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Abstract We investigate the subgraph homeomorphism problem in 

which one would like to determine whether a fixed pattern graph is 

hcmeomorphic to a subgraph of an input graph. We show that for 

every fixed pattern graph, there is a polynomial-time algorithm to 

solve the problem if the input graphs are restricted to reducible 

flow graphs. 

i. Introduction 

For a fixed pattern graph H, the subgraph homeomorphism problem 

(SHP) with respect to H asks to determine whether H is homeomorphic 

to a subgraph of an input graph G. The graphs G and H are either 

both directed or both undirected. 

There are many graph properties for which the recognition 

problems can be reduced to the SHPs. For example, the recognition 

problem of planar graphs can be reduced to the SHP with respect to 

K 5 and K3,3 ' and that of series-parallel graphs can be reduced 

to the SHP with respect to K 4 [2]. The SHP arises also in the 

study of program schema. In fact, many schema properties are 

characterized by the presence or reachability of certain 

substructures [7]. 

"Homeomorphism" between H and a subgraph of G is defined in 

terms of two mappings h I and h2: h ! from vertices of H to 

vertices of G, and h 2 from edges of H to pairwise disjoint paths in 

G. If we are concerned with only homeomorphisms with h I specified 

a priori, then we refer to the SHP as the fixed SHP. This restricted 

problem can be viewed as the problem of deciding whether there is a 

set of disjoint paths connecting the specified vertices of G. In the 
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case of undirected graphs, A. S. LaPaugh and R. L. Rivest have shown 

that there exists a linear time algorithm to solve the fixed SHP if 

the pattern graph consists of exactly one triangle [8]. Y. Shiloach 

has given a polynomial-time algorithm for the fixed SHP with a 

pattern graph consisting of two disjoint edges [i0]. When it comes 

to directed graphs, however, the fixed SHP is known to be NP-complete 

even if the pattern graph consists of exactly two disjoint edges [3]. 

This implies that the fixed SHP is NP-complete if a pattern graph 

contains at least two disjoint edges [3]. 

In this paper we first present a polynomial-time algorithm for 

reducible flow graphs to solve the fixed SHP with respect to the 

pattern graph consisting of only two edges. Extending the algorithm, 

we next give a polynomial-time algorithm to solve the (fixed) SHP 

with respect to any pattern graph H for reducible flow graphs. 

2. Definitions 

Let G=(V,E) be a directed graph, where V is a finite set of 

vertices and E is a subset of VxV, each member of which is called an 

edge. For an edge (x,y), vertex x is called its initial endpoint and 

y its terminal endpoint. Edge (x,y) is said to leave vertex x and 

enter vertex y. We say that x is a predecessor of y, and y is a 

successor of x. A path P of length k-i from x I to x k is a 

sequence of vertices (x I .... ,Xk) with (xi,xi+l) £ E for l!i ! 

k-l. If a path consists of a single vertex, the length is 0. P is 

called a cycle if Xl=X k and xi~x j for l!i( j(_k-!. A cycle of 

length 1 is called a loop. P is said to be simple if no two vertices 

in P are identical. Two simple paths are disjoint if they have no 

vertices in commom except for their endpoints. A graph G'=(V',E') is 

called a subgraph of G if V'cV and E'cE. Furthermore G' is an 

induced sub~raph of G if E'=EN(V' xV'). A flow graph, denoted by a 

triple F=(V,E,s), is a directed graph (V,E) such that there is a path 

from the initial vertex s~V to each vertex in G. In a flow graph, 

vertex x dominates vertex y if every path from the initial vertex to 

y passes through x. 

Given directed graphs G and H, we say that H is homeomor•hic to a 

subgraph of G if there exist two one-to-one mappings h I and h 2, 

h I from the set of vertices of H into the set of vertices of G, and 

h 2 from the set of edges of H onto a set of pairwise disjoint paths 

in G, such that for every edge (x,y) of H the path h2(x,y) starts 

from h l(x) and ends at h l(y). For a fixed pattern graph H, the 
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sub~raph homeomorphism problem with respect to H asks to determine 

whether H is homeomorphic to a subgraph of an input graph G. (A 

pattern graph might be allowed to have multi edges.) If we concerned 

only homeomorphisms with h I specified a priori, then we refer to 

this restricted problem as the fixed sub~raph homeomorphism problem. 

The k disjoint paths problem is to determine, given a directed graph 

G and k pairs of vertices (sl,tl),(s2,t2), ..... (Sk,tk) of 

G, whether there is a set of k disjoint paths PI,...,Pk in G with 

each Pi running from s i to ti, l!i!k. 

3. Reduction of a flow 9raph 

M. S. Hecht and J. D. Ullman defined reducible flow graphs in 

terms of the following two transformations T 1 and T 2 on flow 

graphs [5]. Let F=(V,E,s) be a flow graph. Transformation from F 

to a new flow graph by removing a loop is called the transformation 

of type T I. (We refer to this transformation as T 1 henceforce for 

simplicity.) Let x and y be vertices in F such that x is the unique 

predecessor of y, and y is not the initial vertex s. The 

transformation from F to a new flow graph F' by replacing vertices 

x,y and edge (x,y) with a new vertex, say z~V, is called the 

transformation of type T 2 (We refer to this transformation as T 2 

henceforce); predecessors of x become those of z in the new flow 

graph; and successors of x and y become those of z. F' has a loop 

(z,z) if and only if F has an edge (x,y) or (x,x). We illustrate 

these two transformations in Fig. i. 

x T: ~ r-% 

Fig. 1 - Transformations T 1 and T 2. 

A given flow graph F is transformed to a flow graph F~ if T 1 

and T 2 are applied in any order to F until they can no longer be 

applied; the resulting flow graph F£ is called the limit @raph of 

F. It is known that the limit graph F£ of F is unique, independent 

of the sequence of applications of T 1 and T 2 actually chosen [5]. 
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If F£ consists of a single vertex, the original flow graph F is 

said to be reducible. The class of reducible flow graphs defined 

above is identical with the class defined by F. E. Allen and J. Cock 

in terms of "intervals" [5]. 

As we proceed to apply T 1 and T 2 to a flow graph F, each 

vertex of an intermediate graph can be viewed to represent a 

subgraph, called a reaion, of the original flow graph F, and each 

edge to represent a set of edges of F, which are defined as follows. 

(i) In the original flow graph, every vertex v represents region 

({v},~), and every edge e represents singleton set {e}. 

(ii) If T 1 is applied to vertex n with the loop (n,n) and they 

are replaced by a new vertex n', then n' represents region 

(V',E'UE"),where (V',E') is the region represented by n, and E" is 

the edge set represented by (n,n). 

(iii) If T 2 is applied to n I and n 2 with edge (nl,n2) 

and they are replaced by a new vertex n, then n represents region 

(VlUV2,EIUE2UE3) , where (VI,EI) is the region 

represented by nl, and (V2,E2) the region represented by n2, 

and E 3 is the edge set represented by (nl,n2). If two edges 

(nl,n') and (n2,n') are replaced by edge (n,n'), then (n,n') 

represents the union of the two sets represented by (nl,n') and by 

(n2,n'). 

The following lemma is implicit in [6]. 

Lemma i. Let F=(V,E,s) be a flow graph. Let F' be a flow graph 

formed at some stage of the reduction of F. 

(i) Let n be a vertex of F'. If n represents (V',E~), and 

(nl,n2) E', then nl~V' and n2~V'(that is, (V',E') is a graph). 

(ii) Let n I and n 2 be (not necessarily distinct) vertices of 

F' and (nl,n2) an edge of F'. If n I and n 2 represent (V',E') 

and (V",E") respectively and (n3,n 4) belongs to the set 

represented by (nl,n2), then n3~V' and n4~V". 

(iii) The family of the vertex sets of all the regions 

represented by vertices of F' is a partition of the set of vertices 

of F. 

(iv) The family of all edge sets represented by edges of F' is a 

partition of the set of all edges of G with two ends in distinct 

regions. 

A parse of a reducible flow graph F is a sequence of T 1 and 

T 2 which are applied to F until the limit graph results. Formally 
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it is defined to be a sequence of four-tuples (Tl,U,V,S) and 

five-tuples (T2,u,v,w,S) as follows, where u,v, and w are vertices 

of F, and S is a set of edges of F. 

(i) The parse of a flow graph consisting of a single vertex is 

an empty sequence. 

(ii) If F' is reduced to F" by an application of T 1 to vertex 

u with loop (u,u), and u is replaced with a vertex v in F", then 

(Tl,U,V,S) followed by a parse of F" is a parse of F', where S is 

the set of edges represented by edge (u,u) eliminated from F'. 

(iii) If F' is reduced to F" by applying T 2 to edge (u,v), and 

u and v are replaced with a new vertex w, then (T2,u,v,w,S) 

followed by a parse of F" is a parse of F', where S is the set of 

edges represented by edge (u,v) of F'. 

Generally the parse of a flow graph is not unique. Fig. 2 

illustrates a parsing of a flow graph, and Fig. 3 illustrates the 

regions of the graph. 

n3 ~ n4 

I> 0.=£ 
n7 

0 n9 

Fig. 2 - Example of a parsing. 

The parse in Fig. 2 is: 

~F=(T2 ,n 2,n3,n 5 ,{ (n 2 ,n3)} ), 

(Ti,n5 ,n 6 ,{ (n3,n2)}), 

(T 2,n 6,n 4,n 7,{ (n 3,n 4 )' (n 2,n 4 )} ), 

(T2,nl,n7,n8,{ (n l,n2)}), 

(Tl,n8,n9,{ (n 4,nl)}) 

According to I F one can form larger and larger regions by combining 

smaller regions as illustrated in Fig. 3 . 
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Fig. 3 - Formation of regions. 

The following lemma illustrates how regions are combined and how 

edges are incorporated to regions. The proof can be found in [6]. 

Lemma 2. Let F be a flow graph and R a region of F. There exists a 

vertex h in R such that (a) any edge not contained in R but entering 

some vertex of R has necessarily h as its terminal endpoint, and (b) 

h dominates every vertex of R. Hence, if R w is R plus all the edges 

that leave vertices of R and enter h of R, then R' is an induced 

subgraph of F. 

It is clear from the lemma above that every path from a vertex 

outside a region R to some vertex of R must pass through h of R. 

Since there is a path in R from h to every vertex of R~ R is itself a 

flo~ graph with initial vertex h. We call h the header of R° 

Suppose that there is a vertex n I with edge (nl,nl) in 

some intermediate graph of the reduction of a flow graph F. If n 1 

represents a region R'=(VI,EI,hl) of Ft each edge in the set 

represented by (nl,n I) has its initial and terminal endpoints in 

R' by (ii) of Lemma i, and in particular the terminal endpoint is 

h I by Lemma 2. Fig. 4 shows how a region is expanded by TI, 

where R is the region represented by the new vertex n. We say that R 

is formed by applying T 1 to R', or R' is expanded to R. 
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Fig. 4 - Expansion of a region. 

Suppose that there are vertices n I and n 2 with edge 

(nl,n2) in some intermediate graph of the reduction of F. If 

n I and n 2 represent regions R'=(VI,EI,hl) and 

R"=(V2,E2,h2) respectively, then each edge in the set 

represented by (nl,n2) has its initial endpoint in R' and its 

terminal endpoint h 2 in R" by Lemmas 1 (ii) and 2. Fig. 5 

illustrates the combination of two regions by T2, where R is the 

region represented by the new vertex n. We say that R is formed by 

applying T 2 to R' and R" , or R' and R" are combined to be R. 

R' ~7"2 ~R 
R!' 

Fig. 5 - Union of regions. 

4. An al~orithm to solve the two disjoint paths problem 

The fixed SHP with a pattern graph consisting of two edges is 

reduced to the two disjoint paths problem. In this section we give 

an algorithm to solve the two disjoint paths problem for reducible 
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flow graphs. To begin with, we define three propositional functions 
1 2 2 

AR(nl,n2), AR(nl,n2,n3,n4) and BR(nl,n2,n3,n4,n5) for region R, where 

nl,n2,n3,n4, and n 5 range over all the vertices of R. 

Definition i. Let F be a flow graph, R=(VI,EI,h) a region of F. 
1 

(a) A~(nl,n2)=TRUE iff there is a path in R from n I to n 2. 

(b) A~(nl,n2,n3,n4)=TRUE iff there are two disjoint paths in R 

such that one runs from n I to n 2 and the other from n 3 to n 4. 
2 

(c) BR(nl,n2,n3,n4,n5)=TRUE iff there are three pairwise disjoint 

paths in R such that one runs from n I to n 2 , another from n 3 to n 4 , 

and the other from h to n 5. 
2 

In terms of AR(nlwn2,n3,n4), our aim is to compute the value of 
2 

AR(Sl,tl,s2,t2) for a given flow graph F with specified vertices s I, 

tl, s2, and t 2. Our algorithm computes the values of these functions 

recursively for larger and larger regions, using Lemmas 3 and 4. Note 
2 2 

that A (n,n) =AR(n,n,n,n)=BR(n,n,n,n,n)=TRUE if region R consists of a 

single vertex. 

Lemma 3. Let R=(V,E,h) be a region formed by an application of T 1 

from region R'=(V,EI,h ). (See Fig. 4.) Then, 

1 1 2 n') 
AR(nl,n2)=AR,(nl,n2 )+ Z AR,(hl,n2,n I, , 

n'~M 
2 

AR(nl,n2,n3,n 4) 

.... (i) 

2 
=A R, (nl,n2,n3,n 4) 

2 n' ×((n'=n3)+ ×(n'~n I) ) + E BR, (nl,n2,n 3, ,n 4) (n'~n 3) x(n'~n 2) 

n~S x ((h=n4) + (h~n4) x (h~nl) ×(h~n2) ) 

2 n' ×((n' + ×(n'~n3) ×(n'~n4)) + Z BR,(n3,n4,n I, ,n 2) =n I) (n'~n I) 

n'eS x((h=n2)+(h~n2)x (h~n 3) ×(h~n4)) 

2 n ' n" + Z A R, (n I, ,n 3, ) x(n2=n 4) 

n',n"~M × ((n'=nl)+(n'/nl)×(n'#n3) ×(n'~n")) 

x ((n.,=n3)+(n,~n3)x (n-~nl) ×(n'~n")) , and ---(2) 

2 2 
BR(nl,n2,n3,n4,n5)=BR , (nl,n2,n3,n4,n 5) , .... (3) 

where ni,l(i(5, range over all vertices in V, + and Z denote 

logical OR, × denotes logical AND, and M is the set of initial 

endpoints of all the edges in E-E 1 . 

Proof. We first establish the formula (i). Suppose that the left- 
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hand side of (i) is TRUE, that is, there is a simple path from n 1 

to n 2 in R. Then there are two cases : (i) the path is also in R', 

and (ii) it is not in R'. In the former case, the first term of the 

right-hand side of (i) is TRUE. In the latter case, the path must 

contain an edge in E-E 1 . Therefore there are two disjoint paths in 

R', one running from n I to one of initial endpoints of the edges in 

E-E1, and the other from the header of R' to n 2. In this case, 

the second term becomes TRUE. It is obvious that if the right-hand 

side of (i) is TRUE, then the left-hand side is TRUE. Thus the 

formula (i) holds. 

We next verify the formula (2). Suppose that the left-hand side 

of (2) is TRUE, that is, there are two disjoint paths in R, one 

running from n I to n 2 and the other from n 3 to n 4. Then we 

have four cases : (i) these paths are also in R', (ii) the path from 

n 3 to n 4 contains an edge in E-E 1 and the other does not, (iii) 

the path from n I to n 2 contains an edge in E-E 1 and the other 

does not, (iv) both of the two paths contain edges in E-E 1 . In the 

case (i), the first term of the right-hand side of (2) is TRUE. In 

the case (ii), there must be three pairwise disjoint paths in R' such 

that one runs from n I to n2, another from n 3 to a vertex n' 

that is an initial endpoint of an edge in E-E1, and the other from 

the header of R' to n 4. Furthermore, if n'~n3, then n' can be 

neither n I nor n 2, and if h~n 4, then h can be neither n I nor 

n 2. In this case, the second term of (2) is TRUE. By an argument 

similar to above, the third term is TRUE for the case (iii) and the 

fourth term for the case (iv). It is obvious that if the right-hand 

side of (2) is TRUE, then the left-hand side is TRUE. Thus the 

formula (2) holds. 

Finally, we can easily verify the formula (3) from the fact that 

h is the terminal endpoint of each edge in E-E 1 . 

Q.E.D. 

Lemma 4. Let R=(V,E,hl) be a region formed by applying T 2 to two 

regions R'=(V~,E],h]) and R"=(V2,E2,h2). (See Fig. 5.) (We abbreviate 
2 1 2 and 

A (nl,n2), AR(n ,n ,n3,n4) and BR(nl,n2,n3,n4,n5) to AR, A R 

BR, respectively.) Let n.i ,i(i<5 , be verticies in V , and M the set 

of initial endpoints of the edges in E-EI-E 2. Then, 
1 1 

(a) A R1 is computed from AR, and AR,, as follows 

F 
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Case I: nl,n2~V I. 
1 1 

AR(n l,n 2)=A R, (n l,n 2)- 

Case 2: nl,n2eV2. 
1 1 

AR(nl,n2)=AR . (nl,n 2) • 
Case 3: nl~V 1 and n2=_V ~. 

Al(nl,n2) =( Z AR, (nl,n')) . 

n'~M 

Case 4: n2~V 1 and nl~.V 2. 

A 1 ( n I , n 2 ) =FALSE. 

2 is computed (b) A R 
Case 

as follows. 

Case 

Case 

Case 

Case 

Case 

Case 

i: nl,n2,n3,n4~V I. 
2 2 

AR=A R, (nl,n2,n3,n4). 

2: nl,n2,n3,n4~V 2. 
2 2 

AR=AR,, ( n I , n 2 , n 3 , n 4 ) . 

3: nl,n2,n3~V 1 and n4~V 2. 
" 2 2 
AR= Z AR, (nl,n2,n3,n) 

n'~_S x ((n,=n3)+(n,~n3) x(n,/nl)× (n,/n2)). 

4: nl,n3,n4eV 1 and n2~V 2. Similar to Case 3. 

5: nl,n~V I and n~,n4~V 2. 
2 ~i " ~ I- 

AR=A R, (nl,n2)XAR. (n3,n 4) , 
6: n3,n4~V 1 and nl,n2~V 2. Similar to Case 5. 

7:2nl~VlA =~ and n2'n3'n4-~, x v2"2 
Z Al,(nl,n )) AR,,(h2,n2,n3,n 4) 

n' ~M x ((h2=n2) + (h2~n2) x (h2~n 3) ~ (h2~n 4) ) . 

Case 8: n3¢V 1 and nl,n2,n4sV 2. Similar to Case 7. 

Case 9: nl,n3~V 1 and n2,n4~V 2. 
2 2 n,,n3,n,, ) AR= Z AR,(n I, x(n2=n4=h2 ) 

n',n"~M x((n'=nl)+(n'~nl)× (n'~n3)x(n'~n")) 

x((n"=n3)+(n"gn3)× (n"~nl) x(n'~n")). 

Case 10: otherwise. 

A~=FALSE. 

2 is computed as follows. (c) B R 

Case l:2nl~n2,n3,n4,n5~V I. 

BR=BR,(nl,n2,n3,n4,n5)- 

Case 2:2nl~n2,n3,n4,n5~V 2. 

BR=BR,,(nl,n2,n3,n4,n 5) 

× ( (h2=n 5) + (h2~n 5) × (h2~n I) × (h2~n 2) ~(h2~n3)× (h2~n 4) ). 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(lO) 

(ii) 

(12) 

(13) 

(14) 

(15) 

(16) 
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Case 3: n.,n~,n.,n5~V 1 and n2~V 2. 
-2 ± J 24 
BR= 7 BR, (nl,n,,n3,n4,n5) 

n'~M 

× ((n'=nl)+(n'~nl) x(n'~hl) ×(n'~n3)× (n'/n4)× (n'~n5)). (17) 

Case 4: nl,n2,n3,n5~V 1 and n4~V 2. Similar to Case 3. 

Case 5: nl,n2,n3,n4=.Vl and n5eV 2. Similar to Case 3. 

Case 6: n3,n4,n5~Vl and nl,n2eV 2. 
2 2 1 

BR=AR, (hl, n5,n 3, n4)x AR, , (nl, n2). (18) 

Case 7: nl,n2,n5eV 1 and n3,n4eV 2. Similar to Case 6. 

Case 8: nl,n3,n5eV 1 and n2,n4~V 2. 
2 2 . . . .  x 

BR= Z B R, (nl,n ,n3,n ,nsJ (n2=n4=h 2) 
n' ,n"~M 

x((n'=nl)+(n'~nl) x(n'6hl)X(n'~n3)×(n'~n5) x(n'~n")) 

x((n"=n3)+(n"~n3)x (n"~hl) x(n"~nl)x (n"~n5) ×(n'~n")). (19) 

Case 9: nl,n3,n4~V 1 and n2,n5=_V 2. Similar to Case 8. 

Case 10: nl,n2,n3eV 1 and n4,n5~V2. Similar to Case 8. 

Case ii: n3,n4~V 1 and nl,n2,n5~V 2. 
2 2 , , 

BR= 7, AR, (hl,n ,n3,n4)x ((n =hl)+(n'~hl) x(n'~n3)~ (n'~n4)) 

n'~M ×AR,, (nl, n2, h2,n5) 

x ((h2=n5) + (h2~n5) × (h2~nl) x (h2~n2) ). (20) 

Case 12: nl,n2EV 1 and n3,n4,n5eV 2. Similar to Case ii. 

Case 13: n3,n5~V 1 and nl,n2,n4~V 2. Similar to Case ii. 

Case 14: nl,n5~V 1 and n2,n3,n4eV 2. Similar to Case ii. 

Case 15: n V 1 and n2,n4,n5~V 2. 
2 n'") x BR= , (nl,n' ,n3,n", (n2=n4=n5=h2) 
n' ,n" ,n' "~M 

x((n'=nl)+(n'~nl) ×(n'~hl)×(n'/n3)× (n'~n")~ (n'~n"')) 

x((n,=n3) + (n,,~n3) x (n,,~hl) × (n,,~nl) x (n"~n') × (n"~n" ' ) ) 

×((n .... hl) + (n" '~hl) x (n" ' ~nl) x (n" '~n2)× (n" '~n' ) × (n"~n" ' ) ) . (21) 

Case 16: n~eV 1 and nl,n2,n3,n4eV 2. 
2 

BR=AR, (nl,n2,n3,n4). (22) 
Case 17: otherwise. 

B2=FALSE. ( 23 ) 

Proof. Omitted. 

Now we proceed to construct an algorithm to solve the two 

disjoint paths problem. We employ a 2-dimensional array Al(nl, n2), 
a 4-dimensional array A2(nl,n2,n3,n4 ) and a 5-dimensional array 

B2(nl,n2,n3,n#,n5 ) , and each element of these arrays has a value of 
1 

AR(nl,n2), A~(nl,n2,n3,n4) or B2(n ,n2,n ,n ,n ) with respect to a R 1 3 4 5 
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current region R. 

ALGORITHM A 2 

Input: A reducible flow graph F=(V,E,s) with specified 

vertices sl,tl,s2,t2~V, and its parse KF" 

Output: If there are two disjoint paths such that one runs from 

s I to t I and the other from s 2 to t2, then 

"YES" otherwise "NO". 

Method: 

Step 1. ~ 6--- H F" For each vertex n~V, A2(n,n,n,n) e--- 

TRUE, B2(n,n,n,n,n) e--- TRUE, Al(n,n) (--- TRUE. 

Step 2. If the sequence in ~ is empty, go to Step 5. Let TK be 

the top of the current sequence in ~ Delete T from 

the sequence in H. If T K is a four-tuple, that is , a 

transformation TI, then go to Step 3. If ~ is a 

five-tuple, that is, a transformation T2, then go to 

Step 4. 

Step 3. Compute the values of A l(nl,n2), A2(n l,n 2, 

n3,n4) and B 2 n5) for the (nl,n2,n3,n 4, 

region newly formed by the transformation T 1 using 

the formulas in Lemma 3, where ni, l~i!5, are 

vertices of the region. Go to Step 2. 

Step 4. Compute the values of A l(nl,n2), A2(nl,n 2, 

n3,n4) and B2(nl,n2,n3,n4,n5 ) for the 

region newly formed by the transformation T 2 using 

the formulas in Lemma 4, where n i , l!i!5, are 

vertices of the region. Go to Step 2. 

Step 5. If A 2 "YES" (sl,tl,s2,t2)=TRUE, then output 

otherwise, output "NO". Halt. 

Theorem i. There exists an algorithm of time complexity O(n5e) to 

solve the two disjoint paths problem for reducible flow graphs, where 

n is the number of vertices and e is the number of edges in a flow 

graph. 

Proof. It is known that there is an algorithm of O(e log e) for 

finding a parse of a reducible flow graph [ii], and it is easy to 

show that the time complexity of algorithm A 2 is O(n5e). 
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5. Algorithms to solve the SHP and the fixed SHP 

In this section we construct an algorithm A k to solve the k 

disjoint paths problem. As stated in the Introduction, the fixed SHP 

for any pattern graph with k edges can be reduced to this problem. 

Since one can easily extend the algorithm A 2 to the case for the 

problem above, we give only the outline and omit the details. 

We define k+l propositional functions as follows: for each j 

(l!j!k), A~(nl,n 2 ..... n2j)=TRUE iff there are j disjoint 

paths in R such that each path runs from n2i_l to n2i for all i 
k 

(l(i(j); and BR(nl,n2,...,n2k+I)=TRUE iff there are k+l 

disjoint paths in R such that one runs from the header of R to 

n2k+l and each of the others runs from n2i_l to n2i for all i 
k 

(l(i(k). Then clearly, BR(nl,...,n2k+I)=TRUE and A~( 

nl,...,n2j)=TRUE for all j if region R consists of a single 

vertex. We can compute these values for larger and larger regions 

recursively in the same manner as in algorithm A 2, and finally we 
k 

compute AF(nl,...,n2k ) for a given flow graph F. Thus we 

have algorithm A k. Clearly the time complexity is O(n2k+le). 

In order to solve the fixed SHP, it is enough to consult 
k 

AF(Sl,tl,...,Sk,tk), where s i and t i are vertices of 

F mapped from two endpoints of the i th edge of the pattern graph H, 

and k is the number of edges of H. 

If we are concerned with the SHP, then it is sufficient to know 

whether there is a one-to,one mapping h I from vertices of H to 

vertices of F such that A~(hl(Sl'),hl(tl'),...,h 1 

(Sk'),~(tk'))=TRUE, where s i' and t i' are two endpoints of 

the i edge of H. Since there exist at most O(n k) such 

mappings, this can be done Within O(n k) time. Thus we obtain the 

following theorem. 

Theorem 2. For any pattern graph H, there exists an algorithm of 

time complexity O(n2k+le) to solve the (fixed) SHP for reducible 

flow graphs, where k is the number of edges of H. 
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