
A C o n s t r u c t i v e  A p p r o a c h  to C o m p i l e r  C o r r e c t n e s s  ~ 

Peter"  Mosses  

C o m p u t e r  S c i e n c e  D e p a r t m e n t  
A a r h u s  U n i v e r s  i t y  

N y  Munkegade  
D K - 8 0 0 0  A a r h u s  C~ D e n m a r k  

A b s t r a c t  

i t  is sugges ted  that  d e n o t e t i o n a l  s e m a n t i c  d e f i n i t i o n s  of  p r o g r a m m i n g  
languages  shou ld  be based on a sma l l  numbe r  of  a b s t r a c t  da ta  types~ 
each embody ing  a f undamen ta l  c o n c e p t  of  c o m p u t a t i o n .  Once  these  
fundamen ta l  a b s t r a c t  da ta  types  a r e  imp lemen ted  in a p a r t i c u l a r  t a r g e t  
l anguage  ( e . g .  s t a c k - m a c h i n e  code)~ i t  is  a s i m p l e  m a t t e r  to c o n s t r u c t  
a c o r r e c t  compi  l e t  f o r  any  s o u r c e  tanguege  f r o m  i ts  d e n o t a t i o n a l  
seman t i c  d e f i n i t i o n ,  The  a p p r o a c h  is i l l u s t r a t e d  by c o n s t r u c t i n g  a 
c o m p i l e r  e q u i v a l e n t  to the one w h i c h  was  p r o v e d  c o r r e c t  by Tha t che r~  
Wagne r  & W r i g h t  (1979) ,  

1. I n t r o d u c t i o n  

T h e r e  have  been s e v e r a l  a t t a c k s  on the c o m p i l e r - c o r r e c t n e s s  p r o b l e m :  

by M c C a r t h y  ~ P a i n t e r  (1967)~ B u r s t a l l  & L a n d i n  (1969)~ F , L .  M o r r i s  

(1973) and~ m o r e  r e c e n t l y ~  by ThatcheP~ W a g n e r  & Wr igh t~  of  the 

A D J  g r o u p  (1979).  The  e s s e n c e  of  the a p p r o a c h  a d v o c a t e d  in those  p a p e r s  

can be s u m m a r i s e d  as f o l l o w s :  One is 9 i v a n  a s o u r c e  l anguage  L~ a 

t a r g e t  langua9 e T~ and t h e i r  r e s p e c t i v e  seman t i c s  in the f o r m  of  mode ls  

M and U.  G i v e n  a l s o  a c o m p i l e r  to  be p r o v e d  c o r r e c t ~  one c o n s t r u c t s  an 

e n c o d e r :  M -e U (o r  a d e c o d e r ;  U -~ M) such that  th is  d i a g r a m  commutes :  

c o m p i l e  
L ~' T 

seman t i c s  

encode  
D,  U , 

d e c o d e  

seman t i c s  

A r e v i s e d  v e r s i o n  of  th is  paper" is to a p p e a r  in the P r o c e e d i n g s  of  the 7 th  

I n t e r n a t i o n a l  C o l l o q u i u m  on Au tomata~  L a n g u a g e s  and P r o g r a m m i n g ~  1980. 
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A D j  (1979) sugges ted  that  th is  is most  e a s i l y  done  by mak ing  M~ U and T 

in to  G - a l g e b r a s ~  w h e r e  G is the g r a m m a r  ( s i gna tu re~  a b s t r a c t  s y n t a x )  

of  L .  The two  seman t i c  f u n c t i o n s  and the c o m p i l e r  a r e  de f i ned  as h o m o -  

morph isms~ so the i n i t i a t i t y  of  L g i v e s  the c o m m u t a t i v i t y  of  the d i a g r a m  ~ 

once encode  is shown to be a h o m o m o r p h i s m ,  A D J  i l l u s t r a t e d  t h e i r  

a p p r o a c h  f o r  a s i m p l e  l anguage  L~ i nc l ud ing  ass ignment~  Ioops~ e x p r e s -  

s ions  w i t h  s i d e - e f f e c t s  and s i m p l e  d e c l a r a t i o n s .  T was a l anguage  

c o r r e s p o n d i n g  to f l o w  c h a r t s  w i t h  i n s t r u c t i o n s  fop a s s i g n m e n t  and s t a c k i n g .  

T h e i r  s e m a n t i c  d e f i n i t i o n s  of  L and T can be r e g a r d e d  as n s t a n d a r d  u 

d e n o t a t i o n a l  seman t i c s  in the s p i r i t  ( though not  the n o t a t i o n  !.) of S c o t t  

and S t r a c h e y  ( |970)o  The s i m p l i c i t y  o f  t h e i r  d e f i n i t i o n  of  an  e n c o d e r  was~ 

howeve r~  r a t h e r  o u t w e i g h e d  by the t e d i o u s n e s s  of  t h e i r  p r o o f  that  i t  was 

a h o m o m o r p h i s m .  

We sha l l  t ake  a d i f f e r e n t  a p p r o a c h  in th is  p a p e r .  The seman t i c s  of  the 

s o u r c e  l anguage  L w i l l  be 9 i v e n  in t e r m s  of  an a b s t r a c t  da ta  t ype  S~ 

r a t h e r  than a p a r t i c u l a r  mode l .  The t a r g e t  l anguage  T w i l l  a l s o  be 

taken  as an a b s t r a c t  da ta  type.  Then  the c o r r e c t  i m p l e m e n t a t i o n  of  S 

by T w i l l  enab le  us to c o n s t r u c t  a c o r r e c t  c o m p i l e r  ( f r o m  L to T) 

f r o m  the seman t i c  d e f i n i t i o n  of  L .  The  c o m p i l e r  to be c o n s t r u c t e d  is 

a c t u a l l y  the c o m p o s i t i o n  of  the s e m a n t i c s  and the imp lemen ta t ion~  as shown 

by the f o l l o w i n g  d i a g r a m :  

L 

s e m a ~  ~ i l e  

S ~ T 
I imp lemen t  I 
1 I 
I I 
I I 
I I 

M ~" U 

A c r u c i a l  po in t  is that  the i m p l e m e n t a t i o n  of S by T is p r o v e d  c o r r e c t  

i n d e p e n d e n t l y  of  mak ing  S and T in to  the G - a l g e b r a s  imp l i ed  by the 

d i a g r a m .  T h i s  a l l o w s  us to g e n e r a t e  c o r r e c t  c o m p i l e r s  f o r  a w h o l e  

f a m i l y  o f  s o u r c e  languages  - languages  wh i ch  ape s i m i l a r  to L~ in 

that  t h e i r  d e n o t a t i o n a l  seman t i c s  can be g i v e n  in t e rms  of S - w i t h o u t  

r e p e a t i n g  (o r  even  m o d i f y i n g )  the p r o o f  that  the i m p l e m e n t a t i o n  of  S 

by T is c o r r e c t .  
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No te  the use of  the w o r d  '~ imptements H above .  We a r e  c o n s i d e r i n g  the 

i m p l e m e n t a t i o n  of one a b s t r a c t  da ta  type  by a n o t h e r  a b s t r a c t  da ta  type~ 

r a t h e r  than by a p a r t i c u l a r  a l g e b r a  (Hconcre teH da ta  type} .  L e t  us 

r e f e r  to the l a t t e r  s i t u a t i o n  as m o d e l l i n g ,  

The  main  c o n c e r n  of  th is  pape r  is w i t h  the c o m p i l e r - c o r r e c t n e s s  

p r o b l e m .  H o w e v e r ~  i t  is hoped that  the e x a m p l e  p r e s e n t e d  b e l o w  w i l l  

a l so  s e r v e  as an i l l u s t r a t i o n  of  o n - 9 o i n 9  w o r k  on mak in  9 d e n o t a t i o n a l  

seman t i c s  Hless c o n c r e t e  H and Hmore m o d u l a r ' L  I t  is c l a i m e d  that  t h e r e  

ape a b s t r a c t  da ta  types  c o r r e s p o n d i n g  to a l l  ou r  f undamen ta l  concep t s  

of  c o m p u t a t i o n  - and that  any  p r o g r a m m i n g  l anguage  can be a n a l y z e d  

in t e r m s  of  a s u i t a b l e  c o m b i n a t i o n  of  these .  ( " B a d  H f e a t u r e s  of  p r o -  

g r a m m i n g  languages  a r e  shown  up by the need f o r  a c o m p l i c a t e d  a n a l y s i s  - 

so long as the f undamen ta l  concep t s  a r e  chosen  a p p r o p r i a t e l y . )  Of course~ 

on l y  a few of  the f undamen ta l  c o n c e p t s  a r e  needed f o r  s e m a n t i c s  of  the 

s i m p l e  e x a m p l e  l anguage  L ( they  i nc l ude  the s e q u e n t i a l  e x e c u t i o n  of  

a c t i o n s ,  the c o m p u t a t i o n  and use of  s e m a n t i c  va lues~ and d y n a m i c  a s s o -  

c i a t i o n s ) .  A n  o r d i n a r y  d e n o t a t i o n a l  seman t i c s  f o r  L w o u l d  make use of  

these  concep t s  i m p l i c i t l y  - the a p p r o a c h  h e r e  is to be e x p l i c i t .  

The  use of  a b s t r a c t  da ta  t ypes  in th is  a p p r o a c h  e n c o u r a g e s  a g r e a t e r  

m o d u l a r i t y  in s e m a n t i c  d e f i n i t i o n s ,  mak ing  them - h o p e f u l l y  - e a s i e r  to 

r e a d ,  w r i t e  and m o d i f y .  I t  seems that  B u r s t a l l  & Goguen l s  (1977} w o r k  

on Hput t ing t h e o r i e s  t o g e t h e r  H f o r m s  a s u i t a b l e  f o r m a l  bas i s  fop e x p r e s -  

s ing the m o d u l a r i t y .  H o w e v e r ~  th is  aspec t  of  the a p p r o a c h  is not  e x p l o i t e d  

h e r e .  

It shou ld  be men t i oned  that  the e a r l y  p a p e r  by M c C a r t h y  & P a i n t e r  (1967) 

a l r e a d y  made use of  a b s t r a c t  da ta  t ypes :  the r e l a t i o n  b e t w e e n  s t o r i n g  

and a c c e s s i n g  v a l u e s  in v a r i a b l e s  was  s p e c i f i e d  a x i o m a t i c a l l y .  A D J  

(1979) used an a b s t r a c t  da ta  t ype ,  but  on l y  fop the o p e r a t o r s  on the i n -  

t e g e r s  and t r u t h - v a l u e s .  

The approach presented here has been inspired by much of the early 

w o r k  on a b s t r a c t  da ta  types~ such as tha t  o f A D J  (1975~ 1976)~ Gut ta9  

(1975)~ Wand ( 1 9 7 7 ) a n d  Z i t l e s  (1974) .  A l s o  i n f l u e n t i a l  has been WandIs 

(1976) d e s c r i p t i o n  of  the a p p l i c a t i o n  o f  a b s t r a c t  da ta  t ypes  to l anguage  

de f i n i t i on~  a l t h o u g h  he was  m o r e  c o n c e r n e d  w i t h  d e f i n i t i o n a l  i n t e r p r e t e r s  

than w i t h  d e n o t a t i o n a l  s e m a n t i c s .  Goguen l s  (1978) w o r k  on H d i s t r i b u t e d -  

f i x  H o p e r a t o r s  has c o n t r i b u t e d  by l i b e r a t i n g  a l g e b r a  f r o m  the bonds of  

p r e f i x  n o t a t i o n .  
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H o w e v e r ~  i t  is a l s o  the case  that  the p r o p o s e d  a p p r o a c h  bu i l ds  to a 

l a r g e  e x t e n t  on the w o r k  of  the S c o t t - S t r a c h e y  ~schoo l  n of semant ics~ 

as d e s c r i b e d  by S c o t t  & S t r a c h e y  (1971)~ T e n n e n t  (1976)~ M i l n e  & 

S t r a c h e y  (1976)~ S t o y  (1977) and G o r d o n  (1979) .  A lso~ the s u c c e s s  

of  M i l n e r  ( t 979 )  in d e s c r i b i n g  c o n c u r r e n c y  a l g e b r a i c a l l y  has p r o v i d e d  

some v a l u a b l e  g u i d e l i n e s .  

The r e s t  of  th is  p a p e r  is o r 9 a n i z e d  as f o l l o w s .  A f t e r  the e x p l a n a t i o n  

of  some n o t a t i o n a l  c o n v e n t i o n s ,  the a b s t r a c t  s y n t a x  of  the A D J  (1979) 

s o u r c e  l anguage  L is g i v e n .  A ~lstandaPd H s e m a n t i c  a b s t r a c t  da ta  t ype  

S is descPibed~ p o s s i b l e  mode ls  d i scussed~  and the s t a n d a r d  seman t i c s  

of  L g i v e n .  The  nex t  s e c t i o n  p r e s e n t s  a Slstack ~ a b s t r a c t  da ta  t ype  T~ 

wh i ch  needs  e x t e n d i n 9  b e f o r e  the i m p l e m e n t a t i o n  o f  S can be e x p r e s s e d  

h o m o m o r p h i c a l l y .  The p r o o f  of  the c o r r e c t n e s s  of  the i m p l e m e n t a t i o n  

is s k e t c h e d ,  and a c o m p i l e r  - c o P r e s p o n d i n 9  c l o s e l y  t o A D J ~ s  - is c o n -  

s t r u c t e d .  F i n a l l y ~  the a p p l i c a t i o n  of  the a p p r o a c h  to m o r e  r e a l i s t i c  

examp les  is d i s c u s s e d .  

I t  is assumed that  the r e a d e r  w i l l  be f a m i l i a r  w i t h  m a n y - s o r t e d  a l g e b r a s ~  

e q u a t i o n a l  s p e c i f i c a t i o n s  and - to a l e s s e r  ex ten t  - d e n o t a t i o n a l  s e m a n t i c s .  

2. S t a n d a r d  S e m a n t i c s  

The  n o t a t i o n  used in th is  p a p e r  d i f f e r s  s i g n i f i c a n t l y  f r o m  that  r e c o m -  

mended b y A D J  (1979) ,  by r e m a i n i n 9  c l o s e  to the n o t a t i o n  of the S c o t t -  

S t P a c h e y  s c h o o l .  Th i s  is no t  j u s t  a m a t t e r  of  f o l l o w i n g  t r a d i t i o n  

(a l t hou9h  the f a m i l i a r i t y  of the n o t a t i o n  m igh t  be a he lp  to some r e a d e r s  

of  th is  p a p e r ) .  T h e r e  ape two ma in  p o i n t s  of  c o n t e n t i o n :  

( i )  The  use of  the s e m a n t i c  f u n c t i o n  e x p l i c i t l y  in s e m a n t i c  e q u a t i o n s .  

A l t h o u g h  t e c h n i c a l l y  u n n e c e s s a r y ,  f r o m  an a l g e b r a i c  p o i n t  of  v i e w ,  

th is  a l l o w s  us to r e g a r d  the s e m a n t i c  f u n c t i o n  as j u s t  a n o t h e r  

e q u a t i o n a l l y - d e f i n e d  o p e r a t o r  in an a b s t r a c t  da ta  type~ and to f o r g e t  

abou t  the m a c h i n e r y  of  h o m o m o r p h i s m s  and i n i t i a l  a t g e b r a s  ( a l b e i t  

t emporaP i I yT. ). 

( i i )  The  use of  m i x f i x  (~)  n o t a t i o n  f o r  the o p e r a t o r s  of the a b s t r a c t  s y n t a x .  

M i x f i x  n o t a t i o n  is a g e n e r a l i z a t i o n  of  p r e f i x ~  i n f i x  and p o s t f i x  n o t a t i o n ;  

o p e r a t o r  s y m b o l s  can  be d i s t r i b u t e d  f r e e l y  a r o u n d  and b e t w e e n  operands~ 

(~)  c a l l e d  I I d i s t r i b u t e d - f i x  I~ by Goguen  (1978) .  
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e . g .  i f - t h e n - e l s e .  A D d  used i n f i x  and m i x f i x  n o t a t i o n  (f 0 g~ [ f , g , h ~ )  

f r e e l y  in t h e i r  s e m a n t i c  n o t a t i o n ,  but  s t uck  to p o s t f i x  n o t a t i o n  ( (x) f )  f o r  

the s y n t a c t i c  a l g e b r a .  T h i s  made the c o r r e s p o n d e n c e  b e t w e e n  the 

a b s t r a c t  s y n t a x  and the ~usual  ~' c o n c r e t e  s y n t a x  f o r  t h e i r  l anguage  r a t h e r  

s t r a i n e d .  Wh i l s t  no t  d i s a s t r o u s  f o r  such a s i m p l e  and w e l l - k n o w n  l a n -  

guage  as t h e i r  e x a m p l e ,  the e x t r a  b u r d e n  on the r e a d e r  w o u l d  be e x c e s -  

s i v e  f o r  mope r e a l i s t i c  l anguages .  A l s o ,  t h e i r  c l a i m  of  b e t t e r  r e a d a b i l i t y  

does not  seem to be j u s t i f i e d .  

N o t a t i o n a  I C o n v e n t i o n s  

The names of  s o r t s  a r e  w r i t t e n  s t a r t i n g  w i t h  a c a p i t a l ,  thus: A ,  Cmd.  

A l g e b r a i c  v a r i a b l e s  o v e r  a p a r t i c u l a r  s o r t  a r e  r e p r e s e n t e d  by the s o r t  

name,  u s u a l l y  d e c o r a t e d  w i t h  s u b s c r i p t s  o r  p r i m e s :  A ,  A 1 ,  A I "  

O p e r a t o r  symbo!s  ape w r i t t e n  w i t h  l o w e r - c a s e  l e t t e r s  and n o n - a l p h a b e t i c  

c h a r a c t e r s :  t t ,  e v e n ( ) ,  +, i f  then e l se .  F a m i l i e s  of  o p e r a t o r s  a r e  i n -  

d i c a t e d  by l e t t i n g  a p a r t  of the o p e r a t o r  v a r y  o v e r  a set~ e . g .  

id := ( id  E Id) is a f a m i l y  of  p r e f i x  o p e r a t o r s  i ndexed  by e l emen ts  of Ido 

i t  is a l s o  c o n v e n i e n t  to a l l o w  f a m i l i e s  o f  s o r t s  i ndexed  by ( sequences  

of)  doma in  names f r o m  a se t  A _  l o w e r  case  G r e e k  l e t t e r s  (6, G~ T) 

a r e  used f o r  the i nd i ces .  

The  a r ' i t y  and c o - a r i t y  o f  an o p e r a t o r  in a s i g n a t u r e  a r e  i nd i ca ted  by 

the n o t a t i o n  

S <= f ( S I , ' ' ' , S  n) 

- h e r e ,  the a r i t y  o f  f is $ t  ' ' '  S n '  the c o - a r i t y  is S .  M i x f i x  n o t a t i o n  

can  be used h e r e  f o r  the o p e r a t o r  s y m b o l ,  g i v i n g  a p l e a s i n g  s i m i l a r i t y  

to B N F ,  e . g .  

Cmd <= i f  B E x p  then Cmd e l s e C m d .  

The t e rm  11theoryU is used s y n o n y m o u s l y  w i t h  l t a b s t r a c t  da ta  t ype  H, 

i . e .  i t  is b a s i c a l l y  a s i g n a t u r e  t o g e t h e r  w i t h  some laws .  S o  much f o r  

n o t a t i o n .  

Abs t ra . c t  . .Syntax (L )  

The a b s t r a c t  s y n t a x  of the s o u r c e  language  h is g i v e n  in T a b l e  1. I t  

may be c o m p a r e d  d i r e c t l y  w i t h  tha t  of  A D J  (1979) ,  a l t h o u g h ,  as e x p l a i n e d  

a b o v e ,  we sha l l  not  r e s t r i c t  o u r s e l v e s  to p o s t f i x  n o t a t i o n  f o r  s y n t a c t i c  

o p e r a t o r s  h e r e .  Id is t aken  to be a se t ,  r a t h e r  than a sor t~  f o l l o w i n g  

A D J  - in e f f ec t ,  th is  g i v e s  a p a p a m e t e r i s e d  a b s t r a c t  da ta  t ype ,  and we  

need not  be c o n c e r n e d  abou t  the d e t a i l s  of ld.  
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Tab le  1. A b s t r a c t  S y n t a x  of L 

sor ts  

o p e r a t o r s  

Grad <= 

A E x p  <= 

B E x p  <= 

Cmd commands 
AExp  a r i t hme t i c  exp ress ions  
BExp Bool  san express  ions 

Id unspec i f ied  set of i den t i f i e r s  

con t i nue 
id := AExp  
if BExp then Cmd else Cmd 
Cmd~ Cmd 
wh i le  BE×p do Cmd 

id E Id 

aconst  aconst  • {0,  1} 
id id E Id 
aop l  A E x p  aop l  E { - ,  p r ,  su} 
A E x p  aop2 AExp  aop2 E { +, -, x} 
i f  BIExp then AExp  else AExp  
Cmd r e s u l t  A E x p  
let id be AExp  in AExp  id E Id 

bconst  bconst  E I t t ' f f }  
p rop AExp  prop E l even} 
AExp relAExp re l  E l~ !  ->, eq } 
bop 1 B Exp bop 1 E 
BExp  bop~. BExp bop2 E V} 

S tandard  Semant ic  T h e o r y  (S) 

The s tandard semant ic  theory  p resented  in Tab le  2, may seem a b i t  

daunt ing at f i r s t .  A c t u a l l y ,  the o p e r a t o r s  themselves ( le f t -hand column) 

a re  qui te  s imple ,  but the Hbook-keepingl l  concerned w i th  the ind ices 

(6, 0', 1") of the sor ts  is somewhat cumbersome.  

Tab le  2 could be rega rded  as a theory  schema, or as an ins tan t ia t ion  

of a pa rame te r i sed  theory ,  whe re  Z~ is a fo rma l  pa ramete r  (as is Id). 

Whichever  way one looks at it~ the use of .'~ g ives  a hint  of modular i ty~ 

as we l l  as avo id ing  undue r e p e t i t i o n  in the spec i f i ca t i on .  

The f o l l ow ing  in formal  d e s c r i p t i o n  of E5 may help the r e a d e r .  
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s o r t s  

T a b l e  2,,, S e m a n t i c  T h e o r y  S 

( i n d i c e s :  6 E A ;  0",1" E A * ,  w h e r e  A = { T , Z } )  

A - a c t i o n s ,  w i t h  s o u r c e  0"A and t a r g e t  I "A 
Y - v a r i a b l e s  o v e r  a c t i o n s ,  w i t h  s o u r c e  0"Y and t a r g e t  I"Y 
V - va lues~ w i t h  d o m a i n  6 V  
X - v a r i a b l e s  o v e r  va lues~  w i t h  d o m a i n  6X 

opera . toPs ( i n d i c e s :  i d E  ld n E  { 0 , 1 , . . . } )  

a c t i o n s  A s o u r c e  GA t a r g e t  7 A  

A <= sk i p  
A '  ; A "  

V / 
X . A '  
A '  >-  A "  

n 

t t  ? A '  / f f ?  A n 

f i x  Y . A  I 

Y 

u p d a t e , ~  
con ten {~  id 

w h e r e  
I 

w h e r e  

t 
w h e r e  

() 
o 'A ' ,  o 'A"  

( )  
8X.  0"A' 
0"A'. s" 
0"A n = d l . . . d n - S " ,  and 
T"  0"A' I 
o 'A "  = o 'A ' ,  and 

~Y I 
o'A ~ = GY and 
cry 

Z 
( )  

( )  
• rA 'o  "rAn 

6V  

t I' 1"An 
I"A' =d1...dn. t 
"rA' 
' r A "  = " rA '  
~-y 

,rA ~ = I"Y 
'TY 

( )  
Z 

a c t i o n  v a r i a b l e s  Y s o u r c e  O'Y t a r g e t  ' rY 

Y <= a ( ) .  ( )  
a ()  ( )  

n 

v a l u e s  V d o m a i n  6 V  c o n d i t i o n s  

V <= X 
aconst 
a o p l  V '  
V 1 a o p 2  V "  
b c o n s t  
p r o p  V r 
V I r e l  V n 

6X 
Z 
Z 
Z 
T 
T 
T 

6V  ~ = Z 
6 V  1 = 6 V "  = Z 

6V  I = Z 
6 V '  = 6 V "  = Z 

v a l u e  v a r i a b l e s  X d o m a i n  6X 

X <= z Z 
z Z 
n 
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Tab le  2 contd. 

equa t [0ns 

1. sk ip i A = A 

2. A ~ sk ip = A  

3. (A1 ; A2) ~ A3 = A 1  ~ (A2 ; A3) 
4. v: >- ix .  A) = A  { X *  V} 

5. (V! ~ A1 ) :~n (X .  A 2) = Aln>:_ 1 (A2 { X e  V} )  

6. tt! >- ( t t ? A 1  / f f ?  AS) = A 1 

7. f f !  >.- ( t t?  A 1 / f f?  A 2) = A 2 

8. f i x Y .  A = A { Y e  f i x Y .  A} 

9. (V[ >- update!d) ; contents id  = (V; >- update!d) ~ V! 

10. (V[ >- update!d) ; contents id  1 : contents id  I ; (Vl  >- update!d) 

fo r  i d /  id 1 

11. A ;~ V! = V! } A for  "rA = ( ) 

12. X. A = X'o A {X~- X'}  f o r  X I not f r e e  i r a  

13. ( t t?  A t / f f?  AS) } A 3 = t t?  (A 1 ~ A 3) / f f?  (Ag. ~ A3) 

14. A 1 ~ ( t t? A 2 / f f?  A 3) = t t? (A I } AS) / f f?  (A 1 ~ A3) 

15. (X. A 1) ~ A 2 = Xo (A 1 ~ A 2) for  X not f r ee  in A 2 

16. A I  ~ (X. A 2) = X. (A I : ,  Ag.) fo r  X n o t  f r e e  i n A 1  andcrA l= (  ) 

17. V! ; ( A I > - X .  A 2 . ) = A I > - X .  (V! ; A~) fo r  X n o t f r e e i n V  
and I"(A 1) = (d) 

The basic  concept  is that of ac t ions  (A). Ac t ions  not only  have an 

t leffect l t ,  but may a lso  consume a n d / o r  p roduce sequences of va lues (V). 

These va lues can be thought of as be long ing to the ~semant ic domains t' 

in ~ .  i . e .  T and Z. The book-keep ing  r e f e r r e d  to above main ly  con-  

s is ts  of keeping t rack  of the number and sor ts  of va lues consumed 

(0"7 for  source)  and produced (I'7 foP target ) .  Note that a ra i sed  dot ( . )  

stands f o r  concatenat ion  of sequences in A ~ and ( ) is the empty 

sequence. 

V a r i a b l e s  (X) a re  used to name computed va lues ,  and to ind icate  de -  

pendency on these va lues (by ac t ions  and o ther  computed va lues) .  

V a r i a b l e s  over  ac t ions (Y} a l l ow  the easy exp ress ion  of r e c u r s ! o n  and 

i t e ra t i on .  

We cons ide r  the va lue ope ra to r s  f i r s t .  They a re  taken s t ra igh t  f rom the 

' tunder ly ing l t  data type of ADJ (1979). i t  is assumed that boons?, p rop ,  

etc. v a r y  over  the same sets as in Tab le  1, thus g iv ing  fam i l i es  of 

ope ra to rs .  The Boo lean  ope ra to r s  (-7, A, V) a re  not needed in g i v ing  the 

semant ics of L ,  and have been omit ted f rom S (as have v a r i a b l e s  over  

t ruth va lues) .  
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T h e r e  is a d o m a i n  name 6 E ;& a s s o c i a t e d  w i t h  each v a l u e  of  V ;  a l s o ,  

the d o m a i n  name Z is a s s o c i a t e d  w i t h  the  v a r i a b l e s  used  to name v a l u e s  

in the SORt Z .  ( T h i s  w o u l d  be of  m o r e  i m p o r t a n c e  i f  we  w e r e  to i n c l u d e  

v a r i a b l e s  naming  T - v a l u e s  as w e l l  - the idea  is  j u s t  to make s u r e  that  

a s o r t - p r e s e r v i n g  s u b s t i t u t i o n  can  be d e f i n e d .  ) 

T h e  a c t i o n  ope,rato,Ps, a r e  p e r h a p s  less  f a m i l i a r .  A <= s k i p  is the nu l l  

ac t ion~ i t  is an i d e n t i t y  fop  the s e q u e n c i n g  o p e r a t o r  A <= A~; A H. N o t e  

tha t  s e q u e n c i n g  is  a d d i t i v e  in the s o u r c e s  and t a r g e t s .  

T h e  most  b a s i c  a c t i o n  o p e r a t o r  p r o d u c i n g  a v a l u e  is A < =  V !  . T h e  c o n -  

s u m p t i o n  of a v a l u e  is e f f e c t e d  by A <= X .  AI~ and X is  bound to the 

v a l u e  in A ' .  T o  i n d i c a t e  that  n v a l u e s  p r o d u c e d  by one  a c t i o n  a r e  c o n s u m e d  

by ano the r~  we have  the o p e r a t o r  A <= A t >rT Att~ and i t  is the f i r s t  n 

v a l u e s  p r o d u c e d  by A I w h i c h  g e t  consumed  by  A It, (A  <=  A t > -  A It is 
0 

e q u i v a l e n t  to A < = A ~ ;  A t' . > -  may be w r i t t e n  s i m p l y  a s > -  when  the v a l u e  
n 

of  n can  be d e d u c e d  f r o m  the c o n t e x t .  ) 

A < =  t t ?  A t / f f ?  A It is a c h o i c e  o p e r a t o r :  i t  consumes  a t r u t h  v a l u e  

( t t  o r  f f )  and r e d u c e s  to A I o r  A I'. T h e  s o u r c e s  and t a r g e t s  o f  A '  and A 't 

must  be i d e n t i c a l .  

A < =  f i x  Y .  A v b i n d s  Y in A v and~ t o g e t h e r  w i t h  A < =  Y ,  a l l o w s  the  e x -  

p r e s s i o n  o f  r e c u r s i v e l y - d e f i n e d  a c t i o n s .  A c u t a l l y ~  i t  is used h e r e  ( in  

d e s c r i b i n g  L )  o n l y  in a v e r y  l i m i t e d  f o r m ,  c o r r e s p o n d i n g  to i t e r a t i o n :  

A < =  f i x  a . A  1 > -  t t?  A l l ;  a / f f ?  sk ip~ w h e r e  A t p r o d u c e s  a t r u t h - v a l u e ~  

and the a c t i o n  v a r i a b l e ,  a~ does  no t  o c c u r  f r e e  in A 1 o r  A TI, 

F i n a l l y ,  t h e r e  a r e  two  f a m i l i e s  of o p e r a t o r s  f o r  s t o r i n g  and a c c e s s i n g  

c o m p u t e d  v a l u e s :  A <= u p d a t e i d  and A <:= c o n t e n t s i d  , f o r  id E ld .  O n l y  

i n t e g e r  v a l u e s  may  be s t o r e d .  

N o w  f o r  the e q u a t i o n s  o f  T a b l e  2, s p e c i f y i n g  the l aws  w h i c h  the o p e r a t o r s  

of  S a r e  to s a t i s f y .  A D J  (19" '9)  g a v e  e q u a t i o n s  f o r  the v a l u e  o p e r a t o r s  - 

t hey  a r e  much as one m igh t  e x p e c t ,  and a r e  not  r e p e a t e d  h e r e .  T h e  

n o v e l t y  o f  S l i e s  in i t s  a c t i o n  o p e r a t o r s .  

T o  a v o i d  g e t t i n g  b o g g e d  d o w n  in i r r e l e v a n t  d e t a i l s ,  the e q u a t i o n s  f o r  

the b i n d i n g  o p e r a t o r s  o f  S (A  <= X . A  ~ and A <=  f i x  Y . A  t) a r e  g i v e n  w i t h  

the he lp  of  n o t a t i o n  f o r  s y n t a c t i c  s u b s t i t u t i o n :  f o r  any  a c t i o n  t e r m  A 

of  S~ A { X * -  V} is  the  t e r m  w i t h  a l l  f r e e  o c c u r r e n c e s  o f  X r e p l a c e d  by 
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the v a l u e  t e r m  V (and w i t h  u n i f o r m  changes  of  bound  v a r i a b l e s  in A 

to a v o i d  " c a p t u r i n g  lj f r e e  v a r i a b l e s  in V) .  S i m i l a r l y  f o r  A { Y  4- A I} . 

T h i s  s y n t a c t i c  s u b s t i t u t i o n  c o u l d  have  been added  as an o p e r a t o r  t o S t  

and s p e c i f i e d  e q u a t i o n a l l y .  

The  e q u a t i o n s  shou ld  now be s e l f - e x p l a n a t o r y .  What  m igh t  not  be o b v i o u s  

is that  they  a r e  the Hr ightU equa t ions~  and a r e  n e i t h e r  i n c o n s i s t e n t  n o r  

i n c o m p l e t e .  I t  w o u l d  d e l a y  us too  much to go  in to  a l l  the d e t a i l s  here~ 

but  the  idea  is to use a S c o t t - m o d e l  f o r  S to s h o w  c o n s i s t e n c y ~  and a 

s o - c a l l e d  c a n o n i c a l  t e rm  a l g e b r a  to p r o v e  c o m p l e t e n e s s .  

The  HobviousU S c o t t - m o d e l  f o r  S ( c o r r e s p o n d i n g  to the M of  A D J  (1979))  

has as c a r r i e r  f o r  s o r t  A t w i t h  0"A = d I " " " dm and "rA = d~ 1 • • • d { 
n 

(dip dil E { T ~ Z } ) ~  the d o m a i n  o f  c o n t i n u o u s  f u n c t i o n s  

• .. * Envx d~ x "." x dn~, [Env X d I X X d m 

where Env = Id 4 Z. (Of course~ one could also take a continuations- 

based model~ or one with static environments~ if one preferred. ) 

The  r e a d e r  may have  n o t i c e d  tha t  S has b i n d i n g  o p e r a t o r s ~  and that  

t e r m s  can  have  UfreeU ( s e m a n t i c )  v a r i a b l e s .  T h i s  r a i s e s  the q u e s t i o n  

of  w h e t h e r  a m o d e l l i n g  f u n c t i o n  f r o m  S to a S c o t t - m o d e l  c o u l d  be e x -  

p r e s s e d  as a homomorph ism~ o r  w h e t h e r  one must  a l l o w  the f u n c t i o n  

to take  an e n v i r o n m e n t  ( g i v i n g  the v a l u e s  of  the s e m a n t i c  v a r i a b l e s ~  

not  o f  the p r o g r a m  v a r i a b l e s ) .  R o b i n  M i l n e r  has s u g g e s t e d  tha t  one can 

r e g a r d  a b i n d i n g  o p e r a t o r  as  a n o t a t i o n a l  means f o r  r e p r e s e n t i n g  a 

fami l y~  i n d e x e d  by the v a l u e s  w h i c h  may be s u b s t i t u t e d  f o r  the bound 

v a r i a b l e s .  E . g . X . A  r e p r e s e n t s  the f a m i l y  < A { X e  v t > v ~ 6 X  ~ and in 

V .  ~ :>- ( X . A ) j  the s e c o n d  o p e r a n d  o f > -  is a f a m i l y .  T h i s  e n a b l e s  the  

m o d e l l i n g  f u n c t i o n  to be g i v e n  as a h o m o m o r p h i s m .  One m igh t  w o n d e r  

w h e t h e r  the i n t r o d u c t i o n  o f  o p e r a t o r s  a c t i n g  on ( in  g e n e r a l )  i n f i n i t e  

f a m i l i e s  u n d e r m i n e s  the w h o l e  a l g e b r a i c  f r a m e w o r k ~  but  R e y n o l d s  

(1977) s h o w s  that  t h i s  is no t  the  c a s e .  A n y w a y ~  m o d e l l i n g  is no t  o u r  

ma in  c o n c e r n  in th i s  p a p e r ,  so  le t  us l e a v e  the t o p i c  t h e r e .  

S t a n d a r d  S e m a n t i c s  

T h e  H s t a n d a r d  H d e n o t a t i o n a l  s e m a n t i c s  o f  L in t e r m s  of  the a b s t r a c t  

da ta  t ype  S is  g i v e n  in T a b l e  3. T h e  use o f  the Hseman t i c  e q u a t i o n s  H 

nota t ion~ w i t h  the e x p l i c i t  d e f i n i t i o n  of  the s e m a n t i c  func t ion~ is 

d e f e n d e d  a t  the  b e g i n n i n g  of  th i s  s e c t i o n .  T o  a l l o w  the o m i s s i o n  of  

p a r e n t h e s e s ~  i t  is  assumed  that  the o p e r a t o r  T.v b i nds  as f a r  to the  

r i g h t  as p o s s i b l e  (as in X - n o t a t i o n ) .  
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Note that seine ~] can be considered e i ther  as an operator" [n an extension 

of the theor ies L and S~ or else as e homomor-phism from L to a der ived 

theor'y of S. Under" the lat ter view~ the composition of sere with the 

modell ing funct ion (from S to the Scott-model mentioned above) y ields 

the semantics which ADJ (1979) gave for  !_. 

Table 3. Standard Semantics for  L using s 

operators  A <= sem~Cmd~] 

A <:= sem~AExp~] 

A <= sem[BExp~  

sem[[Cmd~] eguations 

sem~continue~] = skip 

semI]_id := AExp~] = sem~AExp~ >- updateid 

sern~if BExp then Crnd 1 else Crnd2~ = 

semI[BExp~ >- tt? sem[Cmd l~  / f f?  sem~Cmd2~ 

se~ECmd; ~ Cm%~ = se~EC~d;:~ ; se~ECm%3 
semi-whi le BExp do Cmd~ = 

f i x a ,  sem~BExp]] :>- tt? sem~Cmd ~] ; a / f f? skip 

O-A=( ) ,  ~ - A = ( )  
0 " A = ( ) ,  r A = Z  

0 " A = ( ) ,  I"A = T  

(id E ld) 

sem~AE×p~ equations 

sem[[aconst~ = aconst ! 

sem~id~ = contentsid 

semEaopl AExp~ = sem~AExp~ >- z. (aopl z) ! 

sem~AExp l  aop2 AExp2 ~ = 

sem[[AExP1~ >- z 1. sem~AExP2 ~ >- z 2. (z I aop2 z 2) ! 
sem~if  BE×p then AEXPl else AExp2 ~ = 

sem~[BExp~ > - t t ?  semEAE×Pl ~ / f f? sem[[AExP2 ~ 

semnEcma resutt AExp~ = semECmd~] ~ semEAExp~ 

sem~let id be A E x p l  inAExP2~, = 

contentsid>.- z 1. (sem[[AE×Pl~ >- updateid) ~ 

sem[[AE×.P2 ~ >_ z2" (z 1 i >_ updateid); z2 ! 

sem[]-B Expel equations 

sem[[bconst~ = bconst T 

sen[i-prop AExp~ = sem~-AExp~ >- z. (prop z) ! 

sem~AEXPl Pet AExP2 ~ = 

sem[ [AExp l~  ~- z 1. sem~AExP2~ :~- z 2. (z 7 pel z2) ! 
sem~mBExp] ]  = sem~BExp~ >- tt? ff! / f f?  tt! 

sem[[BExp 1 A BExP2 ~ = semI [BExpl  ~ >- tt? semEBExp2~] / f f ?  ff! 

semEBExp 1 V BE×p2 ~ = sem[ [BExp l  ~ >_ tt? tt! / f f? sem~BExp2~ 
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3. S t a c k  I m p l e m e n t a t i o n  

We now take  a look  a t  the t a r g e t  l a n g u a g e  T f o r  o u r  c o m p i l e r .  L i k e  the 

t a r g e t  l anguage  taken  by A D J  (1979)~ T r e p r e s e n t s  f l o w - c h a r t s  o v e r  

s t a c k - m a c h i n e  i n s t r u c t i o n s ,  T h e  a b s t r a c t  s y n t a x  o f  T is g i v e n  in T a b l e  4, 

A c o m p a r i s o n  of  T a b l e s  2 and 4 s h o w s  tha t  T is r a t h e r  s i m i l a r  to S .  

H o w e v e r ~  th is  shou ld  not  be too  s u r p r i s i n g :  the same f u n d a m e n t a l  c o n -  

c e p t s  of  c o m p u t a t i o n  a r e  be ing  used ,  e . g .  s e q u e n c i n g  of  ac t i ons~  s t o r i n g  

o f  v a l u e s .  N o t e  tha t  A < = A  f -'~ A t~ in T c o r r e s p o n d s  t o A  < = A  j > -  A ~ in 
n n 

5~ but  i t  is the l as t  n v a l u e s  p r o d u c e d  by A t w h i c h  ge t  c o n s u m e d  ( in  

r e v e r s e d  o r d e r ) ~  by  A u in T .  A l so~  the v a l u e  t e r m s  V in T a r e  r e s t r i c t e d  

to be cons tan ts~  and A < =  V!  r e p r e s e n t s  p u s h i n g  V on to  the s t a c k .  T h e  

v a l u e  o p e r a t o r s  (prop~ r e l ,  aop l~  aop2)  o f  S have  become a c t i o n s  

o p e r a t i n g  on the s t a c k  in T .  A < =  s w i t c h  i n t e r c h a n g e s  the top two  v a l u e s  

on the s t a c k .  F i n a l l y ,  t h e r e  a r e  no v a l u e  v a r i a b l e s  X in T - and h e n c e  

no A <= X . A  I e i t h e r .  

H o w e v e r ~  T is to be m o r e  than j u s t  a l anguage :  i t  is to be an a b s t r a c t  

da ta  t ype !  T h e r e  ape  equa t ions~  s i m i l a r  to t hose  foP S~ w h i c h  the  

o p e r a t o r s  of  T must  s a t i s f y .  ( T h e  e q u a t i o n s  a r e  no t  l i s t e d  here~ a l t h o u g h  

a c o u p l e  of  them a r e  g i v e n  ( i n d i r e c t l y ) b y  T a b l e  5. ) 

S o  the p r o b l e m  is now to i m p l e m e n t  one a b s t r a c t  da ta  t ype  (S)  by  a n o t h e r  

(T)~ and s h o w  tha t  the i m p l e m e n t a t i o n  is c o r r e c t .  I f  imp: S -* T~ then 

imp is sa id  to be a c o r r e c t  i m p l e m e n t a t i o n  of  S by  T i f  i t  is an i n j e c t i v e  

h o m o m o r p h i s m .  In o t h e r  wo rds~  imp r e s p e c t s  the e q u a t i o n s  of S :  f o r  

any  s , s '  in S ,  imp~s~]  = imp [ ] s ' ~  i f f  s = s ' .  H a v i n g  found such  an  imp,  

the c o m p o s i t e  imp 0 s e n :  L -~ T is a c o r r e c t  c o m p i l e r  f r o m  L to T .  

U n f o r t u n a t e l y ,  i t  is a c t u a l l y  i m p o s s i b l e  to imp lemen t  S by the T of 

T a b l e  4 ~. T o  see why~ c o n s i d e r  a t e rm  of  S w i t h  f r e e  ( v a l u e - )  v a r i a b l e s ~  

such  as z, ~ . What  c o u l d  imp g i v e  in T as the i m p l e m e n t a t i o n  of  t h i s  

t e r m ?  If one t r i e s  to a n s w e r  th i s  ques t ion~  one d i s c o v e r s  tha t  f r e e  

v a r i a b l e s  in S c o r r e s p o n d  to v a l u e s  at  an u n k n o w n  d e p t h  on the s t a c k  

in T - and tha t  t h e r e  is no w a y  of r e p r e s e n t i n g  such v a l u e s ,  ( C o n s i d e r i n g  

b i n d i n g  o p e r a t o r s  as a means f o r  r e p r e s e n t i n g  f a m i l i e s  of t e r m s  w i t h o u t  

f r e e  v a r i a b l e s  d o e s n l t  help~ as t h e r e  is no means of  r e p r e s e n t i n g  a f a m i l y  

i n T . )  
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T h i s  is a n n o y i n 9 ~  b e c a u s e  one  can  e a s i l y  i m p l e m e n t  the  c l o s e d  t e r m s  o f  

S by  T :  one  k n o w s  the p o s i t i o n s  of  a l l  the  v a l u e s  on the s t a c k .  M o r e o v e r ~  

o n l y  c l o s e d  t e r m s  w e r e  used  in g i v i n g  the s e m a n t i c s  o f  L .  One  c o u l d  

a r g u e  tha t  w e  c o u l d  m a k e  d o  w i t h  an  i m p l e m e n t a t i o n  o f  o n l y  the  c l o s e d  

t e r m s  o f  S ,  and  p r o c e e d  w i t h  our- c o m p i l e r  c o n s t r u c t i o n .  H o w e v e r ~  to 

s h o w  tha t  the i m p l e m e n t a t i o n  (and h e n c e  the  c o m p i l e r )  is  c o r ' r e c t ,  w e  

need  i t  to  be  a h o m o m o r p h i s m  - and tha t  m e a n s  c o n s i d e r i n g  a l l  the ter-ms 

o f  S ,  i n c l u d i n g  t h o s e  w i t h  f r e e  v a r i a b l e s .  

T a b l e  4. S t a c k  T h e o r y ,  ,T,, 

s o r t s  ( i n d i c e s ;  6 E A; 0,1" E A •, w h e r e A =  { T , Z } )  

A - a c t i o n s ,  w i t h  s o u r c e 0 A  and t a r g e t ' r A  
Y - v a r i a b l e s  o v e r  a c t i o n s ,  w i t h  s o u r c e  o 'Y and t a r g e t  "rY 
V - v a l u e s ,  w i t h  d o m a i n  6 V  

o p e r a t o r s  ( i n d i c e s ;  id ( ld;~ n E  { 0 ,  1 , . . . } }  

A <=- 

a c t i o n s  A 

s k i p  
k ~ ~ A '  

V~ 
A I --* A~I 

n w h e r e  

t t  ? A  ~ / f f ?  A t' wh!re 
f i x  V . k  I 

wh( r e  
Y 

: odte'ei  d 

swi tch  

p r o p  
t e l  
aop  1 
aop2, 

s o u r c e  0.A 

( )  
o'A I • crAn 

()  
CrA 1 
0.A IT 

• S II 

= d l . . . d n ,  sl l  , and 
I 

0"A ~ = 0"A li and  
c,Y I 
0"A f = CrY and 
~ Y  

Z 
( )  

Z °  Z 

Z 
Z -  Z 
Z 
Z .  Z 

t a rge t  ' / 'A 

( )  
' r A ' .  i rA "  

6v 
t I , I -A H 
I"A 1 = t I ~ d n - . . d  

TA I = , rA H 
TY  
f A t  = "rY 
I"Y 

( )  
Z 

Z "  Z 

T 
T 
Z 
Z 

a c t i o n  v a r i a b l e s  Y 

y 4 =  a 

a 
n 

I s o u r c e  ~ Y  

()  
( )  

t t a r g e t  1"Y 
.... i )  

() 

v a l u e s  V d o m a i n  6 V  

V <=  a c o n s t  Z 
b c o n s  t T 
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Thus  we a r e  f o r c e d  to e x t e n d  T~ b e f o r e  we  can  use i t  t o g i v e  a h o m o m o r -  

p h i c  i m p l e m e n t a t i o n  of  S .  T h e  most  n a t u r a l  e x t e n s i o n  to t ake  seems to 

be Tx~ g i v e n  in T a b l e  5. T h e  a c t i o n  A <=  X . A  ~ can  be t hough t  of  as r e -  

m o v i n g  the top i tem f r o m  the s t a c k  and b i n d i n g  i t  to X in A ~. 

N o w  we a r e  a b l e  to g i v e  a h o m o m o r p h i c  i m p l e m e n t a t i o n  of  S by  T x ,  and 

p r o v e  i t  c o r r ' e c t .  B u t  how does  tha t  h e l p  us in c o n s t r u c t i n  9 a c o m p i l e r  

f r o m  L to T ( r a t h e r  than to T x ) ?  R e c a l l  that  on l y  c l o s e d  t e r m s  of S 

ape  used in the s e m a n t i c s  of L - and they  a r e  imp lemen ted  by c l o s e d  

t e r m s  in T x .  It j u s t  so  h a p p e n s  tha t  any  c l o s e d  t e rm  of  T x  is e q u i v a l e n t  

to a t e rm  of T~ i . e .  one w i t h o u t  any  v a l u e  v a r i a b l e s  at  a l l !  T h i s  e n s u r e s  

that  o u r  c o m p i l e r  f r o m  L to T x  can be c o n v e r t e d  to one f r o m  L to T .  

A c t u a l l y ,  that  is no t  q u i t e  t r u e .  We need to add a f ew  d e r i v e d  o p e r a t o r s  

to T x :  g e n e r a l i z a t i o n s  o f  A <= s w i t c h ,  f o r  p e r m u t i n g  the top v a l u e s  on 

the s t a c k .  { T h i s  is a n a l o g o u s  to a d d i n g  the c o m b i n a t o r s  (S ,  K~ e t c . )  to 

the X - c a l c u l u s ,  in u s i n g  them to e l i m i n a t e  X - a b s t r a c t i o n s . )  T h e  e x t r a  

o p e r a t o r s ,  e x t e n d i n g  T x  to T x ~  a r e  g i v e n  in T a b l e  6. I t  t u r n s  out  tha t  

they  do  no t  o c c u r  in the c o m p i l e r  we c o n s t r u c t  f o r  L~ b e c a u s e  of  the  

l ack  of e x p l o i t a t i o n  of the g e n e r a l i t y  of S in g i v i n g  the  s e m a n t i c s  of L .  

sop ts X 

o p e r a t o r s  

T a b l e  5. E x t e n s i o n  of  T to T x  

- v a r i a b l e s  o v e r  v a l u e s ,  w i t h  d o m a i n  6V  

a c t i o n s  A s o u r c e  era t a r g e t  "FA 

A <= X . A  I 8X  • 0"A' I "A ~ 

v a l u e s  V d o m a i n  8V 

V <= X 8X 

v a l u e  v a r i a b l e s  X d o m a i n  6X  

X <=  t T 
t T 
n z 
z Z 

n 

e q u a t i o n s  s i m i l a r  to those  of  S ,  e x c e p t  fo~:  

1. V!  -~ ( X . A )  = A { X * -  V} 

2,. ( A 1 ;  V ! )  ~n ( X ' A 2 )  = A1 n--~ ( A 2 , { X e  V } )  

3. s w i t c h  = z 1, z2. (z2.1 ; z1.1) 
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T a b l e  6 a l s o  g i v e s  the ( d e r i v e d )  equa t i ons  w h i c h  ape used in c o n v e r t i n g  

c losed  te rms in T x  t to ones w i t h o u t  venue v a r i a b l e s ,  No te  that  these 

equa t i ons  s i m p l i f y  c o n s i d e r a b l y  when  the s o u r c e s  o r  t a r g e t s  of a c t i o n s  

ape empty:  up ( )  and down  ) have  no e f fec t ,  and may be r e m o v e d .  

A t  les t  we can  imp lement  S~ by T x  ~. The  i m p l e m e n t a t i o n  funct ion~ 

imp: S - i  T x ~  is d e f i n e d  in T a b l e  7, us ing  the same n o t a t i o n  as was  

used f o r  d e f i n i n g  the seman t i cs  of  L ,  S - o p e r a t o r s  now occur- i ns ide  

[[ ~ ( in  c o n t r a s t  to T a b l e  2). As  one can see,  the i m p l e m e n t a t i o n  

T a b l e  6. E x t e n s i o n  of  T x  to T x  I 

o p e r a t o r s  ( i nd i ces :  d, d i E Z~) 

a c t i o n s  A s o u r c e  0"A t a r g e t  f A  

A <= pop 
copy 

d 
u P d l . . . d n  

d ° w n ~ t . . . d n  

f l i p ~ , l . . . d  m 

d 
d 

d n . . . d l . d  

d. d n . . . d  1 

d - . - d  m 1 

( )  
d . d  

d l , "  . d n . d  

d . d  I. . . d  n 

d n + l -  - • dm- dn - •  . d  

equa t i ons  w h e r e  x( i  ) = t ( i ) ,  i f d ( i  ) = T 

z ( i ) ,  i f  d ( i  ) -- Z 

1. pop d = x. sk ip  

2. copy  d = x. (x! ; x ! )  

3. U P d l . . .  d = X n . . . x  1. x. (x1.1 ; . . .  ; Xn! ; x ! )  
n 

4. down d = x. X n . , . x  1. (x! ; X l !  ; . . .  ; Xn!)  l'-'dn 
• n = X m ' ' ' x t "  ( X n + l !  ; . . .  ; Xmt  ; X n  ! ; . . .  ; X l ! )  5. f l lPd  t" " °dm 

6. X.  (X! -cA)  = A when X not  f r e e  i n A  
6X 7. X!  ~. A = X!  ~ d o w n 6 A  e A 

8. A:~ X!  = X.~ e d o w n ~ ,  -* A -* 6X uP/. A 

9. X!  -e (X! -~A) = X!  --~ c o p y 6 x  e A  

6X 
10  A 1 2) = x :  * down:41  1 up A A 2 

6X I t .  tt ? (X:  - cA1)  / i f ?  (X~ - * A  2) = X!  -~down T - ~ ( t t ? A 1  / i f ?  A2, ) 

6x 12. f i x  Y.  (X! -e A) = X! e { f i x  Y .  c o p y 6 x - e  A) "~ up,/, A ' e  pop6 X 

13. A = X!  -* (pop6 x ; A )  
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i t se l f  is r e a l l y  qu i te  t r i v i a l :  most of the ope ra to rs  go s t ra i gh t  over  f rom 

S to T x  I. The except ions ape va lue t r ans fe r s  A <= A I ~ AU~ wh ich  cause 

some Ushuff l ingH on the s tack;  and the p roduc t i on  of compound va lues 

A < =  V '~ wh ich  get sequen t ia l i zed .  

The res t  of th is  sec t ion  sketches the proo f  of the c o r r e c t n e s s  of imp, 

and j u s t i f i e s  the c la im that va lue va r i ab l es  can be e l im ina ted  f rom 

c losed terms of T x  t. The next  sect ion goes or, to cons t ruc t  a c o r r e c t  

compiler" f rom L to T.  

Tab le  ?. Implementat ion of S by Tx..! 

cA  =oAm~ TA =1"A I 

o'Y =crY ~, TY = T Y  l 

o'A = ( ) ,  TA = 6V 

6X = 6X g 

operator .s A 4= impEA'~  

Y <= impI~Y'~ 

A <= imp[EV']] 
X <= imp[ [X '~  

imp~-A~ equat ions 

imp[~skip~ = sk ip 

imp~A| ; A2~ ] = imp~A1~ ; imp~A2~] 
imp~V i.~ = imp~V~ 
imp~X.A~ = imp[~X~, imp]iA ~ 

• n 
imp~Al>~n A2~ = imp~-Al~ "~ f l IPTA ! ~ imp[~A2~ 

imp~ t t?  A 1 / f f?  A2~ = i t?  impEAl~ ] / f f?  imp~A2~ 

i m p ~ f i x V . A ~  = f i x  imp[~V~, impEA ~ 

i m p [ Y ~  = imp[Yq]  (the Y on the lef t  is an act ion)  

imp~update id  ~ = update id 

imp~conten ts id  ~ = con ten ts id  

imp~V~ equat ions 

imp~X~] = X t. 

imp~aConst~ = aconst  t. 

imp~iaoplV~] = impEV~ i' aopl 
imply 1 aop2 % 1  = {impEVlq; ; impEV2~) ~ aop2 
imp~bconst~ = bconst!  

impEprop V~ = impEV~ I prop 
i m p l Y  t re l  V2~ = ( i m p ~ V | ~  :~ imp~V2~)  "~2 te l  

(imp~X~, imp~V~ are  i d e n t i t i e s -  equat ions omitted) 
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T h e  p r o o f  o f  the c o r r e c t n e s s  o f  imp:  S --~ T x  ~ is q u i t e  r o u t i n e ~  bu t  u n -  

f o r t u n a t e l y  no s h o r t e r  t han  tha t  o f  A D J  (19"79). R e c a l l  t ha t  w e  a r e  to  

p r o v e  t ha t  f o r  t e r m s  s , s  t in S ,  i m p [ s ] ]  = impEs ' ]~  i f  and  o n l y  i f  s = s ' .  

T h e  " i f  u p a r t  is  the  s i m p l e r :  i t  is  s u f f i c i e n t  to  s h o w  tha t  f o r  a l l  e q u a t i o n s  

s = s '  in the  s p e c i f i c a t i o n  o f  S ,  i m p E s ] ]  = imp [ i s ' J ]  can  be  o b t a i n e d  f r o m  

the e q u a t i o n s  o f  T x  l, 

T h e  n o n l y  i f  u p a r t  s a y s  tha t  imp is i n j e c t i v e .  T h e  e a s i e s t  w a y  to  p r o v e  

t h i s  s e e m s  to  be to  d e f i n e  an  ( n v e r s e  f o r  imp~ abs :  T x  t -* S .  T h i s  is  

j u s t  as s i m p l e  as d e f i n i n g  imp~ and o n l y  the f e w  n o n - t r i v i a l  c a s e s  o f  

the d e f i n i t i o n  a r e  g i v e n  in  T a b l e  8. U s i n g  the  e q u a t i o n s  of  S= one  can  

s h o w  tha t  abs  0 i m p ~ s ] ]  = s f o r  a l l  t e r m s  s in  S .  F u r t h e r m o r e ~  i t  can  

be  s h o w n  t ha t  f o r  a l l  t e r m s  t , t '  i n  T x ' ,  a b s E t  ~ = a b s [ ~ t ' ~  i f  t = t t - 

t h i s  is  j u s t  l i k e  the  " i f "  p a r t  a l r e a d y  p r o v e d  f o r  imp.  B u t  t h e n :  t a k i n g  

t = i m p ~ s ~  and t ' = i m p ~ s ' ~ ,  i t  f o l l o w s  tha t  s = s '  i f  i m p [ [ s ~  = imp[~s '~ ] ,  

w h i c h  is  the  d e s i r e d  r e s u l t .  

A s  f o r  the  e l i m i n a t i o n  o f  v a l u e  v a r i a b l e s  f r o m  c l o s e d  t e r m s  o f  Tx t~  

t h e r e  is an a l g o r i t h m ~  r e s e m b l i n 9  the  s t a n d a r d  one  f o r  c o n v e r t i n g X -  

c a l c u l u s  e x p r e s s i o n s  to  c o m b i n a t o r s .  T h e  a l 9 o r i t h m  p r o c e e d s  as f o l l o w s .  

"Fable 8.  A b s t r a c t i o n  f r o m  .Tx t to  S 

o p e r a t o r s  A <=  abs  ~ A ' ~  c r A =  0"A t , , rA = " rA '  

Y <= abs  ~ Y ' ~  0"Y = 0 " Y ' ,  f 'Y  = r Y '  

V <=  abs  ~ V l ~  6 V  = 6 V  I 

X <= abs  ~X~]] 8X = 6X I 

abs  ~ A ~  e q u a t i o n s  ( e x a m p l e s )  

° ° °  

a b s ~ A 1  ~ A2]~ = a b s [ [ A 1 ] ]  >~ f I °P~ 'A  1 ~n a b s ~ A 2 ~ ]  

w h e r e  f l ° P d l . . . d  m = X m . . . x  1. ( X l !  ; . . .  ; Xn-t I Xm! ; . . .  ; X n + l !  

abs V:  = absEv:  : 
a b s ~ a o p l ~ ]  = z. ( a o p l  z) T 

a b s ~ a o p 2 ~  = z I. z 2. (z  1 aop  z2) 

a b s [ [ p r o p ~  = z. ( p r o p  z) / 

a b s ' ~ r e l ~  = z 1, z 2. ( z  1 r e l  z2)  1 
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L e t  A be a c l o s e d  a c t i o n  t e rm  of  T x  ~. If A does  not  c o n t a i n  any  

o c c u r r e n c e s  o f  X .  A ~, then T[ canno t  c o n t a i n  any  o c c u r r e n c e s  of  X 

(by  c l o s e d n e s s )  and we a r e  done .  O t h e r w i s e ~  c o n s i d e r  an i n n e r m o s t  

o c c u r r e n c e  of  X . A  I i n A .  I f  X d o e s  no t  o c c u r  f r e e  in A I, then X . A  I 

can  be r e p l a c e d  by pOP6x ;  AI~ by  the e q u a t i o n s  in T a b l e  6~ and so 

th is  o c c u r r e n c e  of X . A  I has been  e l i m i n a t e d .  On the o t h e r  hand~ i f  

X does  o c c u r  f r e e  in A ~, i t  must  be as an a c t i o n :  X .  ~ . T h e  e q u a t i o n s  

o f  T a b l e  6~ i n t e r p r e t e d  as l e f t - t o - r i g h t  r e p l a c e m e n t  r u l e s ,  a l l o w  A l 

to be t r a n s f o r m e d  to the f o r m  X :  + Atl~ w h e r e  X does  not  o c c u r  in A H. 

B u t  then X . A  ~ can  be r e p l a c e d  by  A ~  and a g a i n  the o c c u r r e n c e  of  

X . A  I has  been  e l i m i n a t e d .  A s  no e x t r a  o c c u r r e n c e s  have  been i n t r o -  

d u c e d  in the p r o c e s s  ( t hanks  to the use of the t ' c o m b i n a t o r s N  pop ,  copy~ 

up and down)  the i t e r a t i o n  of th i s  p r o c e s s  r e m o v e s  a l l  o c c u r r e n c e s  of  

X .  A 1 f r o m  A .  

4. C o m p i l e r  C o n s t r u c t i o n  

We a r e  now a b l e  to c o n s t r u c t  a c o r r e c t  c o m p i l e r  f r o m  L to T - o r  f o r  

any  o t h e r  s o u r c e  l anguage  w h o s e  s e m a n t i c s  is g i v e n  in t e r m s  of S .  

A l l  we need to do  is to take  comp:  L -+ T x  I as imp 0 s e n ,  and ,  us ing  the 

f ac t  that  imp: S -~ T x  I is a h o m o m o r p h i s m ,  c o m b i n e  the d e f i n i t i o n s  of 

imp and s e n  to a d e f i n i t i o n  of comp.  T h e  c o r r e c t n e s s  o f  comp comes 

f r o m  the c o r r e c t n e s s  of  imp. T h i s  c o r r e c t n e s s  is p r e s e r v e d  u n d e r  

t r a n s f o r m i n g  the t e r m s  in T x  ~ in the  d e f i n i t i o n ,  to t e r m s  of  T ,  us i ng  the 

a l g o r i t h m  of  the p r e v i o u s  s e c t i o n .  The  f i n i s h e d  p r o d u c t  is s h o w n  in 

T a b l e  9. 

The  p r o c e s s  of t r a n s f o r m a t i o n  is not  as p a i n f u l  as the e q u a t i o n s  of  

T a b l e  6 (used  as r e p l a c e m e n t  r u l e s )  m igh t  s u g g e s t .  T h i s  is b e c a u s e  

the o n l y  a c t i o n  s o r t s  used in g i v i n g  the s e m a n t i c s  o f  L have  an 

empty  s o u r c e ,  and an emp ty  o r  s i n g l e t o n  t a r g e t .  M o r e o v e r ,  A I ~ A ~1 

is o n l y  used  f o r  n = l .  I t  can  be shown  f r o m  the e q u a t i o n s  of T x  ~ that  
1 n d d 

i t "  iPd can  be o m i t t e d  f r o m  the d e f i n i t i o n  of imp,  and that  d o w n )  and up ( )  

a r e  u n n e c e s s a r y  in the e q u a t i o n s  in T a b l e  6. In add i t i on~  up z is e q u i v a l e n t  

to s w i t c h .  T h e s e  s i m p l i f i c a t i o n s  make  the t r a n s f o r m a t i o n  f r o m  T x  w to T 

q u i t e  s t r a i g h t f o r w a r d ,  and the o n l y  e x t r a  s t ep  n e c e s s a r y  to o b t a i n  T a b l e  9 

is the  r e m o v a l  of  a c o u p l e  of  o c c u r r e n c e s  of s w i t c h ; s w i t c h .  
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Table 9. Compiler from L to T 

operators A <= comp~Cmd~] GA = ( ) ,  f A  = ( ) 

A <= comp~AExp~ 0"A = ( ) ,  "rA = Z 

A <= comp~_BE×p~ 0"A = ( ) ,  'rA = T 

comp ~Cmd~ equations 

comp [continue~, = skip 

compEid :=AExp~ = comp[]-AExp~ -~ updateid 

comp[[if BExp then Cmd I else Crnd2~ = 

comp[[BExp~ -~ it? comp[[Cmd i~ / ff? comp~[Cmd2~ 

comp[[Cmdl ; Cmd2] ] = comp[ECrnd1~ ; comp[[Cmd2~ 

comp[[-while BExpdo Cmd~ = 

fix a. comp[BE×p~ e tt? comp~-Cmd]j ~ a / ff? skip 

comp [[AExp~ equations 

comp~aconst~ = aconst! 

comp[[id~] = contentsid 
compEaopl AExp~ = comp~AExp~ -~ aopl 

comp[[AEXPl aop2 AExp2 ~ = comp~AexPl ~ 4 comp~AE×P2~] ~ aop2 
comp~if BExp then AEXPl else AE×P2;~ = 

comp~eExp~ e It? comp[[AE×Pl ~ // ff? comp[[AExp2 3 
comp~-Cma resu t tAE×p~ = comp~[Cmd~ ; compEAE×p~ 

compS-let id be AExpt  inAExP2~] = 

contentsid 4 comp[[AExp 1~ -e updateid; 

comp~AExp2~ -~ switch -~ updateid 

comp [[ BExp~ equations 

comp[[bconst'~ = bconst! 

compS-prop AExp~] = comp~AExp~ -~ prop 

comp~AEExpl rel AR×P2 ~ = comp~AE×Pl~] -* comp[[AExp2 ~ ~ rel 
comp~-q BExp~ = comp~BExp~ -~ tt? ff! / f f ?  tt! 

compEBExpl A BExP2 ~ = comp[]-BE×Pl ~ . tt? comp~BExp2 ~ / ff? ff.~ 

comp~-BExPl v BE×P2~] = compEBEXPl ~ -, tt? tt! / f f ?  compEBExp2~ 
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C o n c l u s i o n  

By us ing a form of deno ta t iona l  semant ics  based on a b s t r a c t  data types ,  

we have seen how to c o n s t r u c t  c o r r e c t  c o m p i l e r s  f o r  a who le  f am i l y  of 

sou rce  languages d i r e c t l y  f rom the i r  semant ic  d e f i n i t i o n s .  

F o r  r e a l i s t i c  sou rce  languages (such as P a s c a l ,  C lu ,  Ada) ,  the 

f e a s i b i l i t y  of the app roach  p resen ted  he re  depends on the ex ten t  to whict  

the i r  deno ta t iona l  semant ics  can be g iven  in terms of a smal l  number of 

fundamental  a b s t r a c t  data types,  On the o ther  hand,  go ing to more  

r e a l i s t i c  t a rge t  languages should not p r e s e n t  any ma jo r  p rob lems  - 

excep t  that i t  might p r o v e  r a t h e r  d i f f i c u l t  to e x p l o i t  the Nr ichnesst l  of 

some machine codes!  

F i n a l l y ,  w h y d i d  our  c o n s t r u c t e d  c o m p i l e r  tu rn  out to be so s i m i l a r  to 

the one p roved  c o r r e c t  by A D J  (1979)? One might  suspect  that our 

c o n s t r u c t i o n  was Hr igged"  to deal  w i th  j us t  th is  example  - but that is 

not the case.  A n o t h e r  p o s s i b i l i t y  is that ADd  themselves cons t ruc ted  

the i r  c o m p i l e r  s y s t e m a t i c a l l y  - a l b e i t  i n f o r m a l l y  - f rom the i r  semant ic  

de f i n i t i on .  It may a lso  be that there  is e s s e n t i a l l y  on ly  one c o r r e c t  

c o m p i l e r  f rom L to T |  In any case,  fo r  r e a l i s t i c  sou rce  languages,  i t  

seems safe to c o n j e c t u r e  that c o m p i l e r s  p roved  c o r r e c t  using the 

app roach  of A D J  (19"79) w i l l  r e f l e c t  the s t r u c t u r e  of the semant ic  d e -  

f i n i t i on  of the sou rce  language,  and in gene ra l  be c o n s t r u c t i b t e  by the 

method ou t t ined  he re [  
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