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Abstract. We prove that the boundary of a polycube (finite union of
integer unit cubes) has always a tiling by foldable dominoes (two edge-
adjacent unit squares on the boundary). Moreover, the adjacency graph
of the unit squares in the boundary of a spherical polycube has a Hamil-
tonian cycle.

1 Introduction

Polyominoes (finite and simply-connected union of unit squares in the plane)
have been introduced in the sixties by S. Golomb [1]. Some natural questions
arise for polyominoes:

– How many different polyominoes can be build with n squares? [17, 18, 20, 2]
– Is it possible to tile the plane (or a rectangle) with a given set of polyominoes?

[14, 15, 16, 19, 21, 7, 23, 24, 25, 26, 3]
– Is it possible to tile a given polyomino with a given set of polyominoes? [4]
– How many different ways to do that? [22, 2]

All these questions have been studied by several authors as mentioned. To solve
the third question below, J.H. Conway and J.C Lagarias [5] introduced a new
point of view. They encoded the boundary of a polyomino by a word and ob-
tained some important properties by using algebraic considerations of this word.
In his paper, W. Thurston using this idea has shown that we can tile in linear
time a polyomino by dominoes (two edge-adjacent unit squares). Successively,
many authors have extended this tools: T. Chaboud [6], R. Kenyon [7], J.C.
Fournier [8], K. Ito [9], N. Thiant [10], E. Remila [11] and myself with M. Lat-
apy [12]. We introduce here 3-dimensional extension of the notion of polyominoes
and another way to deal with, considering a set of “squares” drawn on a surface
of R

3. In particular, we study the boundary of a spherical polycube (finite union
of unit cubes which is a topological ball). In a first section, we prove that the
boundary of a polycube can always be tiled by foldable dominoes (i.e. a couple of
edge-adjacent and not necessarily coplanar unit squares). In the second section,
we show a new criterion of graphtheoretical h-connectivity and prove that the
adjacency graph of external unit squares of a spherical polycube admits a Hamil-
tonian cycle. We deduce this result from a famous theorem of W. Tutte [13]. Let
us now introduce our definitions.

A. Kuba, L.G. Nyúl, and K. Palágyi (Eds.): DGCI 2006, LNCS 4245, pp. 630–638, 2006.
c© Springer-Verlag Berlin Heidelberg 2006



How to Tile by Dominoes the Boundary of a Polycube 631

2 Definitions

All objects that we consider in the sequel are built from the nodes of the lattice
Z

3. A 3-cell (unit cube) in position (i, j, k) is the set:
{
(x, y, z) ∈ R

3; i ≤ x ≤ i + 1, j ≤ y ≤ j + 1, k ≤ z ≤ k + 1
}

.

With this definition, a polycube is a finite union of 3-cells. Two other classical
objects are 1-cells (unit edges) and 2-cells (unit squares). A 1-cell (resp. 2-cell)
is a face of dimension 1 (resp. of dimension 2) of a 3-cell. For instance the set{
(1, 0, z) ∈ R

3; 2 ≤ z ≤ 3
}

is a 1-cell and the set
{
(3, y, z) ∈ R

3;−1 ≤ y ≤ 0, 2 ≤ z ≤ 3
}

is a 2-cell. Naturally, we generalize the notion of domino in the following way:
A domino is the union of two 2-cells sharing a 1-cell which is called inner edge.
We say that the boundary of a polycube can be tiled by dominoes if and only
if it is possible to cover without overflow nor overlap (i.e. the intersection of
two dominoes is of dimension 1) this boundary with dominoes. In other words, a
polycube can be tiled by dominoes if there exists a complete tiling of its boundary
with non overlapping dominoes.

We denote by GZ3 the non directed graph such that the vertex set is V (GZ3) =
Z

3 and the edge set E(GZ3) is:

{{v, v′} ; v ∈ V, v′ ∈ V and d (v, v′) = 1)}

where d denotes the Euclidian distance in R
3.

We notice that the 1-cells are in one-to-one correspondence with the edges of
the graph GZ3 .

Let P be a polycube and f be a 2-cell, f is an external 2-cell of P if and only
if f belongs to exactly one 3-cell of P . The union of the external 2-cells of P is
the topological boundary of P . We denote it by ∂P .

Now, the graphtheoretical boundary of P , denoted by ∂PG , is the graph whose
vertices are the external 2-cells and such that {e1, e2} is an edge of ∂PG if and
only if:

– the 2-cells e1 and e2 share a 1-cell a.
– the 3-cells c1, c2 of P which contain respectively e1 and e2 do not verify

c1 ∩ c2 = a .

This second condition asserts that a 1-cell is the inner edge of at most one
domino.

3 Tiling on the Boundary

Let H be the convex hull of all the permutations of the vector (−1,−1/2, 0,
1/2, 1) and P be the image of H under the canonical projection π : (x1, x2, x3,
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x4) �−→ (x1, x2, x3). P is a permutohedron (see fig.1). It is known that P tiles
the space. Let T be the tiling of the space by translated copies of permutohedra
which has a permutohedron centered on the origin (see fig. 2). Let E be the 1-
skeleton (the union of its 1-cells) of this tiling. The set E allows us to bijectively
associate each 3-cell c to a hexagon (c ∩ E ) in such a way that two hexagons
share a 1-cell if and only if their associated 3-cells share a 2-cell. In a sense, we
build a derived cellular complex.

Fig. 1. A centered permutohedron

More explicitly, we can define E from the following 16 points (on the top of
the figure):

p1 = (−1/2, 0, 1), p2 = (1, 1/2, 0), p3 = (1/2, 1, 0),
p4 = (−1, 0, 1/2), p5 = (1, 0, 1/2), p6 = (−1, 1/2, 0),
p7 = (0, 1, 1/2), p8 = (−1/2, 1, 0), p9 = (1/2, 0, 1),
p10 = (−1,−1/2, 0), p11 = (−1/2,−1, 0), p12 = (0, 1/2, 1),
p13 = (1/2,−1, 0), p14 = (1,−1/2, 0), p15 = (0,−1/2, 1),
p16 = (0,−1, 1/2).

First of all, we build the following four hexagons:

h1 = [p5, p9] ∪ [p9, p12] ∪ [p12, p7] ∪ [p7, p3] ∪ [p3, p2] ∪ [p2, p5]

h2 = [p12, p7] ∪ [p7, p8] ∪ [p8, p6] ∪ [p6, p4] ∪ [p4, p1] ∪ [p1, p12]

h3 = [p5, p9] ∪ [p9, p15] ∪ [p15, p16] ∪ [p16, p13] ∪ [p13, p14] ∪ [p14, p5]

h4 = [p1, p4] ∪ [p4, p10] ∪ [p10, p11] ∪ [p11, p16] ∪ [p16, p15] ∪ [p15, p1] .

Then, using the following map t from Z
3 to {1, 2, 3, 4}:

t ((a1, a2, a3)) =

⎧
⎪⎪⎨

⎪⎪⎩

1 if a1 + a3 and a2 + a3 even
2 if a1 + a3 odd and a2 + a3 even
3 if a1 + a3 even and a2 + a3 odd
4 if a1 + a3 and a2 + a3 odd
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We can write: E =
⋃

(a1,a2,a3)∈Z3
τ(a1,a2,a3)h

t((a1,a2,a3)) where τ(a1,a2,a3) denotes

the translation of vector (a1, a2, a3) (see fig. 2). As we have done for the bound-
ary, we can put a structure of graph on E . The vertices of EG are the vertices of
all the hexagons. Let v and v′ be two vertices of EG , the set {v, v′} is an edge of
EG if and only if the segment [v, v′] belongs to a hexagon.

Fig. 2. Space tiling by permutohedra

In the following theorem, we deal with the natural bicoloration of the 3-cells.
In order to do that, we recall that the adjacency graph of the 3-cells is bipartite
and so, we can partition its vertices (3-cells) into two classes: the white 3-cells
which are those in position (i, j, k) where i + j + k = 0 mod 2 and the black
3-cells which are the others. Moreover, we color each edge e of EG in blue if e
belongs to a cycle of length 4, otherwise we color the edge in yellow (see fig 3.).
This is the cycle edge-coloration.

We notice that all the permutohedra of the tiling are colored identically.
The set E ∩ ∂P is composed by the edges of the hexagons of E “visible” on

the boundary of P . Let G be the graph whose edges are the edges of EG . We
denote by (E ∩ ∂P )G the graph where we have split each vertex of degree 4, in
two new vertices of degree 2 in the following way: if a vertex v has degree 4, it
is the middle of a 1-cell which is the intersection of two 3-cells c1 and c2. In the
new graph, the 1-cells of c1 linked to v are now linked to v1 and the 1-cell of c2

are now linked to v2 (see fig. 4).
We have the following theorem:

Theorem 1. For every polycube P , the graph (E ∩ ∂P )G is a union of disjoint
elementary cycles of even length (fig. 5).

Proof. By definition, each edge a of (E ∩ ∂P )G belongs to exactly one 3-cell c of
P . We are going to define from the bicoloration of the 3-cells and the coloration
of EG , a new coloration in green and red for the edges of EG ∩ ∂PG as follows:
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Fig. 3. Coloration of the edges (in bold, the blue edges)

V V1

V2

Fig. 4. Split of the vertex v

– if the 3-cell c is black and a is yellow (resp. blue) then a is red (resp. green)
for the new coloration.

– if the 3-cell c is white and a is yellow (resp. blue) then a is green (resp. red).

Then, Two adjacent edges e1 and e2 have always different colors. Indeed, if they
belongs to a same 3-cell, it is clear. Otherwise, they belongs to different 3-cells
sharing a 1-face f . We denote by e the edge belonging to f . Clearly, e1 (resp.
e2) has not the same color than e for the cycle edge-coloration. So, e1 and e2

have the same color for the cycle edge-coloration. As they belongs to adjacent
3-cells, it follows that they have different colors for the new coloration. Finally,
this graph is 2-regular, the theorem is proved.

Corollary 1. The boundary of a polycube P is tilable by dominoes.

Proof. As (E ∩ ∂P )G admits a perfect matching, by duality edge-vertex, ∂P
admits a tiling by dominoes. Actually, there are at least 2c different tilings
where c is the number of even cycles on the boundary. Indeed, there is at least
two different ways to tile the squares covered by each even cycle.
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Fig. 5. Even cycles on the boundary of a polycube

4 Graphtheoretical h-Connectivity Conditions and Main
Theorem

Let us recall that a graph G is h-connected if the deletion of every set of h − 1
vertices does not disconnect G. Let X be a subset of vertices of G. We denote by
Γ (X) the set of adjacent vertices of X . We give in this section a new criterion
of graphtheoretical h-connectivity which uses only connected subgraphs of G.

Theorem 2. (Sufficient condition of graphtheoretical h-connectivity). Let G be
a connected graph such that for every 1 ≤ i ≤ h−1 and every connected subgraph
induced by a set X of i vertices, the graph induced by Γ (X)\X is connected, then
G is h-connected.

Proof. Let G be a graph verifying the previous hypotheses and let us suppose
that there exists a set D = {v1, ..., vh−1} which disconnects this graph. Let p, q
be two vertices which do not belong to the same connected component of G\D.
There exists in G a path:

C = ({p = s1, s2}, ..., {sk−1, q = sk})

linking p and q such that:

I = min
1≤i≤k−1

{i such that si /∈ D and si+1 ∈ D}

is maximal. Let

J = min
I+1≤i≤k

{i such that si−1 ∈ D and si /∈ D} ,

then sI+1 and sJ−1 belong to the same connected component D′ of the subgraph
induced by D. From the hypotheses, the graph induced by Γ (D′) \D′ contains a
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path C′ = ({sI , s
′
2}, ..., {s′m−1, sJ}) linking sI and sJ . This path has no vertex

belonging to D. So, the path

({p, s2}, ..., {sI−1, sI}, {sI , s
′
2}, ..., {s′m−1, sJ}, {sJ , sJ+1}..., {sk−1, q})

links p and q. This is in contradiction with the maximality of I.

A separating set of a graph G is a set of vertices of G whose deletion disconnects
G. We have the following variant of the theorem 2:

Theorem 3. (graphtheoretical h-connectivity criterion for the graphs having a
minimum separating set which is connected). Let G be a graph having a minimum
separating set which is connected. Suppose that for every 1 ≤ i ≤ h−1 and every
connected subgraph induced by a set X of i vertices, the graph induced by G\X
is connected, then G is h-connected.

Proof. Let us suppose that there exists a minimum connected separating set
D = {v1, ..., vh−1} for G. Let p, q be two vertices which do not belong to
the same connected component of G\D. There exists in G a path C = ({p =
s1, s2}, ..., {sk−1, q = sk}) linking p with q and this path uses at least one vertex
of D. Let sI be the first vertex of C such that sI+1 ∈ D and sT the last vertex
of C such that sT−1 ∈ D . As sI and sT belong to G\D, there exists a path C′

linking sI and sT . This path has no vertex belonging to D. So, we obtain a path
linking p and q. This is a contradiction.

Now, let us come back to the boundary of a polycube. In fact, to solve our
problem, we deal with a variant of this criterion.

Let F be a set of external 2-cells of a polycube P , we denote by NT (F ) the
set of all external 2-cells which touch F .

Lemma 1. Let G be the adjacency graph of the external 2-cells of a polycube,
then for every i, 1 ≤ i ≤ 3, and every topologically connected subgraph F with i
2-cells, the graph induced by NT (F ) \F is connected.

Proof. To disconnect the boundary, a connected subset S has to contain a closed
curve which is non contractible on S (It separates the components). Clearly, this
is not possible with less than four 2-cells.

Corollary 2. The graph ∂PG is 4-connected.

Proof. Let P be a polycube verifying the previous hypotheses and let us suppose
that there exists a set D = {v1, v2, v3} which disconnects it. Let p, q be two exter-
nal 2-cells which do not belong to the same topological connected component of
∂P/D. There exists in ∂PG a path C = ({p = s1, s2}, ..., {sk−1, q = sk}) linking
p and q such that I = min

1≤i≤k−1
{i such that si /∈ D and si+1 ∈ D} is maximal.

Let
J = min

I+1≤i≤k
{i such that si−1 ∈ D and si /∈ D} ,



How to Tile by Dominoes the Boundary of a Polycube 637

then sI and sJ belong to the same topological connected component D′ of the set
D. From the Lemma 1, NT (D′) \D′ contains a path C′ = ({sI , s

′
2}, ..., {s′m, sJ})

linking sI and sJ . This path does not have any vertex belonging to D. Then,
the path

({p, s2}, ..., {sI−1, sI}, {sI , s
′
2}, ..., {s′m, sJ}, {sJ , sJ+1}..., {sk−1, q})

links p and q. This is in contradiction with the maximality of I.

Lemma 2. Let P be a spherical polycube, then the graph ∂PG is planar.

Proof. By definition, we can represent this graph on a sphere. It suffices to do a
stereographic projection from the center of a 2-cell of the polycube.

Theorem 4. The adjacency graph of the external 2-cells of a spherical polycube
has a Hamiltonian cycle.

Proof. This graph is 4-connected and planar. So, the Theorem of Tutte [13]
asserts that there exists a Hamiltonian cycle.

Let us notice that the theorem 3.2 is an easy consequence of this result. Indeed,
we have a even number of external 2-cells. So, we can split the Hamiltonian
cycle into couples of adjacent external 2-cells. This clearly involves a tiling of
the boundary by dominoes.

Now, let us generalize this statement. We consider a sphere S subdivided into
simply connected subsets called cells such that:

– each cell has four neighbors.
– two non-disjointed cells share a simple arc of curve.

We call this cellular complex a 4-regular subdivision of the sphere. So, the adja-
cency graph of a 4-regular subdivision of the sphere is without loop nor multiple
edge. Moreover, it is 4-regular.

Lemma 3. Less than 4 cells can not disconnect the sphere.

Proof. It is clear that one or two cells can not disjointed the sphere. Let C be the
union of 3 connected cells which disconnects the sphere. Let T be the adjacency
graph of one of the connected components of S \C. The sum of the degree of T
is 4n − 3 (n the number of vertices of T ) which obviously can not be equal to
2m (m the number of edges). By contradiction, we have the lemma.

Theorem 5. The adjacency graph of the cells of a 4-regular subdivision of the
sphere has a Hamiltonian cycle.

Proof. This graph is 4-connected and planar. So, the Theorem of Tutte [13]
asserts that there exists a Hamiltonian cycle.

Remark 1. The proofs of Theorem 4.6 and 4.8 do not provide any hint to algo-
rithmically build the Hamiltonian cycle. This problem seems to be NP-complete
as in the general case.

Conjecture 1. The adjacency graph of the external 2-cells of a connected poly-
cube has a Hamiltonian cycle.
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