
ON THE MAXIMUM SIZE OF RANDOM TREES 

# ## 
M. Protasi, M. Talamo 

# Dipartimento di Matematica, Universit~ dell'Aquila, 

Via Roma 33, 67100 L'Aquila. Incaricato di ricerca 

presso io IASI-CNR. 

~# Istituto di Analisi dei Sistemi ed Informatica del 

C.N.R., Viale Manzoni 30, 00185 Roma. 

ABSTRACT 

In this paper we prove a conjecture of Erd~s and Palka on the max- 

imum size of random trees. Furthermore, while, generally speaking, in 

the probabilistic analysis the results are proved only when the size 

of the graphs tends to infinity, in this case, with extremely small 

probability of error, the results also hold for graphs of small size. 

I. INT~)DUCTION 

The problem of finding the size of the largest induced tree in a 

graph is NP-complete (see, for instance, [4]) and because of its com- 

putational intractability has been studied in the last years using 

alternative approaches to the classical worst case analysis. In part- 

icular, some research effort has been spent analyzing this problem on 

random graphs, with the aim of evaluating the optimal solution and 

finding very good approximate solutions for almost all graphs. The 

achieved results can be summarized as follows. If we assume the con- 

stant density model, after some first results in [ 5], in [I] and in 

[ 6], independently, it has been shown that the size of the largest tree 

is about 2 io~ n for almost all graphs of size n Furthermore in [ 6] 
constant " ' 

it has been proved that a simple greedy algorithm achieves a solution 

whose value is one half of the value of the optimal solution. As above 

written, these results are stated in the constant density model, that 

is we assume a constant probability p of existence of an edge between 

two nodes. The situation is different if we are in a more general set- 

ting. 

In [I], Erd~s and Palka posed the following open problem. Let now 

p be a function on n, i.e. p = p(n) with p tending to zero as n tends 

to infinity. Find such a value of the edge probability p for which a 

random graph has the largest induced tree. They conjectured that for a 
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suitable p(n) a random graph contains a tree of size b(c).n, where b(c) 

depends only on the constant c. In this paper we prove the conjecture 

evaluating a lower and upper bound to the size of the tree. In order 

to achieve this result we will exploit a general probabilistic model 

introduced in [8] and [9] for studying the max clique and the max in- 

dependent set problems on random graphs. This general model allows to 

study graphs of different density and in particular sparse graphs as 

in the case of the open problem posed by Erdos. 

The other important point of the paper regards the asymptoticity 

of the analysis. In fact with a probability of error tending to zero 

very fast, we are able to state our results not only, as generally 

happens, when the number of the nodes of the graph is sufficiently 

large, but also for graphs of small size. This characteristics, of 

course, has interesting practical consequences because in the applica- 

tions we are interested in graphs having a reasonable number of nodes. 

The possibility of performing such a study has due substantially to 

the properties of the model we use and in [91 other non asymptotic 

results have been found. 

2. THE PROBLEM 

First of all, we recall the problem we want to study. Given a 

graph, we want to find the largest induced tree, that is, the induced 

tree having the maximum number of nodes. As we said in the introduc- 

tion, the problem has been already solved from a probabilistic point 

of view if we assume a constant probability p (0 < p < I) of ex- 

istence of an edge between two nodes independently from the presence 

or absence of any other edges. With this model the numbe r of nodes of 

the largest induced tree is 2 log n/[log(I/(1-p)]+o(log n) for almost 

all graphs of size n. However, assuming a constant density model, we 

are able to deal only with dense graphs. 

The probabilistic analysis of our problem becomes much more in- 

teresting and complete if we also include the case of the sparse graphs. 

It is natural to expect that in this case we are able to find trees of 

larger cardinality than for dense graphs. This situation has lead 

Erd~s and Palka [I] to formulate the following open problem: 

Let now p be a function on n, i.e. p = p(n) with p(n) tending to zero 

as n tends to infinity. Find such a value of the edge probability p 

for which a random graph has the largest induced tree. 

Erd~s and Palka conjectured that for a suitable p(n) a random 

graph contains a tree of size b(c).n, where b(c) depends only on c and 



141 

c is a constant. 

In order to prove, in the following paragraph, that the conjec- 

ture is true we will use a general probabilistic model already used 

in [ 8] and [ 9] . 

DEFINITION I. Let V be a set of n nodes. Every pair (i,j) with 

i,j 6 V is an edge with probability p(n) = I-c -c/n independently from 

the presence or absence of any other edges. 

The type of graphs we study depends, of course, on the value of 

c we choose. Therefore if we allow that c can assume values belonging 

to a large range, we are able to perform a very general analysis. In 

particular, for suitable values of c, we are able to deal, at the same 

time, with dense and sparse graphs. To prove the conjecture we will 

have to find particular values of c such that the corresponding values 

of p(n) make the random graph have induced trees as large as possible. 

3. MAIN RESULTS 

Before giving the main results, we need to state some preliminary 

lemmas. 

Let z n be the value of the maximum induced tree of a graph of n 

node s. 

In order to bound some combinatorial inequalities more easily, in 

the following instead of Zn, we will often use the formula 8n. 

LE~IA I. 

c 

I-c n = clnc as n ~ 
n 

PROOF. It is trivial applying some elementary analytic steps. 

LEPTA 2. For any fixed ~ > 0 and c > e constant 

> 1 loglog n 
Zn (c- s) log n . n 

for a suitable probability p(n). 

PROOF. See [ 7] . 

LEMMA 3. 

(en)n _<(ee(1-e) (1-~)))-n 

PROOF. See [ 3] or [9] . 
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Let us now prove the conjecture 

THEOREM i. 0,42n ~ z n ~ 0,91n almost surely. 

PROOF. Let k = en. Given a tree T, let ITI denote the number of 

nodes of T. The proof is divided in two parts. First of all we will 

find an upper bound to z n. 

( k  
1) P r o b ( ~ T / I T  I > k)  < ( ~ ) . k  k - 2  pk-1 q 2 )-(k-l) • • (where q = l-p) 

C 

(Since k = @n and p = I-'c n) 

c c (k-1) (k-2) 
n n) 2 < (en) .kk-2(1_c n)k-1 . (c 

(Exploiting Lemmas 1 and 3) 

• 0n-2 clnc 8n-I < ( e e ( l _ e )  ( 1 - e ) ) - n  (en)  ( - ~ - - - )  
c ( e n - 1 )  (en-2) 

• (c n) 2 

1 ec 
< (e(l_e)~ - 1) -Sn  . (}On-2 . n ( c l n c )  en-1 • c 

(en-1 ) 
2 

(Exploiting Lemma 2) 

< ( (e ( l - e )  e • e c l n c  • c 2 ) en-1  = c l n c  
- 1 

( l -e)  ( g - l )  

This quantity tends to zero if 
c ( l -e)  .inc 

(1 - e )  

< I. If we succeed,among 

the possible values of c that verify the last inequality, in finding 

the value that maximes 0n, we will be immediately able to evaluate an 

upper bound to z n. We study the threshold 

ec 
(1 - -~-) 

c inc 
= I 

I 
(g - I) 

( 1 - 0 )  

Applying numerical methods we obtain that the maximum value of e such 

that 8n is the value of the largest induced tree is less than 0,91. 
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2) In order to find the lower bound to z n and complete the proof of 

the proof of the conjecture, we consider the following inequality. 

Let Yk be the random variable that denotes the number of trees of 

size < k 

Prob(Yk = 0) 
2 
(n,k) < 

-- E 2 ( n , k )  

2 . 
where d is the variance and E is the expectation of Yk" 

• d 2 (n,k) 
Now we bound the ratio --~-- 

E (n,k) 

c k 1 
~ 2( 2 ) -~-( 2 ) ) 

k k (k-l) k (k-l+1}( 1 ) (k) .(k_l ) (~) c 
2 ~ k-2 k-l-2 k-l-1 k n n-k clnc 2k-4-i 

d (n,k) < 1=I 

-- c 2(k 
E2(n'k) n 2k2k-4 clnc 2k-4 - n 2 )-2k+4 

( k ) (--n---) c 

(By doing some combinatorial and algebraic steps and remembering that 

k = £n) 

c@2n 

(I__~88) 8n n @n 2 
_ ( c--i-n-~ ) c 2 

< • n 
-- (en) 8n 

ce 

(]~_e) c 7 
< ( )8n(I + ~) (s > 0) 

eclnc 

This quantity tends to zero if 0 < 0,42. 

QED 

After proving the conjecture, we will give another theorem that 

shows that the result also hold for graphs pf small size, so strengt- 

hening remarkably the achieved result. 

Let Pe be the probability of error that z n does not belong to the 

interval [0,42n, 0,91n]. 

THEOREM 2. Pe < dn for every n, where d is a constant < I. 

Therefore Theorem 2 assures that, with a very small probability 

of error, that is, with a probability of error tending to zero very 

fast, the result of Theorem I holds for graphs of every size. 
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