of these 

separate implementations. 

It should be noted that a reduction to canonical terms -~c as a total map from R o to Co is fixed by C o and the congruence 

/=E. This follows from the definition of Co, since for every term in Ro exactly one term in Co is in the same congruence class. 

So it is possible to define the map -*~c as a union of partial maps to the set of canonical terms. 

It is also possible to define a complete set of canonical terms implicitly by defining a (possibly partial) map -~ from To to Ro 

for which the following holds: 

1) Vt~ To, t'~Ro It -~, t' ~ t =E t'], 

2) ~tt~To card({t'ERo 13t%To [t=Et" ^ t"~t']}) = 1. 

It can easily be seen that the range of ~ is a complete set of canonical terms. So a reduction to canonical terms can be 

described by its behaviour on terms in To. A well-known example of such an implicit definition is the set of normal forms 

defined by a confluent and terminating term rewriting system. 

5.2.5. Definitions (functional implementation) 
a. Let ~ c  he a reduction to canonical terms and let X~Xo.  Then ~x,c  is defined as the restriction of -"c to the domain 

T(X, Xv). 
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b. Let (Zv, ~:H, E) be an algebraic specification, Z o be a signature such that Eo _cEv, and C O be a complete set of canonical 

terms. Then a map ~ is a functional implementation if and only if Vte To, t'~ Co [t-~t' e~ t=Et']. 

52.6.  Some facts about functional implementations 

a. Let (Y~, Z~, E) be an algebraic specification, E o c Zv, Co a set of canonical terms, and ~'C 1 To the restriction of reduction to 

canonical terms ~ c  to domain To. Then ~ c  tro = Lfl ~CSo, ~}),c holds. 

Hence -~c tro (and according to section 5.2.4 thus by extension ~ c )  can be defined for each function in Zo separately. 

b. Let (Zv, ZH, E) and (Z'v, Z'#, E') be Zo-implementations of each other (so Z o ~ Zv:~Z'v). Then a functional implementa- 

tion - ' c  c ToxCo of (Z'v, Z~, E') is also a ftmclSonal implementation of (Zv, 2//, E) ff for all te  T o, t ' eCo  t=Et' e-~ t=E.t' 
holds. 

c. If  two algebraic specifications are Zo-implementations of each other and both have a functional implementation then these 

implementations are isomorphic. 

5.2.7, Concrete representation 

Eventually, we want to convert an algebraic specification into a working computer program. For this a representation function 

t from the set of input mrms 1o to the concrete representation of input terms is needed to be able to execute implemented ftmc- 
flops. When confusion arises the restriction of t to the domain Is, o will be written as t~. Additionally, a set of retrieval func- 

tions Ps from concrete representations of ontput terms to the set of canonical terms Cs,o is needed. 
This is formalized in the following definitions: 

Let I be a set of data types for a programming language L. I is an implementation in L of Io and Ro if there is a total function 

t: I o ~ I (the implementation function) and a set of (partial) functions {Ps: I ~ ls ,ouRs,ols E So} (the retrieval functions) 
such that p.(t(t)) =o t for all t e I.,o. 

Generally, if Is, o is not empty then t(l~,o) will correspond to a subset of a data type in L. It could very well happen that two 

different input types are implemented by the same data type, so differently named retrieval functions axe needed for every sort. 

Only one name (t) is needed for the implementation function, since the sort of the argument provides type information. 

5.2.8. Implementation theorem 

Let if, v, Eft, E) be an algebraic specification, Zo~Zv ,  and Co a set of canonical terms. Let I be an implementation in a pro- 

gramming language L of Io and R o with implementation function t and retrieval functions {psls~ So }, and S(xl, " "  ,Xn), 
storing its result in c, a program operating on I. Then the statement S(xt, ---,x~), describes a functional implementation 

-~CSo,UD,c for f :s  1×. -- xs~ --> s, s e So, if the following holds: 

{c l e s l  ^ " "  ^ c . e s ~ ^ k l = t ( c  O ^  " . ^k~=t(c.)} 
S(~q . . . . .  k.) 

{Ps(C )e C~,o ^ f ( c  l . . . . .  c.)=E p~(c) }. 
Proof proceeds by looking at the function defined by S (omitted). 

5.2.9. Decidability o f  the conditions 

It is a pleasant property of Theorem 5.2.8 that in practice satisfaction of the precondition can be computed if the implementa- 
lion function t can be computed. Since the terms in 1 o are typed, a typechecking algorithm provides the statements on 
membership of the input terms. Generally there are no extra restrictions to ensure computability~ since obviously the imple- 
mentation has to be computed anyway. 

The decidability of the postcondition depends on the computability of the retrieval function Ps, the decidability of the check 
on membership of the set of canonical terms Co, and the decidability of the congruence =E. The first condition is necessarily 

fulfilled for the same masons as the computability of the implementation function. The second depends on the definition of Co, 

which will allow computation in practical cases (who wants a canonical form wild enough to be unrecognizable as such?). 
The decidability of ~ is not ensured in general. So a separate proof may be needed. Of course, for many classes this 

congruence is decidable. For specifications where the congruence is undecidabte, e.g. an algebraic specification of a program- 

ming language, an implementation will provide at least a partial decision procedure, even when it cannot be completed. 

6. AN EXAMPLE: TABLF.S RE~Srl'ED 

To iUnslrate the use of Theorem 5.2.8 an implementation of module T a b l e s  in an imperative language is given. Though the 

implementation again uses trees there is an important difference with the algebraic implementation in section 4 in the sense 
that recursion is eliminated. 

The language Pascal (described in [JW78]) is chosen for the imperative implementation. This choice is motivated by its 
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availability and by its convenient typo system. Of coarse, any other imperative language would serve as well, It should be 

noted that a functional implementation is very well possible, even in Pascal, but we want to illustrate the possibility to give a 

correct implementation in a non-funchonal way. 

Generally it is easier to derive a functional program from an ASF-specification, since writing an algebraic specification has 

slrong similarities to functional programming. The specification of Tab 1 e s - a  s - t  r e e  s,  for instance, is easily converted into 

a functional program for l o o k u p .  Thus a functional implementation has the advantage of being easily derived from the 

specification, and also of being faster in general than a term rewriting implementation. 

The first step in the implementation is the choice of a data structure. This is provided for by the data type declarations 

pointer = Ttree, and tree as a record with fields l, r (pointers to the left and right subtrees), k of type key, and e of type elem. 

In a concrete program it is necessary to bind the sorts key and elem. One could take, for instance, integers and characters; the 

only prerequisite is that an ordering must be established on the keys. 

The values niltree and errorelem require different treatment in Pascal. For the first we can use the standard notion 

nil, the second has to be declared as variable and set to some unused value. The auxiliary functions on key pose no problems 

with the current choice, since integers are already ordered. For familiarity reasons the function names eq and It are retained 

instead of the operators = and <. 
Next the implementation function l must be defined. The domain of t is T~y,vUTEL~M,v~Tr~LE,V and its range is the 

radon of the data types key, elem and tree (or rather pointer to tree) already indicated above. Since a specification of the terms 

of type ELEM and KEY has not been given in section 3 an identification with elem and key is assumed, so l is 'defined' back- 

wards by t ( t )= t  for t e T r ~ , v u T ~ M . v .  Hence also pE~,~(t)=t, the only retrieval function needed for the example. For 
teTr~LE,v, t can be defined by 1(nulltable)=nil arld t(tableadd(key, elem, table))=ptr when 

treeadd(1(key),1(elem),ptr) is execured withptr =t(t able). 
This definition uses procedure treeadd defined below, It should be noted that function I restricted to terms of type TABLE 

plays the same role as function t b l t o t r e e  in section 4. Evidently, procedure treeadd below and function t r e e a d d  in sec- 

tion 4 are closely related also. A procedure with a variable parameter is a common way to handle data structures in a language 

like Pascal. A function definition would have the advantage of a more elegant definition of function l, but the definition below 
shows that other programming styles can be handled too. 

procedure treeadd (ky:key ; el: elem; var root: pointer); 
vat  cur, anc: pointer; inserted: boolean; 
begin cur:= root; inserted:= false; 

while not inserted do 
begin if car = nil 

then begin new(cur); curT.h= nil; cur~.r:= nil; curT.k:= Icy; curT.e:= el; 
if root = nil then root:=cur 
else if lt(ky, ancT.k) then ancT.l:=cur else ancT.r:=cur; 
inserted:= true 

end 
else begin if eq(Icy,curT.k) then begin curT.e:= el; inserted:= true end 

else if lt(ky,curT.k) then be~m anc:=cur; cur:=curT.l end 
else begin anc :=cur; cur:=curT.r end 

end 
end 

end; 

The proof of correctness of this implementation closely resembles the proof sketch in section 4. Following this lead we pro- 

vide two well-formedness functions on structures of type pointer (to tree), again called searchtree and set-of-keys. They are 

defined in the obvious waT. This allows us to state the wetl-formednass of implemented terms by providing the following 

parallel to Lemma 4,2.a: 

6.1. Second welt-formedness lemma for trees (part a) 
Let ptr  be of type pointer and t e TT~LZ,V. Then ptr =L(t ) -~ searchtree(ptr ). 
Proof by induction on the number of nodes in the list (omitted). 

Next we provide the function lookuptr: 

function lookuptr (ky: key; root: pointer): elem; 
vat  cur: pointer; searched: boolean; 
begin cur:= root; searched:= false; 

while not searched do 
be~n if cur ffi nil 
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then begin lookuptr:= errorelem; searched:= true end 
else begin ifeq(ky,cur'f.k) 

then begin lookuptr:= curS.e; searched:= true end 
else if lt(ky,cur'~.k) then cur:= cur~?.l else cur:= cur$,r 

end 
end 

end; 

Presently, a lemma similar to lemma 4.2.b can be formulated. It states that lookuptr is well-defined for single additions to a 

well-formed tree. 

6.2. Second well-formedness lemma for trees (part b) 
Let k, k' be of sort KEY, e of sort ENTRY, and t of sort TREE, and let ptr' =t(t re eadd (k', e, t ) ). Then 
ptr= t(t) -+ [eq(t(k),t(k')) = true -+ 100kuptrf %(k),ptr') = e] ̂  

[eq(t(k ),t(k')) =false --) lookuptr( t(k ), ptr') = lookuptr( t(k ), ptr)] 

1;'roofd~eetly from the observation that ptr' = t(t ree add ( k', e, t ) ) is defined in terms ofptr = t(t) (omitted). 

According to Theorem 5.2.8 it is now sufficient to prove (E the set of equations from module Tables) :  

{keKEY ^ tblE TABLE ^ ky =t(k) ̂  root =t(tbl)} 
elt := lookuptr(ky,root) 

{pE~(elt)eCEr~M,o ^ l ookup  (k, t b t )  =~p~L~M(elt)}. 
This follows immediately from lemma 6.2, and the definition of PzLra. 

7. CONCLUSIONS 

7.1. The results 
The paper provides a functionally oriented (black box) approach to the implementation of modular algebraic specifications. 

The main advantages are listed below. 
• It provides a theoretical background for the separate implementation of modules. 

• The implementation above is based on the initial behaviour of certain functions, the observing functions. This provides an 
intuitively clear semantics. 

• A correctness criterion for implementations is given in Hoare logic, allowing the application of standard optimization tech- 
niques. In algebraic terms this means that functionswhich are not observing may have more or lessfina/semantics. 

• The combination of separate implementation and (hence separate) optimization allows the construction of a library of (pos- 
sibly op~nized) modules. 

The loss of the initial algebra semantics might instead be listed as a disadvantage. Terms are only judged different when they 

have different effects (confusion is allowed) and other invisible terms (junk) may be introduced. On the one hand, precisely 

these two "undesirable" effects allow the introduction of optimal implementations. On the other hand, they make the seman- 

tics of a module less clear to the user (i.e., someone writing a module importing the optimized module). This problem is 

minimized by the fact that the criteria for use of the module, allowing the set of observing terms only, are rather easy. 

7.2. Further research 
Both theoretical and practical extensions of the work in this paper are feasible. The former include: 

• Investigation of the significance for import semantics in an algebraic specification formalism with initial algebra semantics, 
except for observable imports. 

e The combination with an implementation as a term rewriting system of the importing module of an observable implementa- 

tion has to be investigated to allow for automatic translation of modules built around an observable module. 
Of more practical nature are: 

• The design and implementation of a module library, containing efficient (e.g. built-in) implementations. 

e The construction of an implementation of modules on top of the module library, using the normalization (i.e., elimination of 

imports, renamings and bindings by combining modules) semantics from ASF [BHK87] for the top level modules. 
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