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This work is concerned with the following question: "When is an algebraic function 

integrable?". We can state this question in another form which makes clearer our interpre-  

tation of integration: "If we are given an algebraic function, when can we find an expres- 

sion in terms of algebraics, logarithms and exponentials  whose derivative is the given 

function, and what is that expression?".  

Th i s  question can be looked at purely mathematically,  as a question in decidabil i ty 

theory, but our interest in this question is more practical and springs from the requirements 

of computer algebra. Thus our goal is "Write a program which, when given an algebraic 

function, will produce an expression for its integral in terms of algebraics, exponentials and 

logarithms, or will prove that there is no such expression".  

C o m p u t e r  I n t e g r a t i o n  in G e n e r a l  

In this section" I discuss briefly the whole area of computer  indefinite integration, and 

explain the relationship of the problem posed above to computer algebra in general. 

The simplest class of functions which we may wish to integrate are the polynomials.  

Here the solution is extremely simple: all polynomials are integrable,  and the algorithm is 

merely to replace aX n by a x n + l / ( n  + 1). 

The next case comprises the rational functions, and here again every rat ional  function 

is integrable. However,  the solution is not as straightforward as in the previous paragraph. 

* This section is largely based on a recent  survey of the computer  integrat ion field 
(Norman & Davenport ,  1979). I am grateful to Dr. Norman for many helpful discus- 
sions. 
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In the first place the integral of a rational function need not be a rational function, but can 

include certain logarithms. In the second place, we may need to extend the constant field 

in order to integrate rational functions (see Risch, 1969, Proposition 1.1 for a simple 

example of this). As a consequence of this, while there have been algorithms for integrat- 

ing rational functions since Liouvitle and Hermite, there is still scope for improvement, and 

the latest progress is contained in work by Trager (1976) and Yun (1977b). This area has 

also stimulated much research into the handling of algebraic numbers (Trager, 1976 and 

Zippel, 1977). 

The obvious extension of rational functions is to algebraic functions: see the section 

on "Previous Work" below. This is the first case where there are non-integrable functions, 

and this is a major reason why the algebraic case is so much more difficult than the rational 

case. 

The other extension of rational functions is to pure transcendental  functions, i.e. 

functions lying in a purely transcendental tower of fields based on K(x) (assuming K to be 

a field of constants, and x the variable of integration) where each extension is generated 

purely transcendentally ~ over the previous field by either the logarithm or the exponential 

of a member of that field. This case of the integration problem was settled completely by 

Risch (1969), whose algorithms are largely implemented in SIN (Moses, 1971). A 

different approach has been taken by Risch & Norman (Norman & Moore, 1977) and by 

Rothstein (1977). 

The work described in this monograph, which produces a complete algorithm for the 

algebraic case, means that there are now algorithms for integrating both purely algebraic 

and purely transcendental  functions. We will discuss in chapter 9 the possibility of 

integrating functions which are neither (i.e. transcendental but not purely transcendental). 

# E.g. we may not construct exp ( log ( l+x ) /2 )  since this is (1 + x) 1/2 and is therefore 
algebraic rather than transcendental. 
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O u t l i n e  of the B o o k  (1)  

The production of a computer program to find the integrals of algebraic functions or 

prove them unintegrable involves both pure mathematics and computer science. We can 

produce a partial algorithm* for the problem of integrating algebraic functions without the 

use of too many advanced concepts (Chapters 2-4), but converting this into a complete 

algorithm requires substantially more mathematics (chapters 5-8). 

Before we can describe the material covered in the monograph in more specific terms, 

we must understand more of the overall structure. This is essentially a vicious circle, but 

one that can be broken by treating a rational function as though it were an algebraic 

function, as is done in the next section. 

I l l u s t r a t i o n  

The methods we will use for integrating algebraic functions are based on algebraic 

geometry and on number theory, so it is difficult to describe an example before the 

underlying theory has been explained. Therefore we will consider a rational function and 

integrate it by the methods that would be used for algebraic functions. This has the 

advantage that most of the sub-algorithms reduce to triviality. 

Consider the problem of integrating dx/(x-1)(x-2)  2. If y = ( x - I ) ,  then we can 

write the integrand as y - l ( l  + 2y + 3 y 2 +  ...)dy, and integrating this term-by-term 

implies that there is a log y term in the answer. Writing z = ( x - 2 )  we express the integral 

as z - 2 ( 1 - z  + z 2 +  ...)dz, and integrating this term-by-term we deduce that there is a 

log z term and a - 1 / z  term. 

Hence the integral contains log ( x - 1 ) -  log ( x - 2 ) - 1 / ( x - 2 ) ,  and is in fact precisely 

* I.e. an algorithm which will terminate with the correct integral if the integrand is elemen- 
tarily integrable, but which may run for ever if it is not (rather than replying that it is 
not). 
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this. 

We have glossed over one very important point: what about the value x = infinity. 

Might we not need a term from the power series expansion about there? Writing z = l / x ,  

we wish to express the integrand as a power series in z: 

dx z3 dx z 3 ( -  dg / z2) - zdz 

( x -  1 ) ( x - 2 )  2 ( 1 - z ) ( 1 - 2 z )  2 ( 1 - z ) ( 1 - 2 z )  2 ( 1 - z ) ( 1 - 2 z )  2 '  

so there is no logarithmic term coming from x = infinity. 

O u t l i n e  of the  B o o k  (2)  

In the previous example, we expanded the integrand in power series, deduced logar- 

ithmic terms from residues (i.e. the coefficient of z -1 in a power series expansion in terms 

of z), and deduced the integral from the logarithmic part and the rest of the power series 

expansions. These 3 steps correspond to the three chapters (2,3,4) providing a partial 

algorithm for the integration of algebraic functions. 

Chapter 2 discusses the representation of algebraic functions in computer algebra, the 

question of places in algebraic geometry ~ and the question of Puiseux expansions (which 

are the correct equivalent of the power series expansions which we were using). Chapter 3 

discusses Coates' Algorithm, which finds a function with poles and zeros as specified. This 

turns out to be needed not only for finding the arguments of logarithms, but also for 

evaluating the algebraic part and for many other tasks in the integration algorithm. 

Chapter 4 states and proves Risch's Theorem, which (subject to matters already outlined) 

reduces the problem of integrating algebraic functions to the torsion divisor problem. In 

particular, if we assume that all divisors could be torsion divisors, we have the partial 

algorithm mentioned above. 

# "Place" is the appropriate generalisation of the concept of "value of x" which we used 
when we expanded about x = 1 or x = 2 (or even infinity). 
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Chapters 5-8 of the book discuss the torsion divisor problem, which can be 

(approximately) rephrased as: "given a list o f  places at which we require the argument o f  a 

logarithm to have certain poles or zeros, is there a function which has these poles and zeros, 

but to a constant multiple o f  the required degree?" (e.g. we may not be able to find a 

function with poles and zeros of order 1, but we may be able to find one with poles and 

zeros of order 3). In this case the cube root of that function would in fact have poles and 

zeros of order 1. Since log ( f ( x )  1/3) = log ( f ( x ) ) / 3  all we have to do is adjust the 

coefficient of the logarithm. 

Chapter  5 discusses the general theory of this problem, and provides answers in 

certain special cases. In chapter 6 we consider the problem when there is an independent 

transcendental parameter. In this case there is a complete solution which allows us either 

to state whether or not the divisor is a torsion divisor without our needing to find the 

degree of torsion, or to reduce the torsion problem to one not involving the parameter 

(which problems are considered in the later chapters). If the integral is not elementary, we 

can then ask the question: "For what values o f  the parameter is the integral elementary" and 

this question is also discussed in chapter 6. 

Chapter 7 discusses the other possibility (i.e. there are no transcendental parameters, 

so that the problem is defined over an algebraic number field) in the case of elliptic curves. 

In this case we can apply the highly developed mathematical theory of elliptic curves to 

determine whether the divisor is a torsion divisor, and if so what the degree of torsion is. 

Chapter 8 discusses the remaining case (i.e. algebraic number fields when the curves are 

not elliptic) and produces an algorithm for finding an bound for the torsion of the divisor, 

so that we can apply Coates '  Algorithm to each multiple of the divisor up to this bound, 

and then, if we had not found a multiple for which Coates '  Algorithm yields a correspond- 

ing function, we can declare that the original function does not have an elementary 

integral. 
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T h e o r e t i c a l  L i m i t a t i o n s  

One serious difficulty with the problem as formulated is that "logarithm" is a many- 

valued function. Following Risch (1969) we can eliminate this difficulty by taking a purely 

algebraic approach to the problem, i.e. by defining log u to be that function f such that f '  

= u ' /u :  interpreting this as a definition in the theory of differential algebra (Kolchin, 1973, 

see also Ritt, 1948). 

There is a more fundamental difficulty in the posing of the problem. There exist 

unintegrable algebraic functions f ( x )  (see Appendix 2 Example 2), and so, if c is any 

constant, we know that cf(x) is integrable if and only if c = 0. But it is known 

(Richardson, 1968), that there can be no algorithm for deciding if an expression generated 

from the integers, log 2 and ~r by the operations of addition, subtraction, multiplication, 

division and the taking of exponentials, logarithms and absolute values is zero or not. 

Putting these results together shows that there is a sense in which the integration problem* 

is formally undecidable. It is nevertheless clear that the undecidability which we have 

demonstrated above is somewhat spurious, since it depends on the properties of numbers 

and not on those of integrals. 

We will circumvent this restriction by requiring all algebraic dependencies between 

constants in the integrand to be explicitly stated. The constants of the integrand have then 

to be rational numbers, algebraically independent transcendentals or expressions which are 

explicitly algebraically dependent on such expressions. 

One practical illustration of the necessity for making all algebraic relationships explicit 

can be seen in our implementation of Manin 's  work (Chapter 6), where we require to 

differentiate with respect to a transcendental constant. This will only work if we know 

precisely which other constants are algebraically dependent on the one in question. 

* Note that we cannot use the theorem (Richardson, 1968) about the undecidability of the 
integration problem directly, because that theorem relies on the ability to take logarithms 
and absolute values in the function field, and we only allow these operations in the 
constant domain. 
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As pointed out in Chapter 6, our requirement for explicit relationships means that we 

cannot guarantee ~ to produce correct results when working with integrals involving both e 

and ~r explicitly, since we do not know if the two constants are algebraically independent  or 

not. 

P r ev ious  W o r k  

The first significant attempt to integrate algebraic functions by computer program was 

the SAINT system (Slagle, 1961). This was a heuristic system for integrating functions 

based on a variety of transformations and simplifications. It was extremely successful in 

solving simple problems, but its heuristics were all aimed at finding integrals: it did not 

address the problem of proving expressions to be unintegrable. 

The next major development in the integration of algebraic functions (and indeed in 

computerised integration generally) was the SIN system (Moses, 1967 and 1971). This 

incorporated the Risch (1969) algorithm for purely transcendental functions, as well as a 

variety of special transformation and simplification rules. This gave a program that is very 

useful in practice and which can integrate most "ordinary" algebraic functions, although it 

does not contain any deep theory and cannot be generalised to cover harder integrals (e.g. 

Appendix 2, Examples 3-5). 

While its treatment of algebraic functions was not algorithmic, it was in certain cases 

capable of reducing an algebraic function to a purely transcendental function, where it / -  

could apply an algorithm (for example it would substitute y = cosh (x) in ~ /  x 2 - 1  to 

make the integrand transcendental). However, this form of rationalising is normally only 

possible for integrands over curves of genus 0 (see Chapter 2) and all these functions are 

integrable, so the partially algorithmic nature of this program is not as useful as might 

# But note that if we assume that the two constants are algebraically independent,  and 
produce an integral, then this is still valid if the constants are in fact algebraically 
dependent. It is only demonstrations of unintegrability that break down. 
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appear,  since the main practical advantage of algorithmic methods is that they can prove 

unintegrability. 

Another  significant advance in the field was made by Ng (1974), building on the 

mathematical  advances of Carlson. By using the theory of R-functions,  Ng was able to 

solve completely the question of elliptic and hyper-ell iptic integrals (i.e. those containing 

just one square root). 

More recently Trager has been working in this area (Trager,  1978). His 

(unpublished) results generalise earl ier  work (Trager,  1976) on the constant  field of 

definit ion for rational integrals. However there is currently no implementation of these 

significant results. More recently (Trager, 1979) he has been working on the special case 

of simple radical extensions (by this we mean that the only algebraic quant i ty  present 

depending on the variable of integration is the n-th root (for some n) of a rational quanti- 

ty) and he has produced some very effective algorithms for finding the algebraic part of 

integrals in such extensions, which appear to implement some of the ideas of Chebyshev 

(1853). 

T i m i n g s  

We will frequently quote specific examples of integrals and state how long the 

implementat ion of the algorithm takes to find the integral or discover that they are 

unintegrable. Unless otherwise stated, all such times will refer to the implementation on 

the IBM 370 /165  s at Cambridge University running a modif ied version of O S / M V T  

release 21.6. The integration algorithm is implemented as a part  of REDUCE-2  (Hearn, 

t973)  version of March 6th., 1978 (with several modificat ions:  see Appendix 1 for a 

description of the more significant ones),  and runs under the Cambridge version of LISP 

$ This computer has been fitted with faster main memory than is usual. The net effect of 
this change is hard to quantify, but on the sort of programs we are running the CPU 
time is about 10% less than on an unmodified 370/165.  The DAT (Dynamic Address 
Translation, i.e. virtual memory) feature is not installed. 
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(ffitch & Norman, 1977). The times quoted are CPU times, and exclude garbage 

collection* time. Too much should not be read into details of the timings since they are 

inherently inaccurate to the extent of about 15% because of inter-run variations. 

These times are of little value except for comparison with similar integrals run on the 

same version of the program because of the extent to which they depend on the implemen- 

tation of sub-algorithms, not only those described in this monograph, but also the funda- 

mental  algorithms of computer algebra as supplied in the REDUCE-2  system. For  

instance the modification to the greatest common divisor routine described in Appendix 1 

item 3 cut the times for some integrals by a factor of at least 10. Also the time for an 

integral can vary greatly for reasons not connected with its intrinsic difficulty: there is a set 

of illustrations of this in Appendix 2 example 1. The times quoted do not give a complete- 

ly fair impression of the speed of the program on comparatively simple cases since they 

were run on the development version of the program, which contains extra checks and 

printing and also does not contain many "short-cuts" of great practical importance, but no 

theoretical significance. There is an example of the difference that can be made by the use 

of a "production" version in Appendix 2 Example 6. 

* This is usually about 30% of the non-garbage collection time if the program is running in 
sufficient store (say 700Kbytes for most examples). This time also includes the time 
required to load compiled LISP functions from disc, and this can represent as much as 2 
seconds for complicated cases. 


