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Abstract. Time-frequency representations (TFR) convey relevant information 
about systems that can not be obtained under stationary conditions. In this 
paper, a methodology to classify systems using the information obtained from 
time-frequency representations during transient phenomena is described and 
tested experimentally. The study includes an assessment of the features to be 
extracted from the TFR, which are relevant for the desired classification, as 
well as the construction of the appropriate discriminant functions using them. 
The methodology is tested by means of a biomedical example related to 
patient’s classification. 
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1   Introduction 

System classification can be done through the analysis of the signals they produce. 
When the analysis is to be done in the frequency domain, there are considerations that 
should be addressed. In the case of a signal whose spectral characteristics vary with 
time, if there is a need of knowing the spectral content of that signal for every time 
instant, in order to perform a dynamic spectral analysis, the use of a time-frequency 
representation (TFR) of that signal is commonly required. This dynamic 
representation of the spectral behavior can be obtained by processing signals through 
the time-frequency distributions (TFD). 

From the TFR of signals, a set of features can be extracted to characterize them. 
The selection of the most appropriated features depends mainly on the type of TFD 
used to process the signal, and the application where they will be employed. For those 
TFR that allow energetic interpretations, features values serve to estimate the form in 
which signal energy is locally distributed in the time-frequency (t-f) plane. For TFR 
computation, TFD from the Cohen group have been commonly assessed. The TFDs 
from this group of bilinear distribution have the general form  

∫ ∫ ∫
∞

∞−

∞

∞−

∞

∞−

−− −+= τθτθϕττϕ τππθ duddeuzuzeftC fjtuj
x

2*)(2 ),()2/()2/();,(  ,    (1) 



 System Classification by Using Discriminant Functions of Time-Frequency Features 921 

where z(t) is the analytic signal and ϕ(θ,τ) the kernel function, whose behavior in the 
(θ,τ) plane, or ambiguity domain, defines the general properties of the TFD 1. 

A typical TFR contains a large amount of information. To reduce this, features 
are extracted from particular zones in the t-f plane. The size and location of these 
zones are mainly defined according to the specific application. After computing the 
features, the selection of the suitable ones is a mandatory task in the classification 
procedures. 

To determine the feasibility of features for classification purposes, they must be 
evaluated in order to find their discriminatory possibilities. The combination of these 
selected features in discriminant functions allows system classification. 

All the process should be repeated in order to find the configuration with the 
greater amount of features with discriminatory possibilities. This process includes the 
selection of the appropriate TFD used to obtain the TFR, and the sizes and location of 
the proper zones in TFR from which the features will be extracted. 

This paper presents a methodology for system classification by using discriminant 
functions of statistical parameters of time-frequency features. Section two depicts the 
methodology proposed and describes the systems under classification. The methods 
used for the computation of TFR and its features, and the selection of statistical 
parameters and its combination, are also presented in this section. Section three shows 
the results of the system classification by following the proposed methodology. 
Finally, section four encloses the discussion of obtained results and resulting 
conclusions.  

2   Materials and Methods 

The global procedure followed to find the discriminant functions could be 
summarized in the following steps: 

1. Set initial configuration for TFR computation: TFD type and parameters, window 
type and parameters. 

2. Select zones of TFR to compute features: (depending on application) 
3. Extract features from TFR zones. 
4. Compute statistical parameters of features in selected zones. 
5. Select parameters for analysis of variance (ANOVA): normality and 

homogeneity test. 
6. Select parameters with discriminatory abilities: ANOVA and multiple 

comparisons. 
7. Select the setup for TFR computation according to the number of parameters with 

discriminatory abilities.   
8. Find combinations of parameters to form discriminant functions: LDA 
9. Test discriminant functions: Wilk’s lambda, Cross-validation. 

In the present work, the systems to be classified were patients with different blood 
pressure (BP) behavior and therefore different influence on their autonomic nervous 
system (ANS). ANS controls heart rate through its sympathetic and parasympathetic 
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branches. High blood pressure (HBP) can affects the performance of the ANS and, as 
a result, also influences the behavior of the heart rate variability (HRV) signal 2 3 4. 

Spectro-temporal features of HRV, derived from an appropriate TFR, were used in 
this example for the classification of patients with different BP behavior. Features 
selection was done according to the proposed methodology. 

2.1   Patients 

Patients under study belonged to one of three categories: hyperreactive (HR) that 
comprised individuals whose levels of cardiovascular response to the left-arm 
isometric exercise (LAIE) were greater than the limits set to the normotensive (NT) 
group, but lower than those set for the hypertensive (HT). HR group has been 
considered prone to develop HBP 5.  

The LAIE consists of three stages. During the first one, lasting two minutes, the 
rest stage, the patient sits relaxed with his hands on his legs. Then the effort stage 
begins, the patient extends his left arm horizontally with respect to the floor, while 
holding a 500 gram weight during two minutes. Finally, the patient releases the 
weight and put his left arm back to the rest position, keeping it that way for the two 
minutes that last this final recovery stage. The whole procedure lasts for six minutes. 

The group of patients comprised 27 individuals, all male. Subjects with health 
conditions that are known, or suspected, to cause autonomic disorders, such as 
diabetes, epilepsy and asthma, were excluded. 

Patients were selected according to confirmed diagnosis reached by a team of 
physicians after various studies and laboratory tests. The characteristics of the groups 
evaluated are shown in table 1. 

Table 1. Groups of patients 

Group Number of patients Age (m ± std), years 

Normotensive  (NT) 11 31.18 ± 5 

Hypertensive  (HT) 10 41.20 ± 7 
Hyperreactive (HR) 6 36.85 ± 12 

m: mean value, std: standard deviation  

2.2   TFD Configuration  

Spectral analysis of HRV is the recommended method when the study of the effect of 
one of the systems that modulates this signal through the ANS is needed 3. To 
highlight the influence of a particular system on the ANS, HRV is commonly 
obtained from electrocardiographic (ECG) records acquired during the execution of 
exercises 2 6, as in this case. Due to the non-stationary characteristics of such records, 
the use of time-frequency analysis (TFA) is the most suitable approach for HRV 
dynamic spectral analysis 1.  

In HRV studies, Wigner-Ville Distribution (WVD) and its smoothed versions have 
been commonly used 7–10. Choi-Williams distribution (CWD), a representative case 
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of the reduced-interference distributions (RID) group, have also been addressed 11. In 
this study TFR were obtained by using the Choi-Williams distribution,  
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where h(τ) is the frequency smoothing window or data window,  g(u) is the time 
smoothing window and z(t) is the analytic version of time signal x(t) 7. 

In (2), the parametrization function, or distribution kernel, ϕ(ν,τ), has the form 
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In this study, the value σ = 0.1 was used to favor interference reduction 12. 

2.3   Feature Extraction 

After computing the TFR of HRV, there were extracted instantaneous estimates of 
frequency, power and bandwidth from the LF band, 0.04 Hz to 0.15 Hz, and from HF 
band, 0.15 Hz to 0.4 Hz, as defined in 3 These features have been linked to the ANS 
in previous studies 2 3 6. Their values were computed from the moments and 
marginals of TFRs 1 7. A list of the TFR features evaluated in this study is presented 
in table 2. 

Table 2. TFR features evaluated in this study   

Feature  Meaning  
IF Instantaneous frequency 
IB Instantaneous bandwidth 
IP Instantaneous power 
PS Power spectral density 
E Local energy 

The feature vectors, containing the values computed for the whole record, were 
divided according to the three exercise stages. Stages 2, effort, and 3, recovery, were 
subsequently divided in sections where statistical parameters were computed. 

An appropriate configuration was elected after considering several alternatives. 
These involved different analysis windows, TFDs, and number of sections in which 
 



924 M. Mendoza Reyes et al. 

the stages of effort and recovery were divided. A preliminary selection of the 
configuration was made heuristically. 

The statistical parameters evaluated were: mean value, M, trimmed mean, TM, and 
standard deviation, SD. The values corresponding to the effort and recovery stages 
were normalized with respect to those corresponding to the rest stage, to reduce inter-
individual variations. 

The names of the parameters were formed by appending the numbers of the 
corresponding stage and section, in that order, to the name of the feature. For 
example, L_H31SD represents the standard deviation of the values of the 
instantaneous LF to HF bands power ratio, computed for the first section of the 
recovery stage. MATLAB toolboxes were used for TFR computation and feature 
extraction 13. 

2.4   Parameter Selection 

For each evaluated configuration the parameters with higher probability to 
discriminate patients, according to the group to which they belonged, were searched. 
One-way ANOVA was used to determine if the parameter under test was significantly 
different in the groups evaluated, p<0.05. Previously to ANOVA analysis, these 
parameters were analyzed to ensure distribution normality and homogeneity of 
variances. Anderson-Darling test and Levene’s test were used, respectively, for these 
purposes 14. 

Parameters selected, according to ANOVA results, were further evaluated by using 
the Tukey-Kramer’s multiple comparisons test, to investigate their possibilities for the 
discrimination of at least one group from the others. Statistical processing was 
performed with SPSS 15. 

2.5   Discriminant Analysis 

Linear discriminant analysis (LDA) was performed in order to find functions fi(pk) of 
the N previously selected parameters pk, suitable for the classification of patients. 
These functions have the form, 
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where  
i =1..G-1, is the function number, 
G = 3, is the number of groups, 
aik: are the function coefficients. 
 
The Mahalanobis distance in a stepwise analysis was used to obtain the functions. 

A significance level p<0.05 was selected for the inclusion of parameters. Functions 
were tested using leave-one-out cross-validation, a process in which every case is 
classified by using discriminant functions obtained from the rest of them.  
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3   Results 

3.1   TFD Configuration Selection 

Among the different configurations assessed to obtain the TFR, the one that used the 
CWD with Gaussian windows and six sections per stage had the greater amount of 
parameters with discriminatory possibilities, p < 0.05. The list of parameters and the 
corresponding p vales are shown in table 3. 

According to multiple comparisons tests, none of the listed parameters was able to 
differentiate every group from the rest. For example, parameter L_H31SD, the standard 
deviation of the power ratio in the first section of recovery stage, was significant different 
for the group HT, but it could not discriminate the groups NT and HR. Figure 1  
shows the time progression of this parameter during the effort ant recovery stage. 

Table 3. Parameters selected according to established criteria  

Parameter p 
L_H31SD 0.002 
IPL31M 0.006 
IPL31MT 0.009 
IFH31DSD 0.012 
L_H32DSD 0.015 
IPL31SD 0.017 
IFL34DMT 0.034 
IFH22DMT 0.036 
IFL26SD 0.038 
IFL34DM 0.039 
IFH22DM 0.040 
IFL35DM 0.047 

1 2 3 4 5 6 1 2 3 4 5 6
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Fig. 1. Time progression of the parameter L_HSD 

3.2   Discriminant Functions 

Two discriminant functions were obtained from the set of selected parameters. The 
coefficients are shown in table 4. 
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Table 4. Coefficients of discriminant functions 

Coefficients k pk 
a1k a2k 

0 (constant)  2,075 -0,996 
1 L_H31SD  0,114  0,270 
2 IFH31DSD  162,845  37,339 
3 IFL34DMT  157,605 -23,029 
4 IFH22DMT -917,906  756,490 
5 IFL26SD -290,709  14,561 
6 IFH22DM  832,625 -763,422 
7 IFL35DM  75,769 -64,371 

The feasibility of the use of discriminant functions for the classification of different 
cases was tested by determining Wilks’ Lambda and significance value, Sig, table 5. 

Table 5. Discriminant functions evaluation 

Function  Wilks’ Lambda  Chi-square df Sig. 

1 through 2 0.051 62.351 14 0.000 

2 0.407 18.861 6 0.004 

The low value of Wilks’ lambda, below 0.1, and the null value of significance, 
confirmed that the mean values of the functions were different for the groups, and 
proved the sufficiency of their application as discriminant functions. Figure 2 shows 
the scatter plot of the cases, classified by using the discriminant functions. 
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Fig. 2. Scatter plot for all groups 

To get a more realistic evaluation of discriminant functions, leave-one-out cross-
validation was performed; table 6 shows the results of this evaluation. 
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Table 6. Classification results with original cases and cross-validated evaluation  

 
 

 Predicted Group 
Membership 

 

   group NT HT HR Total 
NT 11 0 0 11 
HT 1 9 0 10 cases 
HR 0 0 6 6 
NT 100.0 0.0 0.0 100.0 
HT 10.0 90.0 0.0 100.0 

Original 
Data 

  
% 

HR 0.0 0.0 100.0 100.0 
NT 10 1 0 11 
HT 3 7 0 10 cases 
HR 0 0 6 6 
NT 90.9 9.1 0.0 100.0 
HT 30.0 70.0 0.0 100.0 

Cross-
Validated 

 
% 

HR 0.0 0.0 100.0 100.0 

The difference between classification results obtained with original data from those 
of cross-validation is satisfactory according to the sample size. This suggests that the 
number of predictors accounted in the discriminant functions is acceptable. 

4   Discussion and Conclusions 

Due to the great amount of parameters that can be extracted from a TFR, the search of 
the appropriate features for classification purposes should be done through a 
combination of techniques.  

The proposed methodology contributed to control the amount and quality of 
parameters with discriminatory abilities. The appropriate selection of feature 
parameters benefits dimensionality reduction, which is an almost obligatory process 
in the case of TFR analysis, due to the high dimensionality of the data to be 
processed. 

The discriminant functions, obtained by following the proposed approach, gathered 
the most appropriate statistical parameters of spectro-temporal features of the signal 
used to represent the systems under study. 

Cross-validation should be used to confirm classification results obtained with the 
discriminant functions. This procedure generates more realistic results, and is 
particularly useful if the number of available cases is small. 
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