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Abstract. Graph pyramids are often used to represent an image with
various levels of details. Generalized pyramids have been recently defined
in order to deal with images in any dimension. In this work, we show
how to use generalized pyramids to represent 3D multi-level segmented
images. We show how to construct such a pyramid, by alternating seg-
mentation and simplification steps. We present how cells to be removed
are marked: by using an homogeneous criterion to mark faces and the
cell degree to mark other cells. When the pyramid is constructed, the
main problem consists in retrieving information on regions. In this work,
we show how to retrieve two types of information. The first one is the
low level cells that are merged into a unique high level cell. The second
one is the inter-voxel cells that compose a given region.

Keywords: Irregular image pyramid, Inter-voxel elements, Generalized
map, Hierarchical segmentation.

1 Introduction

To segment an image consists in partitioning this image into homogeneous con-
nected regions given a criterion. A classical approach to region segmentation is
the split-and-merge method and all its variants: a bottom-up approach [1,2] con-
sists in taking small regions and merging them into bigger and bigger regions;
a top-down approach [3, 4] is the opposite one, starting from big regions and
cutting them into smaller and smaller regions; a mixed approach [5, 6] consists
in combining the two previous ones.

For bottom-up approaches, it is important to be able to extract information
on regions (for example mean, variance, . . . ), and to be able to retrieve adja-
cent regions of a given region. Graph based structures allow to retrieve such
information, and this is why they are often used in image processing. However
such structures have several drawbacks: they do not represent all the topological
information and all the cells (the volumes representing the regions of the image
and the faces, edges and vertices composing the region boundaries).

To solve these problems, structures based on combinatorial maps have been
defined [7, 8]. These structures have several advantages over graphs:
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– they represent topological information, such as multi-adjacency or inclusion
relations;

– they represent all the cells of the represented objects, and not only the regions
as in the region adjacency graph;

– they allow to retrieve inter-voxel elements that composed the regions of the
image and thus allow to compute geometrical features;

– they allow to compute topological characteristics of image regions.

Moreover, it is often necessary to represent a same image with different
segmentation levels. For that, classical structures are extended in hierarchical
structures [9, 10] in order to be able to represent a same object with different
resolutions. In this work, we use a 3-G-map pyramid in order to deal with a
3D multi-level segmented image. Considered images are in grey level, and the
segmentation method is a bottom-up approach based on a very simple criterion
that uses the squared error.

The 3-G-map pyramid used in this work is similar to the one presented in [11].
With this structure, we represent various partitions of a same image as well
as links between the levels in order to be able to run through the pyramid.
Moreover, each cell and each adjacency and incidence relation are represented
for each different level. This information allows multi-level operations, such as
for example a local modification of a region at a given level, with propagations
on neighbor levels in order to keep the coherence of the structure.

In order to compute topological or geometrical features on regions of the
image, it is often necessary to retrieve:

– which regions of a fine segmentation (a segmentation composed of many
small regions) were merged in a unique region at a higher level in the pyra-
mid;

– inter-voxel elements in the initial image that composed a given cell of a given
region in the pyramid (e.g. the voxels of a region or the surfels of a face).

In this work, we show that this information can be retrieved in the 3-G-map
pyramid by using the notion of generalized cells (particular cases of generalized
orbits defined in [12]). The main result of this work is the definition of the
algorithms which allow to retrieve all the information concerning a given region.

This paper is organized as follows. Section 2 provides some recalls about pyra-
mids of n-dimensional generalized maps and about the notion of generalized cells.
In section 3 we examine the construction of the n-G-map pyramid representing
different segmentation levels of a same image in grey level. In section 4 we show
how to retrieve voxels and inter-voxel elements which compose a region at a
higher level. Conclusion and further issues are discussed in section 5.

2 Recall: Pyramid of n-Dimensional Generalized Maps
and Generalized Cells

An n-dimensional generalized map (n-G-map) allows to represent the topology
of n-dimensional objects. For example a 3-G-map can represent the topology of
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a 3D image. An n-G-map is a set of abstract elements, called darts, together
with n + 1 involutions defined on this set of darts (an involution f on a finite
set S is a one to one mapping from S onto S such as f = f−1). Each involution
αi represents an adjacency relation between i-dimensional cells (c.f. Fig. 1 and
definition in [13]).

The different cells of an image such as pointel, linel, surfel and voxel (or in
general vertex, edge, face and volume corresponding to 0, 1, 2, and 3-dimensional
cells) are implicitly represented as subset of darts by using the orbit notion.
Intuitively, an orbit < f1, . . . fk > (d) is the set of darts that we can reach by a
breath first search algorithm starting from d and using any application fi or f−1

i .
Each i-cell is defined by a particular orbit in n-G-maps, using all the involutions
except αi (see [13] for definition of i-cells).

The degree of an i-cell c is the number of distinct (i + 1)-cells incident to c.
For example, the degree of a vertex v is the number of edges incident to v. The
local degree of an i-cell c is similar to the degree but computed locally without to
run through the (i+1)-cells incident to c. So if an incident (i+1)-cell is incident
to c twice, it is considered as two (i + 1)-cells when we compute the local degree
of c.

The operation of cell removal (defined in [14]) removes simultaneously various
cells in an n-G-map. These cells can be removed if they respect two preconditions:
they have to be disjoint, and the local degree of each cell is two. For removing an
i-cell c, we delete the darts which form this cell and for each surviving neighbor
dart of c, we redefine the value of involution αi applied to c (see Fig. 1) in order
to jump over the removed cells.

A pyramid of n-G-maps is a hierarchical data structure composed of several
n-G-maps, where each map is a reduction deduced from the previous map (cf. de-
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Fig. 1. Example of a 3-G-map pyramid composed of four levels. At each level darts
are represented by black segments. Two darts linked by αi are in the same j-cell (with
j �= i) but in two adjacent i-cells. In this pyramid, level 0 is composed of 2 volumes,
level 1 is obtained by removing the face between the two volumes, level 2 is obtained
by removing edges e1, e2, e3 and e4, and level 3 is obtained by removing degree two
vertices v1, v2, v3 and v4. In level 2, the edges incident to d1 and d2 are adjacent and so
linked by α1. This link is deduced from those of level 1 which allow to go from d1 to d2

by jumping removed edge e3. This principle is recursive. Generalized face CG(2,0,3)(d)
(resp. CG(2,1,3)(d) and CG(2,2,3)(d)) corresponding to the grey face incident to dart d
at level 3 corresponds to the set of grey faces at levels 0 (resp.1 and 2).
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finition in [11]). In the particular case of a region growing segmentation method,
each n-G-map is deduced from the previous level by applying the general opera-
tion of cell removal. The choice of cells to remove depends on the application and
is the result of an external process. Fig. 1 illustrates an example of a 3-G-map
pyramid composed of four levels. An important property of this pyramid is that
a one to one mapping exists between the surviving darts of a level (the darts
which are not marked to remove) and the darts of the following level.

With an n-G-map pyramid it is possible to represent geometrical information
by adding attributes on cells such as vertex coordinates, or region colors. . . Then,
it is necessary to be able to retrieve this information which is generally kept in
the initial level.

The notion of generalized cell (particular case of generalized orbit defined in
[12]) allows to retrieve the set of the i-cells of a level which are concerned in the
formation of an i-cell c given at a higher level. This set of i-cells is composed of:

– i-cells which have been merged into c by removing incident (i − 1)-cells;
– i-cells incident to these (i − 1)-cells, which have been removed.

We note CG(i,l′,l)(d) the generalized i-cell at level l′ that corresponds to the i-
cell incident to dart d at level l. This generalized cell is a union of i-cells at level
l′ (see Fig. 1). The generalized cells of dimension 0, 1, 2 or 3 are respectively
named generalized vertices, edges, faces or volumes.

3 Presentation of the Pyramid

3.1 Choice of the Structure

In this work, we use a pyramid of 3-G-maps in order to realize a multi-level
segmentation of a 3D image. Indeed this structure have several advantages.

First, n-G-maps are defined for any dimension of the space, their definition
is homogeneous for all dimensions and so the operations defined above them
are generic (in particular cell removals). They allow to represent all the cells of
an image (not only the regions and their boundaries) as well as the incidence,
adjacency and inclusion relations.

Second, a pyramidal structure allows to keep in memory various segmentation
levels of the same image and so to work at the best level according to each
operation. Since the levels of such a structure are linked between them, it allows
to work simultaneously at various levels or to retrieve the set of regions of a fine
segmentation which have been merged into a region of a coarse segmentation.

To facilitate the retrieval of information in the pyramid, it is important to
simplify each segmentation level. This type of simplification is often used in 2D
with dual graph pyramids [15] and combinatorial pyramids [16]. To add a new
segmentation level, we propose to use three different steps:

– first, the merge of similar adjacent regions of the previous level;
– second, a first simplification of the boundary of each region by merging the

adjacent faces incident to two same regions;
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– third, the second simplification of the boundary of each region by merging
the adjacent edges incident to two same faces.

In the pyramid, these three steps are achieved by removing respectively the
faces, edges or vertices between the elements to merge. They are successively
applied and as many times as necessary. To represent a new segmentation level,
three pyramid levels are constructed and noted level 0, 1 and 2 (mod 3).

3.2 Construction of the Pyramid

The construction of a new 3-G-map is achieved by applying a removal kernel (see
[17] for all algorithms constructing a pyramid) based on the following principle:

– first, the cells to remove are marked. The choice of these cells depends on the
level we want to add. For example, to construct a level 0 (mod 3), the faces
separating two homogeneous regions according to a segmentation criterion
are marked;

– second, the new G-map is constructed by copying each surviving dart of the
previous level and by linking them by taking into account disappeared darts.

For all the levels, the method used to add a new level is the same. The unique
difference existing between the levels is the criterion used to mark the cells.

Marking Faces to Remove. Two adjacent regions have to be merged if their
union is homogeneous according to a criterion. In our application, the homo-
geneity of a region R is measured with the squared error which corresponds to
the sum of the square distance of each grey level to the mean grey level ν of R.
This criterion can be formulated with the moments of order zero, one and two
of a region:

EQ(R) = M2(R) − M0(R)ν(R)2

where M0(R) is the number of voxels contained in R, M1(R) is the sum of voxel
grey levels of R, M2(R) is the sum of squared voxel grey levels of R, and ν(R) =
M1(R)
M0(R) . Since the moments of the union of two regions can be incrementally
computed from the moments of both regions, the squared error can be efficiently
updated.

Two regions have to be merged if their union is homogeneous i.e. the squared
error of their union is inferior to a threshold T . Otherwise, their union is non-
homogeneous and both regions should not be merged.

To obtain coarser segmentations when we go up in the pyramid, the threshold
have to be increased with the levels (T l > T l−1 with l the level we want to add).
It is possible to compute a new threshold by multiplying the previous threshold
by a constant k (T l = T l−1 × k), or to use a different formula like T l = (T l−1)2

(if T l−1 > 1) depending on how we want the segmentation to evolve.
To merge all homogeneous regions, the algorithm scans twice the 3-G-map:

– it considers each face of the G-map and marks it to remove if it separates
two similar regions according to the homogeneity criterion;
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– it considers each not marked face and marks it if it separates two regions
which will be merged in the next level. This step is necessary to avoid inner
faces (i.e. faces inside a region).

Since face removal can lead to volume disconnection, a region inclusion tree is
added to each level (see [18, 19] for more details on disconnection problems and
possible solutions).

Marking Edges to Remove. In the first step of the boundary simplification,
the edges separating two faces between the same two regions (i.e. local degree
two edges) are removed. Edge removal can lead to face disconnection and object
disappearance (for example in Fig. 2-b the removal of edge e3 leads to a face
disconnection, and in Fig. 2-d the removal of edge e5 removes the representation
of the cube). A way to solve this problem is not to mark an edge if its removal
leads to a disconnection or a disappearance. Algo. 1 considers successively each
edge and marks it if:

– its local degree is two;
– its removing does not lead to disappearance;
– its removing does not lead to disconnection.

The two first points are realized by a direct test (achieved in O(1)), and the third
point is realized by running through an orbit (cost O(f) with f the number of
darts of the face). Note that this last test can be optimized by using a union-find
tree.

When an edge is marked to remove, the algorithm reconsiders possibly in-
cident edges. For example, in Fig. 2 we want to simplify the boundary of the
region represented by the cube. If we consider edge e3 before e4, we cannot mark
it since its removal leads to a face disconnection. Then, when we consider e4,
it is marked to remove, and we can see that edge e3 can now be marked to
remove without face disconnection. This is the reason why e3 needs now to be
reconsidered. Note that this case occurs only when the marked edge is adjacent
to a unique not marked edge. To solve this case, we just test both extremities of
the current edge after it was marked to remove. If a single not marked edge is
incident to an extremity, this edge is added to a list of edges to reconsider. Note
that an edge can be treated at most twice since an already treated edge can be
reconsidered only when it becomes the unique edge incident to a vertex.

Marking Vertices to Remove. In the second step of the boundary simplifi-
cation, the vertices separating two edges between the same two faces (i.e. degree
two vertices) are removed. In this step, it is important to test the degree and not
the local degree as for edges since the removal of a degree two vertex does not
lead to topological modification while the removal of a local degree two vertex
can lead to the disappearance of the object (in the case where the vertex is only
incident to a loop). Note that the vertex removal cannot lead to a disconnection,
and so this step is achieved directly without problem. Each vertex is successively
considered and marked to remove if its degree is two.
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Algorithm 1. Edge marking.
Data: G: a 3-G-map,
Result: G in which edges to remove are marked.
e← an edge of G ;
while e �= null do

// processing of edge e
if the local degree of e is 2 then

if the removing of e leads neither to disconnection nor disappearance
then

mark e to remove ;
foreach vertex v incident to e do

if it exists a single not marked edge e′ incident to v then
add e′ in list edge to treat ;

// choice of the next edge to treat
if list edge to treat is not empty then

e← the first of list edge to treat ;

else e← an edge of G not yet treated;
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Fig. 2. Example of boundary simplification for a cube. (a) The initial 3-G-map rep-
resenting a cube with a boundary composed of six faces. (b) The 3-G-map obtained
by removing local degree two edges e1, e6, e7, e8 and e9 from (a). (c) The 3-G-map
obtained by removing edge e4 from (b). (d) The 3-G-map composed of two vertices,
one edge and one face, which is obtained after simplification of the boundary.

3.3 The First Level

The whole pyramid is built starting from a first level, and thus the question
concerning the definition of this first level is important. Indeed, this level can
either represent each voxel of the image or represent a fine segmentation of
this image. Note that, in the first case, the best adapted structure in order to
represent a regular subdivision seems to be a matrix. For our application, we
have chosen the second possibility since the initial image is not the reality but
a discretization of it, and so it can contain noise. Moreover, in image analysis it
is usual to make a pre-segmentation before other steps.

To compute the first segmentation starting from the image, we have used here
a semi-supervised classification based on a histogram analysis, but any method
can be used. This first level is built in two scans of the image:
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– a first scan, in order to construct the histogram, and then the classes;
– a second scan, in order to construct incrementally the 3-G-map of the first

pyramid level. In this step, the voxels are added one by one to the G-map
and merged with these neighbor voxels if they are similar and already con-
structed.

After this first pyramid level, the construction of the next levels follows the
principle explained before: add both simplification levels and possibly other seg-
mentation levels until the desired result (or an image composed of a unique
region).

4 Retrieving Regions and Inter-region Elements

When we keep in memory various segmentation levels of a same image, we often
want to work simultaneously at various levels, or we want to run through the
same object at various levels. For a given cell c at a level, it is necessary to be
able to retrieve information: the cells of a lower level which have been merged
into c, and the inter-voxel elements which represent c in the image. With this
information, we are for example able to:

– modify the segmentation of a part of the image (at a given level) without
reconstruct all the levels. For that we modify a given region and propagate
the modifications in all the pyramid but only for concerned regions;

– compute geometric criteria, for example characteristics of face curvature by
using the surfels which compose it.

The notions of cells and generalized cells defined in an n-G-map pyramid allow
to retrieve this information.

4.1 Retrieving the Cells

Given a cell c at a particular level l, we want to retrieve all the cells at a lower
level that are merged into c at level l.

Volumes. For a given volume V , we want to retrieve the volumes at a lower level
which have been merged into V . The idea is to use generalized volumes. When
there is no disconnection, the result is directly given by the generalized volume
computed between the two considered levels. Otherwise, we need to make the
union of generalized volumes for each boundary of each volume obtained by the
initial generalized volume (each volume is represented by an external boundary
and possibly several internal boundaries, one for each cavity).

Algo. 2 gives the set of volumes at a given level which have been merged
into a volume V at a higher level. First, it computes the generalized volume
representing V at the lower level. The obtained set corresponds to the external
boundary of V . Second, the generalized volumes are computed for all the internal
boundaries.
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Algorithm 2. Retrieve volumes(d, l, l′).
Input: d: a dart of a volume V ;
l: the level containing V ;
l′: the level where we want to retrieve the volumes merged into V ;
Output: the set of volumes of level l′ which have been merged into V ;
Res← the volumes incident to CG(3,l′ ,l)(d) ;
foreach volume V ′ ∈ Res do

foreach internal boundary B of V ′ do
d′ ← a dart of B ;
Res← Res ∪ CG(3,l′,l)(d

′) ;

return Res ;

Faces. For a given face F , we want to retrieve the faces at a lower level which
have been merged into F . By using generalized faces, we obtain, by definition,
the faces which were concerned in the formation of F . As we can see in Fig. 3,
this does not give immediately the expected result since we obtain too many
faces. To solve this problem, we need to progressively go down in the pyramid

d d d

(a) (b) (c)

Fig. 3. Comparison between a generalized face and faces merged into a face. (a) Level
3 of the pyramid of Fig. 1. Face F is in grey. (b) and (c) Level 0 of the pyramid where
grey faces respectively correspond to CG(2,0,3)(d) and the ones merged into face F .

and add different cells depending on the current level. Algo. 3 computes the set
of faces of a given level l′ which have been merged into face F incident to dart
d at level l. Its principle is the following:

– if l ≡ 1 or 2 (mod 3), the set of faces which have been merged at the previous
level in order to form F is the set of faces given by CG(2,b−1,b)(d). Indeed,
the unique operations used to construct levels 1 or 2 (mod 3) are the edge
and vertex removal but not face removal. So by definition, the generalized
face gives us directly the set of faces which have been merged into face F ;

– otherwise, l ≡ 0 (mod 3). In this case, we cannot use the generalized face
since this level is obtained from the previous one by removing faces. Since
between both levels, only faces have disappeared, the surviving faces have not
been modified. Thus, to obtain the face corresponding to F at the previous
level, we only use the existing links between the darts of F and the darts of
the previous level.
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The algorithm stops when the current level is l′ and in this case there is only
one face incident to dart d.

Algorithm 3. Retrieve faces(d, l, l′).
Input: d: a dart of a face F ;
l: the level containing F ;
l′: the level where we retrieve the faces merged into F ;
Output: the set of faces of level l′ which have been merged into F ;
if l = l′ then return the face incident to d ;
if l ≡ 1 or 2 (mod 3) then

F ′ ← the faces incident to CG(2,l−1,l)(d) ;

else F ′ ← the face at level (l − 1) which corresponds to face F ;
foreach face f ∈ F ′ do

d′ ← a dart of f ;
Res← Res ∪ Retrieve faces(d′, l − 1, l′) ;

return Res ;

Edges. For a given edge E, we want to retrieve the edges at a lower level which
have been merged into E. We use exactly the same principle than for faces.
We use the generalized edge when the current level is 0 or 2 (mod 3) since the
unique operation used is the face removal or vertex removal, and we use the
links existing in the pyramid for level 1 (mod 3) in order to directly retrieve the
corresponding edge in the previous level.

Vertices. Since vertices cannot be merged in G-map pyramids, to retrieve the
set of vertices of a given level l′ which have been merged into a vertex V of a
higher level l, amounts to take the unique vertex V ′ at level l′ which corresponds
to V . In order to do that, we only use the bijective links allowing to go down
directly to level l′, and then use the classical orbit notion in this level.

4.2 Retrieving the Inter-voxel Elements

To retrieve the voxels of the image which have been merged into a given region,
or to retrieve the inter-voxel elements of an image which represent the boundary
of a given region, we use the previous algorithms.

To retrieve the surfels, linels and pointels which respectively represent the
faces, edges and vertices of the boundary of a region, it is enough to directly
apply corresponding algorithms of the previous section between level l of the
region and level 0. Indeed surfels, linels and pointels are directly represented in
our level 0 G-map.

To retrieve the voxels which have been merged into a given region R, we need
to:

– retrieve the regions of level 0 which have been merged into R by using Algo. 2;
– retrieve the surfels of these regions by running through their boundaries;
– use a classical flood-fill algorithm in order to reconstruct the voxels.



540 C. Grasset-Simon and G. Damiand

Retrieving voxels is more complex than for inter-voxel elements since voxels are
not represented explicitly in the first pyramid level.

5 Conclusion and Perspectives

In this paper, we have presented the construction of a 3-G-map pyramid in
the framework of multi-level segmentation of a 3D grey level image. Each new
segmentation level is deduced from the previous level in the pyramid by applying
a particular removal kernel which can use any homogeneous criterion. In order
to facilitate the information retrieval, this level is simplified, and thus each new
segmentation is represented by three successive levels in the pyramid. The first
level is the new segmentation. The second level is obtained by removing all the
degree two edges, and the third level is obtained by removing all the degree two
vertices. Additional constraints are added in order to guaranty that no adjacency
or incidence relation is lost during the simplifications.

We have shown how information can be retrieved in such a pyramid. We have
given algorithms that allow to retrieve, given a region of a particular level, any
cells that composed this region in a lower level. The methods used in these
algorithms are based on the generalized orbit notion, and on the links between
successive levels of the pyramid. When we are able to retrieve any cells between
any levels, it is then easy to retrieve inter-voxels elements since it is just a
particular case where the considered level is the first level of the pyramid.

Now, we want to study if it is possible to optimize the construction of the pyra-
mid in order to keep only one level for each new segmentation. This construction
is theoretically possible since the operation which removes simultaneously cells
of various dimensions is defined in [14]. But we need to study how the gener-
alized orbits can be used in such a case. Moreover, we are working to conceive
operations for handling this pyramid. A first interesting operation consists in
locally modifying a region at a given level and propagating the modifications
without re-computing all the levels. After that, many other operations can be
considered in order to propose a whole framework image processing.
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