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i. INTRODUCTION 

While the advantages of data abstractions in progre~m~ing methodology are m~iv- 

ersally acknowledged, a general agreement on a comprehensive theory of data types 

has not yet been achieved, and every author, having different motivations and aims, 

emphasizes different aspects of data types and takes the approach that better captu- 

res such aspects. In particular~ while everyone agrees on the power of axiomatic de- 

finitions as a tool for formal specification of abstract data types, different opin- 

ions arise about the restrictions to be imposed on the form of axioms, in order to 

be sure that we can specify exactly those structures which can be reasonably consid- 

ered (for Computer Science) data types. 

In a previous paper [I], we gave a complete formalization of our own approach, 

based on model theoretic techniques. A further developement of this approach enfor- 

ced our opinion that purely algebraic techniques are not sufficiently powerful in o~ 

der to specify abstract data types. In this paper, we will discuss a few critical p~ 

ints about the notion of data t~e, and will attempt a comparative analysis of the 

power of algebraic and model theoretic tools in order to overcome them. 

The first critical point concern the notion of data type itself, and will be 

briefly discussed in the next section; a formal setting will be found in [I]. 

The meaning of "abstractness" is discussed in the third section, where a compa- 

rison of a number of different "algebraic" concepts which have been (or might be) u- 

sed to capture abstractness is given. The comparison of the algebraic concepts is 

completed in the fourth section, where we look at them from a general model theore- 

tic point of view and give a number of results concerning the cardinality of the mo- 

dels corresponding to the various concepts. 

Finally, a section is devoted to the fundamental problem of the recursiveness 

of data types: here, it is proved that our approach is the only, among the ones con- 

sidered in the paper~ which captures "recursiveness". 

In the following, the reader will be assumed to be acquainted with the basic d~ 

finitions of category theory ~O], first order logic and model theory [i~7]. In par- 

ticular, we assume as known: the notion of homomorphism, both in the usual algebraic 

context, where only operations are taken into account, and in a general model theor~ 

tic context (see ~4] pag.70), where relations are considered, too; the notions of mo_ - 

nomorphism and epimorphism LIO]; the notion of signature of a first order language 

([4] pag.18), extended to the heterogeneous case [5]; the notions of first order fan- 
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guage , of sentence , of first order theory (generalized to the heterogeneous case, 

as in [I]), of model of a first order theory (with the usual notations qlli=T and 

q~=H denoting respectively that 11~ is a model of the theory £ and that the wff H 

holds in the model ~[) ~4,7]; the notion of diagram of a first order model ([4] pag. 

68; the diagram of ]I[ will be denoted by D(@][) or by DC(Q]D when we want to put in 

evidence that it is built up by introducing the set of constants C); the notion of 

provability in a first order theory (as usual,~I~H will mean that the wff H is 

provable in~). Moreover, we assume as known the main theorems of model theory, 

in particular the completeness and the compactness theorems and the downward Loewe- 

nheim-Skolem theorem. 

Of course, for abstract data specification the considered first order language 

is required to be countable; the results of section 4 explicitely depend on this re- 

In Section 5 we also require that a theory be axiomatizable ~7],i.e. that quirement. 

the set of all its axioms be recursively enumerable. We recall the following result 

due to Craig: a theory is axiomatizable iff it is equivalent to a theory with 

a recursive set of axioms. 

2. DATA AND DATA TYPES 

A nearly general agreement has been reached in considering a data type as chara 

cterized by objects and operations [12]; this leads to Algebra as the natural frame 

to formalize such a concept [5,6,15]; more precisely, the notion of data type is for 

malized by the notion of heterogeneous eouational algebra~ specified by: 

- a finite set of sorts; 

- a finite set of operation symbols, with a finite aritz; 

- a finite set of equations (universally quantified equalities between terms). 

In this approach, the primitive concept is that of data type rather than of da- 

tum, and the restrictions on the form of the axioms are imposed as an "a priori". On 

the contrary, a model theoretic approach~ as developed in fl], allows to first forma 

lize the concept of datum, which is exactly captured by the notion of model theoretic 

invariant [8], i.e. of a formula /~ provable in a first order theory t and such that 

every model ]]~ of ~ contains a unique element satisfying ~. From this definition, 

the notion of data type and a characterization of theories which specify data types 

follow in a natural way (a sketch of the characterization is given in See.5). 

A second aspect under which the algebraic approach seems to us to be unadequate 

refers to the specification of data types with relations together with operations: 
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an algebraic specification of relations is possible only in the form of functions on 

the type BOOL, so imposing undue restrictions. 

3. THE PROBLEM OF ABSTRACTNESS 

The second relevant problem to be stressed concerns the "abstractness" require- 

ment for data types and the tools which better capture such an abstractness. 

Informally, abstractness can be intended as independence of any implementation 

of data and operations; in a theoretic fram% this can be settled as the problem of 

identifying a model unique up to isomorphisms. It is well known that first order the- 

ories (save trivial cases) cannot do this: indeed~ if a first order theory has an in 

finite model, then it has a model of every greater cardinality. Thus, the uniqueness 

(up to isomorphisms) can be guaranteed only by using implicitly second order notions. 

Category theory [I0] has provided notions which seems to be adequate to overco- 

me the above problem we mean notions such as initiality [5] and finality [16] or 

monoinitiality and epifinality (see below); furthermore, weaker concepts such as ter 

~] have been introduced: terminality selects an unique model only in the minality 

restricted category of finitely generated models. 
{19 

DEF. 3.1. - Let a first order theory, and ~ the category of models of [ ; a mo- 

~]I 6~ is said to be: del 

a) initial (final) in ~ iff for every ~][T 6 ~ there is a unique morphism 

monoinitiaz (weakly monoinitial) iff for every ]~¢~Z there is a unique m~ b) 

nomorphism (respectively, at least one monomorphism) m: ~--)]][' ; 

c) epifina% (weakly epiflmal or terminal) iff for every ]1[' 6~ there is a uni- 

que (resp., at least one) epimorphism e: ~]I'--9]~[. 

We remark that the present notion of monoinitiality is quite different from the 

one con sidered in Ill , which in ~2] and in the present paper is called isoinitiali- 

ty, since monomorphisms are not required to be injective° 

The following facts~ some of which have been stated in [2]~ can he proved: 

a) An initial~ fina!~ monoinitial or epifinal model~ if it exists in ~, is unique 

up to isomorphisms. 

b) Initiality, finality~ monoinitiality and epifinality are independent notions, i.e. 

the presence in ~ of any model corresponding to one of these notions does not 

imply the presence of a model corresponding to another such notion. 

c) If an initial and a monoinitial model coexist in ~j then they are isomorphic; 
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the same holds for final and epifinal models. 

d) there are categories of models ~ where non isomorphic initial and final (mono- 

initial and epifinal) models coexist. 

e) if in ~ a monoinitial and a weakly monoinitial (an epifinal and a weakly epif ! 

nal) model coexist s then they are isomorphic. 

f) there are categories of models where infinitely many non isomorphic weakly monoin__ 

itial models coexist together with infinitely many non isomorphic terminal models. 

g) if in ~'C there are two non isomorphic weakly monoinitial (terminal) models Qg[ 

and ~I'~ then they are necessarily infinite. 

4. THE PROBLEM OF CARDINALITY 

Abstractness is not the only requirement to be satisfied by data types. Quoting 

Standish ~]s "there are additional properties required of computer data that are 

not required of representations in general. For example~ in mathematics we can use 

uncountable~ continuous representations~ but in digital computers our representations 

must be countable and discrete". Henc% it is needed to analyze the models correspo~ 

ding to the notions introduced in Sec.3 from the point of view of their cardinality. 

Indeed~ while in an "algebraic theory of data" an initial model~ being defined as a 

quotient of a word algebra~ is trivially countabl% and a final model s by the absen- 

ce of negative axioms~ collaps~into the trivial one-element model~ in a "model-the- 

oretic theory of data:' nothing is immediatly clear. 

Our first two results shows perhaps surprisingly~ that in a model theoretic fr~ 

me it is just finality that does not imply countability. Such a contrast between two 

concepts that in category theory are seen as dual~ i.e. interchangeable in some sen- 

se~ should show that specific features about data types can be captured only at a 

different level of generality~ i.e. in model theory rather than in category theory. 

From now one'will be a countable first order theory~ and ~ the category of 

models of T. 

Th.4.1 - If a model ~]~ is initial or monoinitial in ~'r~ then it is countable. 

The proof is an easy application of the downward Loewenheim-Skolem theorem. 

Th.4.2 - Let ~ be a final model in ~.ry ~ the~ ~has at most the cardinality of con- 

tinuum. On the other hand~ there are finitely axiomatizable theories with univer- 

sKI axioms whose final model has e~ctly the cardinality of continuum. 

We omit the proof of the first part of Th.4.2~ which involves the downward Loe- 

wenheim-Skolem theorem and a compactness argument. For the second part~ we provide 



49 

the following example. 

Example: STACKS WITH A LEXICOGRAPHICAL ORDERING (S.O.L.) 

Sorts: A(set), S(stacks) 

Operations: OEA, 14A, ~ES, .:AxS--~S, t:S--~A, p:S---,S 

Relations:~C SxS 

Axioms: A contains only 0 and I (i.e., xA=i~/xA=l , 0~i) 

., t, p are the usual PUSH, TOP and POP (i.e., Vx(x~A-->x=t(x).p(x)), 

p(X )=~, t(A )=~, e~c.) 

is a total ordering relation (i.e.~ x( x~ x~yhy< x--~y=~x~ x~yhy 4 

z--~x~ z, x~ yvyQ x), which is, moreover~ a lexicographical orde- 

ring (i.e., y~, ~--+{p(x)>p(y)ht(x)----t(y)~-~x> y)jl.y>0.x, O.x>A , 

l.x>A , where x>y means x~y x~-). 

be the set of all {f  ite) str gs generated by A=[O,l] and let A" be Let 

the set of all infinite strings generated by A; then the model: 

~=~A,A~kvA~W,.,p,t,~> , where:~.x=6-x, p(~-x)=x, t(6-x)=~ x>x' iff x-=sly 

and xT=sOy ' for some standard string s 

turns out to be a final model with the power of continuum. 

The next theorem concerns the cardinality of terminal models; its proof uses 

the downward I]6wenheim Skolem in its strongest form (where the notion of "elementa- 

ry submodel of a model, see [4,7~, is required) and involves a compactness argument. 

Th.4.3 - Every terminal model of a theory~ with a countable set of wff is countable. 

Corollary - The epifinal model off'(if it exists) is countable. 

Quite surprisingly, for weakly monoinitial models we can prove the following 

theorem, which introduces a second asymmetry with respect to a purely categorial po- 

int of view: 

Th.4.4 - There is a theory with a set of countable ~f such that the category~T, con- 

tains a weakly monoinitial model with the power of continuum. 

According to Th.4.4~ the second asymmetry is, so to say, opposite to the pre- 

vious one: for~ initiality involves "starting homomorphisms", terminality involves 

"arriving epimorphisms". 

5. THE PROBIZM OF REC[~SIVENESS 

In our view, countability corresponds to a minimum of constructiveness to be 

required for abstract data specification. In this section we will tM(e into account 

a much stronger condition, i.e., we will be faced with the following questions: 
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I) Is there a sense according to which an abstract data type can be said to be re- 

cursive? 

II) Assuming that one can reasonably define what is to be meant by "a recursive abs- 

tract data type"~ are there criteria to select such abstract data types? 

In literature the above questions either have not been taken into account (e.g. 

E4]) or one implicitly assumes that an absract data type needs to be recursive ac- 
cording to some "informal sense" Ill]. We will try to provide a partial answer to 

both questinns~ by first proposing a particular definition of "recursive model of a 

first order theory", according to the lines outlined in [I] and [2]: in this sens% 

we propose our definition only as a starting point~ a formal suggestion in order to 

carry out further investigations~ simultaneously involving Recursiveness and Model 

Theory~ according to the goals of Computer Science (for instant% complexity aspects 

should be taken into account). 

An answer to the second question in terms of a typically model theoretic kind 

of homomorphisms~ usually called "isomorphic embeddings '~ is proposed. The latter no- 

tion will allow us to introduc% as in [2] ~ the concept of "isoinitial model of a 

first order theory" as a recursive abstract data type. 

We will also explain that~ as compared to the previously defined criteria ba- 

sed on the more general notion of "homomorphism"~ isoinitiality is ~h¢ °nl$ ~ defined 

criterion guaranteeing recursiveness. In this fin% as a further illustration of what 

is involved in the recursiveness of the isoinitial models~ we will see that a somehow 

weaker notion based on the isomorphic embeddings to% i.e. "primeness"~ does not cap- 

ture recursiveness. 

Here we require that a theory be axiomatizabl% i.e.~ that the set of its a- 

xioms be recursively enumerable [4 3. 

Coning to the first question~ the main problem is that recursiveness seems to 

contrast with the "abstractness" of a data type. For~ abstractness implies that a da- 

ta type can be considered independently of any implementation of its objects and ope- 

rations; recursiveness~ on the other hand~ is inherently connected with particular 

representations and is not preserved under isomorphisms. To better explain what we 

mean~ we will consider two examples. 

Example l o Let~be a one sorted theory whose signature contains only the unary re- 

lation-symbol P and le% for every n~!~ Hn and Kn be respectively the wff 3 x!-- 

3 n I l--n n- n x(x~x2A''Ax~xA''AXl~X AP(xl)A''AP(Xn )) (there are at least n elements satis- 
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lying P) and the wff-]El..-~ Xn(X!~X ? ..AXl~ #. .AXn_l~X#~P(Xl)A.. A~P(Xn) ) (there 

are at least n elements satisfying~ P): the axioms of ~ will be all formulas H and 
n 

%, for n=l,2,... (clearly, ~ is axiomatizable). 

Now~ all models of ~ are infinite and all countable models are isomorphic to 

the structure ~ =4N~E}~ where N is the set of the natural numbers and P is the 

set E of the even numbers. Of cours%~ is recursiv% hut the isomorphism class of 

contains models ~'=(N~E'>~ where E' is any non recursive set of natural num- 

bers: as we can pass from the recursive structure~ to the non recursive ~ with a 

non recursive isomorphism~ likewise we can pass from the non recursive structure ~' 

to the recursive~q with a non recursive isomorphis m. 

Example 2. In the above example the non recursive isomorphism from ~' to~ is of no 

interest since~ presumably~ one directly takes into account~ without passing through 

~'; but there are more problematic situations. For instant% let ~' be a one sor- 

ted theory whose signature contains only the binary relation-s}nllhol < and the unary 

relation-symbol Q: <is axiomatized as an irreflexive linear ordering among infinite 

element% in such a way that there is a least element (the "zero ':) and~ for every x~ 

there is a y which is the least element greater than x (y is the "successor" of x; 

remark that neither ':zero '~ nor ~'successor '~ are operations "declared" in the signa- 

ture of ~'); the predicate Q is axiomatized as follows. 

First of all~ for every n one can write down a well formed formula H (x) of 
n 

~T saying that x is the n-th "successor" of "zero"; then~ one chooses a set S of 

natural numbers which is simple in the usual sense of Recursiveness Theory (S is a 

coinfinite recursive!y enumerable set whose complementary does not contain infinite 

reoursively e umerable subsets [16])  iomati es Q with the =iom-schema: 3x(" ( 
n 

x)AQ(x)) for every n~S~ with the further axiom: ~x~y(x<yAwQ(y)) (clearly~ ~' is 

axiomatizable sinc% being S recursively enumerabl% it can be specified by a recur- 

sively enumerable set of axioms). 

Now~ let~ =< N,K ~T> be any structure consisting of the natural numbers with 

the usual irreflexive ordering~ with T any coinfinite set containing the simple set 

S. ~ if we interpret the predicate Q as T~ we get a model of ~' (more specifically~ 

turns out to be a "prime model:' of ~'~ in the sense specified below; since T 

is an}~ coinfinite set containing S~ q~ ' has infinitely many non isomorphic prime mo- 

dels). We propose the following question: is there some structure~ '=<N~<'~T'> 

which is isomorphic to~ and is such that T' is recursiv% while~ at the same time~ 

the non rec=sive isomorphism i: ~---~ ~ ' preserves the recursiveness of < ? (re- 
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mark t h a t  i f  "ze ro"  and " s u c c e s s o r "  were o p e r a t i o n s  of  t he  s i g n a t u r e  o f ~  T, t h e n  

t h e  q u e s t i o n  would have a t r i v i a l  n e g a t i v e  answer ;  i n  t h i s  ca se ,  however ,  ~ no l o n -  

ge r  would be a pr ime model of  ~ ' ) .  I f  such a s t r u c t u r e @ '  would e x i s t ,  t h e n  h a r d l y  

one might  guess  t h a t @ '  i s  "more n a t u r a l "  t h a n @  and t h a t  one can " d i r e c t l y  t h i n k  

about @'" without passing through@. 

We will not answer the question involved in the latter example, which seems to 

be hard by itself. We only aim that the example gives an idea of what is involved in 

the "recursiveness problem" as compared with the "abstractness problem". Neverthe- 

less, we are going to give a definition of "recursiveness" which would make recursi- 

ve the above model~ of ~' if some "directly recursive" model @' would exist. 

Even if such a definition may be considered "problematic", we believe that it allows 

to capture basic aspects to be taken into account: in particular, despite the first 

example and the unanswered question involved in the second one, we will show that 

our formalization does not collapse, i.e., there are a xiomatizable theories without 

reeursive models. 

Now we come to our formalization. 

DEF. 5.1 - A model~ of a theo~ " is called directly recursive iff the two follo- 

wing conditions are satisfied: 

a) for every carrier M (s the sort) of ~ , either M is finite, or M coin- 
s s s 

cides with the set N of the natural numbers; 

b) all operations and relations defined on'~ are general recursive. 

DEF. 5.2 - A model~ of a theory ~ is said to be recursive iff there are a direc- 

tly recursive model ~' of ~ and an isomorphism i: ~---~'. 

= Our definition is quite in line with the two above examples; in particular, 

the isomorphism i does not need to be recursive. 

= The choice of N as a standard carrier set corresponds to the usual way of 

treating the question in the ~eneral Theory of Recursiveness. From the point of view 

of Computer Science and, more specifically, of Data Implementation, one can find go- 

od reasons to criticize our choice. For, on one hand such a kind of representation 

may be quite unnatural for particular structures, where the theory itself suggests 

more appropriate carriers (to put the question in another way, the aim of a "theory- 

of data" is to capture the specific features of every kind of data without passing 

through the natural numbers, which are particular data); on the other hand, if com- 

plexity aspects are taken into account, special representations depending on the kind 
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of structure may heavily lower the complexity of the operations and of the relations. 

However~ we are only at a starting point: at the present state of research, the pro- 

blem is still to capture the recursiveness of a~stract data types with a level of 

generality comparable with the one of the Theory of Recursiveness. 

= An equivalent, but slightly "more concrete" choice is made by substituting 

N with the set 0,I of all strings on the alphabet O, . From a practical point 

of view, the latter choice may be convenient in special cases, but is nearly affec- 

ted by the same genera] difficulties as the previous one. 

Now we show that our definition of recursiveness does not collapse. 

Th. 5.1- There are consistent and axiomatizable theories without recursive models. 

Proof. We will define a one sorted theory~whose signature contains exactly the 

,nullary operation-symbol (constant) 0 (zero), the unary operation-s~nnbol s (succes- 

sor) and the unary relation-symbol P. In order to give the axioms of ~ , we recall 

the fonowing well known result (see e.~. [16]): two disjoint recursively enumarable 

sets (of natural numbers) A and B are said to be recursively inseparable iff there 

is no recursive set C such that A~ C and BEN-C; there are infinitely many couples 

of recursively inseparable sets. 

Now, let A and ~ be two recursively inseparable sets; the axioms of ~ are the 

following: 1)~x(is(x)=O); 2)~y(s(x)=s(y)--~x=y); 3) p(sk(o)) for every k~ (a- 

xiom schema); 4) ip(sh(0)) for every hfi~ (axiom schema). 

Clearly, ~ is consistent and, since ~ and ~ are recursively enumerable, ~ is 

axiomatizable. On the other hand, all models of ~ are infinite and can be divided 

in two classes: a) uncountable models, which are trivially non recursive; b) coun- 

table models. 

Let ~ be any countable model of ~ : ~4~ contains a "standard submodel" 

whose carrier is the set of the natural numbers. Let "~ be recursive: then there is 

a directly recursive model ~' isomorphic to ~ ; 4~, contains the submodel ~ 

which~ in the considered isomorphism, is isomorphic to ~ ; let (the infinite set of 

natural mzmbers) M' be the carrier of ~'. Clearly, M' contains an element "~0 which 

represents the constant O, so that, being the interpretation of s in ~q' recursiv% 

for every natural number n we can recursively find the element-m- of M' representing 
n~ 

n; also, we can recursively decide whether or not P(~ ) holds in 4/~ '. Let ~n/ 
n 

/ /~¢~' ~ P(~n)}: clearly, ~ is a recursive set separating 7 and ~, a contradiction. 

A kind of "non collapse" proof for our definition has been given in ~2J, by 
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showing that there is a finitely axiomatizable equational algebra whose initial mo- 

del is not recursive: the proof uses the unsolvability of the word problem and re- 

fers to an equational algebra whose models are semigroups; of cours% even if the 

initial model is not recursive, the considered algebra admits recursive models. Now, 

an inspection to the proof of Th.5.1 shows that the model whose carrier coincides 

with the set of the natural numbers and where the predicat~ P holds exactly on the 

set A is simultaneously an initial and monoinitial model of ~ . By adding some 

axiomS to ~ ~ it~also possible to construct a theory ~ ' without recursive mo- 

dels~ with a model which is initial and monoinitial at the same time and with a non 

isomorphic model which is final and epifinal at the same time; more generally~ the 

technique of the recursively inseparable sets allows us to state the following theo- 

rem~ which considerably strenghtens Th.5.1. 

Th.5.2 - (a) One can define an axiomatizable theory without recursive models~ with 

a model which is both initial and monoinitial and with a non isomorphic 

model which is both final and epifinal. 

{b) One can define an axiomatizable theory without recursive models~ with 

infinitely many non isomorphic terminal models and with infinitely many 

non isomorphic countable weakly monoinitial models. 

Now we come to the second question~ i.e. to the problem of providing a general 

notion of "recursive abstract data type". We start by recalling the notion of "iso- 

morphic embedding" ~4~7j; to be short~ by a counter-relation of a model we will mean 

any complementary of any relation of that model. 

DEF.5.3 - An isomorphic embedding q: ~ >~' of the model ~ of the theory 

T into the model ~ ' of ~ is any homomorphism from ~ to ~ ' which pre- 

serves (also) the counter-relations of ~ . 

=Of cours% every isomorphic embedding is an injective homomorphism~ a fortio- 

ri it is a monomorphism; on the other hand~ in presence of theories with relation 

symbols different from identity~ an injective monomorphism is not necessarily an iso- 

morphic embedding. 

=As far as we know~ in a purely categorial approach there is no simple and ge- 

neral w~y to distinguish the isomorphic embeddings from the other homomorphisms; the 

only thing one can do is to exclude the other homomorphisms~ i.e.~ to consider cate- 

gories of models where all arrows are interpreted as isomorphic embeddings. 

DEF.5.4 - A model qn of a theory ~ is said to be isoinitial (respectively~ prime) 
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iff for every model ?~ ' of ~ there is a unique (respectively, at least one) 

isomorphic embedding @ : ~ ----~'. 

--The term "isoinitial" has been introduced in LZ]; inEl 3 this notion is denc~ 

ted by the misleading term "monoinitial", which in the present paper has4 quite dif- 

ferent meaning. Since an isomorphic embedding is a monomorphism, the only thing one 

can say is that an isoinitial (as well as a prime) model is weakly monoinitial; in 

this line, one can show that there are theories with infinitely many non isomorphic 

weakly monoinitial models~ one of which is isoinitial. 

--The weaker notion of "primeness" is the one usually considered in the so cal- 

led "eastern school of Model Theory ~' (i.e. in Robinson's school~ as it is explained 

in [7]). In the "western school" (tO which [4]belongs), "primeness" is a very strong 

property which requires the notion of "elementary embedding". 

=By the downward Loewenheim-Skolem Theorem and by the injectivity of the iso- 

morphic embeddings, prime models of theories with a countable lansua~e are necessari- 

!~ countable .  

--A isoinitial model is unique up to isomorphisms (abstractness is captured). 

On the other hand~ simple primeness does not implies uniqueness: our Example Z provi- 

des a theory with infinitely many non isomorphic prime models. 

=Just as it happens for epifinal and telmd_nal models and for monoinitial and 

weakly monoinitial models, if a theory ~ has a isoinitial model~ and a prime mo- 

del q~ ', then ~ and ~ ' are isomorphic. 

In [I] isoinitial models are proposed as "the formal explanation of the intui- 

tive notion of abstract data type :~. This has been done not only in view of the fact 

that, as we are going to see, iseinitial models of axiomatizable theories turn out 

to be recursive, but also on the basis of a "semantical characterization theorem" 

(Theorem 5.1) which is stated after an intuitive analysis of the notion of "datum". 
~o 

The theorem requires a suitable construction, we want~briefly recall in an extended 

form covering also theories with relation-symbols different from identity (which in 

Eli were not taken into account). 

= Given a theory ~ ~ a concrete datum is any quantifier-free formula ~ (x,y) 

(y a se t  of v a r i a b l e s ,  x a s ing le  v a r i a b l e )  such t ha t  ~ -  3 !x3 v~L~(x,z) (" V-" 

means the  p r o v a b i l i t y  r e l a £ i o n ) .  

= For any relation-symbol R of ~ (including the identity relation), if n is 

the arity of R~ the n-tup!e of concrete data < ~i~.. , ~n ~ is said to be R-con~ru- 
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~li~ iff either ~- 3xi... ~xn~zi... ~En(L~l(Xi,Xl)^ ...A ~n(Xn,Zn)AR(xi .... xn) ) 

or ~--3xi... ~Xn.~Xi... 32n(Ai(xi,xi)~ ... ~ Zin(Xn,2n)A~R(x I ..... xn)). 

= We say that ~ 1  ~ ~ 2  i f f  E ~- ~x~zi~XZ(al(X,2i)^ Az(x,x2) ). of tours% 

is an equivalence relation on the set of all concrete data. 

= ~ is said to almost admit an abstract data type iff, for every relation symbol 

R, say n its arity, every n-tuple <~l,...,~n> ~ is R-congruent. 

= Let A he the set of all the equivalence classes of concrete data with respect 

to ~ , i.e. A = [...~...I/~ (A is a set of equivalence classes in a many sorted 

theory, but her% for sake of simplicity and without a substantial loss of generali- 

ty, we assume that ~ is one sorted). If ~ almost admits an abstract data type 

is not empty~ we can define the structure ~ in the following way: an(] A 

i) the carrier of ~ is A; 

ii) for every functional symbol f of ~ ~ say n its arity, we set 

f(~a ~ . . . .  ,Ca n] ) = ~ ( ~ , h , . . . , x n , ~ r . . . , ~ ) ] ,  where 
A =df z = ! ( x l ' ' ' " % )  ^ A I (X I 'X I ) ^  " "  ^ An(Xn'E~) is a concrete datum, be- 

cause ~ ~- S:= N ~ , h , . . . , E , z l  . . . .  , E ) ;  

iii) fo r  every r e l a t i o n  symbol R, say n its arity, R(~Z~I] ..... [~) iS true iff 

~- ~ ×i'" ~xn'~Zi"" 3~( Ai(xi,zi)^ ... ~An(Xn,Zn)^ ~(~i ..... xn))' 

which is well posed by the R-congruence hypothesis. 

= A theory ~ almost admitting an abstract data type is said to admit an abstract 

data type iff ~.~ is a model of ~; in this case, ~.~ is said to be the abstract 

data type on ~. 

Now, Th.5.1 of ~I] can be extended to the present context, i.e. 

Th.5.3 - A theory "~ admits an abstract data t~pe iff there is an isoinitial model 

of ~ ; if so, the structure ~ is such a model. 

In view of the above characterization~ every element of an isoinitial model 

of a theory ~ can be "unambiguously" represented by a quantifier-free formula pro- 

vable in ~ : this amounts to say that a "unique concrete representation" of such an 

~I' Ta' element can be found in every model of ~ , whether or not is countable. In 

other words, the elements of an isoinitial model can be seen as model theoretic in- 

variants in the sense of Kreisel [8]~ this corresponds~ we belier% to the maximum 

of abstractness. 

The "unambiguity" is due to the uniqueness of the isomorphic embedding between 
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the iseiniZial model and any model of ~ and gives rise to the following theorem: 

Th. 5.4 - The (unique up to isomorphisms) isoinitial model of any axiomatizable the- 

ory (if it exists) is recursive). 

Going back to our previous discussion about the adequacy of N as a standard car 

rier set~ by Th.5.3 it is certainly more impressive to "concretely represent" every 

element of an isoinitial model by a quantifier-free formula (concrete datum, in the 

sense explained above) chosen in a suitable way in the equivalence class correspon- 

ding to such an element. Unfortunately, the a~iomatizabilJty of a theory in general 

implies only the recursive en~merability of the set of all concrete data and of eve- 

ryequivalence class, not their recursiveness. 

Finally~ we remark that, as far as we know, every structure that can be reasona 

bly considered an abstract data type can be formalized as an isoinitial model: Pea- 

no Arithmetic, stacks, queues etc. 

According to the above, in the choice of the isoinitial models as abstarct data 

types there is no incompatibility between "abstractness" and "recursiveness", since 

it is just the "maximum of abstractness and unambiguity" which captures recursive- 

hess. To better illustrate this point~ we give a theorem showing that the pre 

sence of ambiguity in the isomorphic embeddings may give rise to non recursive mo- 

dels. 

Th.5.5 - There are axiomatizable theories without recursive models and with infini- 

tely many non isomorphic and non recursive prime models. 

For a given non recursive prime ~ ~ one can cut off ambiguity by adding to 

the diagram DC(~): in this case ~ become~ isoinitial in the set of models of the 

theory ~/ ~o DC(~), while any other (possible) prime model of ~ which 

is not isomorphic to ~ is no longer a model of ~f ; but even if the set of cons- 

tants C is recursiv% the diagram DC(~ ) cannot be recursive; thus~ the theory 

is no lonser axiomatizable. 

REFERENCES 

Ill Bertoni,A., Mauri~ O., Miglioli, P.~ A characterization of abstract data as mo- 

del theoretic invar!ants, Proc. 6 ° ICALP, Lect. Not. in Comp. Sci., 71, 

pp. 26-37, Springer, Ber!in~ 1979 

[2] Bertoni, A., Mauri, G., Miglioli~ P., Wirsing, M., On different approachesto 

abstrac T dat a types and the existence of recursive models, Bulletin EATCS, 

9, 1979 



58 

3] Broy, M., Dosch, W., Partsch, H., Pepper, P., Wirsing, M., Existential quanti- 
fiers in abstract data types, Proc. 6 ° ICALP, iect. Not. in Comp. Sci. 71, 
73-87, Springer, Berlin, 1979 

[4 Chang, C.C., Keisler, H.J., Model theorz, North-Holland, Amsterdam, 1973 

[5] Goguen, J.A., Thatcher, J.W., Wagner, E.G., An initial alsebra approach to the 
s_.DecifiQation~ correctness~ and implementation of abstract data types, IBM 
Res. Rep. RC6487, Yorkto~m Heights, 1976 

[6] Outtag, J.V., Homing, 3.3., The al~ebraic specification of abstract data types, 
Acta Informatica IO, 27-52, 1978 

[7] Keisler, H.3. , Fundamentals of model theory, in "Handbook of Mathematical Logic" 
(J. Barwise ed.)~ 47-104, North-Holland~ Amsterdam, 1977 

[8~ Kreisel, G., __M°del-the°retic invariants: applications to recur siye and hypera- 
rithmet!c operations , Proc. Symp. on the Theory of Models~ North-Holland, 
Amsterdam, 1965 

[9~ Liskov~ B.H., Zilles, S.N.; Programmin$ with abstract data t$~es, SIGPLiN Noti- 
ces 6~ 1974 

~0] Mac Lane, S., Cate$oriesfpr working mathematician~ Sorin~er, Berlin, 1971 

~ Majster, M.E.~ Data , t)~es~ abstract data t~v~es and their s~ecification problem, 
Theoretical Computer Science 8~ 89-127~ 1979 

~2] Morris, F.L., Types are not sets, Proc. ACM Symp. On the Principles of Program- 
ming languages, 120-124, 1973 

[13~ Rogers, H., Theory of recursiye functigns an d effective computability! , Mc Oraw 
Hill Book Co, New York, 1967 

~4] Standish, T.A., Data structures: an axiomatic approach, in "Current trends in 
programming methodology" (R.T. Yeh ed.)~ vol.lV, Prentice Hall, 1978 

~5~ Zilles, S.N., Al~ebraic specification of data types, Project MAC Progress Rep. 
II~ MIT, Cambridge, Mass.~ 1974 

~6] Wand, M., Final algebra semantics ' and data type extensions , Indiana University, 
Comp. Sci. Dept., Tec. Rep. n.65; 1977 

Acknowledgments: we whis to thank M. Wirsing, for having stimulated a comparative 
analysis of various formalizations of "abstract data types"~ and for helpful discus- 
sions about the notion of "recursiveness" of abstract data types. 


