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Abstract. In this paper, we show that the optimisation of density forecasting
models for regression in machine learning can be formulated as a multi-objective
problem. We describe the two objectives of sharpness and calibration and sug-
gest suitable scoring metrics for both. We use the popular negative log-likelihood
as a measure of sharpness and the probability integral transform as a measure of
calibration.To optimise density forecasting models under multiple criteria we in-
troduce a multi-objective evolutionary optimisation framework that can produce
better density forecasts from a prediction user’s perspective. Our experiments
show improvements over the state-of-the-art on a risk management problem.

1 Introduction

Regression is a supervised learning problem where the fundamental task is to predict
some continuous variable. Density forecasting is an important subfield of regression
that attempts to tackle the practical problem of uncertainty in predictions of a regres-
sion model. To achieve this, a density forecast estimates a complete probability density
for the target variable. This is useful primarily because prediction users are generally
sensitive to the possible variance around a prediction.

Typically, density forecasting models use a generalisation of maximum likelihood
called negative log-likelihood (NLL). This is due to the convenience of being able to
use traditional non-linear optimisation techniques such as conjugate gradient or quasi
Newton with minimal adaptations. However, optimising on NLL alone will often result
in poor and sometimes misleading density forecasting models [1]. Research suggests
that these problems can be identified post training by evaluating the empirical validity
of probability estimates [2,3,4], a property of these models that is commonly called
calibration. We argue that a better way to solve this problem is to directly optimise
calibration during training and outline a general framework that will allow this to be
achieved for most existing density forecasting techniques.

In this paper, we propose scoring functions for maximising sharpness and calibration
and develop a general framework for optimisation of these two objectives. Sharpness
refers to the variance of the prediction around the observation and calibration refers
to the empirical validity of the probability estimates (see Section 2). In Section 3 we
outline our broad framework based on a multi-objective evolutionary algorithm and de-
scribe two different example implementations. In the first, we adapt an Evolutionary
Strategy [5] to a multi-objective search method [6] to calibrate a GARCH type model
[7]. In the second example we combine a Mixture Density Network [8] with Evolu-
tionary Artificial Neural Networks [9] and Pareto Neural Networks [10] to create a
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Pareto Mixture Density Network [11]. Section 4 compares results achieved on foreign
exchange data between the state-of-the-art and proposed methods. Finally, Section 5
briefly concludes the paper.

2 Goals of Density Forecasting

We address the regression problem of estimating the parameters for a model given a set
of training data {(xi, ti)}m

i=1, where the ith example is described by the pattern xi ∈ �n

and the associated response ti ∈ �. Point forecasting attempts to estimate, 〈ti|xi〉,
the conditional mean of the target variable given an input pattern. Density forecasting
models attempt to estimate, p(ti|xi), the conditional probability density that the target
is drawn from, a considerably more complex task1. The NLL addresses the goal of
minimising variance around the target by rewarding models based on the density of the
prediction at the target (sharpness).

NLLi = − log(p(ti|xi)) (1)

Calibration, the second goal, refers to the property that if a predicted density function
suggests P percent probability of occurrence, the event truly ought to have probability
P of occurring [12]. This is a joint property of the target and the predictions. Unfortu-
nately, the assessment of calibration is less straightforward than sharpness.

Diebold et al. [3] show that to adequately assess calibration in a regression scenario it
is necessary to make the assumption that you are attempting to find the model that cor-
rectly describes the data generating process. It is fair to make this assumption because
the correct model weakly dominates all other models. In the case where the correct data
generating process is described, the set of cumulative densities at the observations will
be uniform. Therefore, to determine calibration you must carry out the following,

zi =
∫ ti

−∞
p(u|xi)du (2)

where zi is the cumulative of the predicted density at the target ti. This is known as
the Probability Integral Transform (PIT)[13]. For a data set of length m, this z series

should be {zi}m
i=1

iid∼ U [0, 1].
We know zi ∈ [0, 1] because it is a value from a cumulative density. Therefore, a

test for calibration relates directly to a test for whether the z series is U [0, 1]. A useful
method for discerning the calibration of a model is to plot a PIT histogram of the z
series. For example, in [2,3] PIT histograms are used to assess calibration of a model
post training. However, this requires visual assessment, it would be more desirable to
have a means of ranking a set of models in terms of their uniformity. Fortunately, this
is a common problem and relates to testing the goodness-of-fit of a sample of data to
a specific distribution. Noceti et al. [14] compared a number of goodness-of-fit tests
and concluded that the Anderson-Darling (A2) [15] test was the most robust among the

1 Prediction interval estimation is a popular approach to predicting uncertainty. This is a sub-
class of density forecasting where only a particular interval of predicted density is reported.
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most common tests for uniformity. The A2 test is negatively oriented returning 0 in the
case where a model is perfectly calibrated to the data. The formula for A2 is:

A2 = −m − 1
m

m∑
j=1

(2j − 1)[log(zi) + log(1 − zm−j)] (3)

Where, m, is the number of z values, and the z values are sorted in ascending order. We
can now rank the calibration of a set of models based on their A2 score on a test set.

3 Multi-objective Optimisation Framework

In the preceding sections we presented quality scores for both calibration and sharp-
ness (A2 and NLL). Implicitly, we have described a multi-objective optimisation prob-
lem. There are a number of ways to solve a multi-objective search problem, however,
the preferable approach is to use an a posteriori multi-objective evolutionary algo-
rithm (MOEA). In the context of MOEA’s, a posteriori means that the optimisation
process maintains an archive of optimal trade-off (non-dominated) solutions known as
the Pareto front [16] throughout training and the user selects the model that best opti-
mises their goals from the resulting Pareto front of solutions [6].
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Fig. 1. Comparison of the NLL and A2 error surfaces in the region of the NLL minimum. This
is an error function for a GARCH(1,1) model trained on data from 1,000 observations simulated
from an EGARCH(1,1) model that assumes a Student-t distribution [17]

Multi-objective search requires objectives to be conflicting i.e. objectives do not con-
verge to the same global minimum in parameter space. To demonstrate that calibration
and sharpness are conflicting we analyse their relationship in terms of the parameter
space of a model. To do this we have constructed an experiment using a very simple
density forecasting model from econometrics called GARCH [7]. The GARCH model
has two parameters of importance commonly called the ARCH and GARCH terms
that relate to weights applied to the residual and variance for the preceding time-step
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(see Section 3.1). In this experiment we use a synthetic data set so that we can spec-
ify the other parameters of the GARCH model correctly a priori. Since we have re-
stricted the model to only two free parameters, an error function will be a surface above
a 2-dimensional parameter space. Figure 1 shows plots of the error function surfaces
in terms of the two parameters (ARCH and GARCH) of the model around the NLL
global minimum. It is clear from the surface plots that they are completely different
functions and the minima of the two error functions are located in different regions of
the parameter space. This clearly shows that NLL and A2 are conflicting objectives
and multi-objective search is possible.

The standard MOEA algorithm framework such as described in [11,6] provides the
basis to our technique. This provides the flexibility, so our method can be applied to
almost any density forecasting model that can be represented as a set of parameters. To
implement our method the modeller must;

1. Determine a vector representation for the parameters of the density forecasting
model.

2. Be able to calculate the A2 and NLL score for the model’s predicted densities.
3. Decide on a mutation and selection strategy for the evolutionary algorithm.

In the following subsections we will briefly describe the implementation of this algo-
rithm for two particular density forecasting models.

3.1 Pareto GARCH

Generalised Autoregressive Conditional Heteroscedasticity (GARCH) models are com-
monly used in finance to estimate the conditional variances of a time series [7]. Al-
though there have been implementations of GARCH that were optimised using evolu-
tionary algorithms e.g. [18], this is the first time, to our knowledge, that this type of
model has been optimised on multiple objectives. In our experiments we use the sim-
plest and most popular model GARCH(1,1), however, this optimisation approach can be
applied to any GARCH type model, of which there are many. Our GARCH model pre-
dicts a Gaussian, the mean is presumed to be constant and the conditional variance for
the next time step is predicted as a weighted sum of the previous time-steps residual,
its predicted variance, and the unconditional variance of the series. This very simple
model can successfully capture the serial dependence in financial data. GARCH(1,1)
can be represented as a vector of 4 parameters. This vector representation is used to
encode an individual in our evolutionary algorithm. We use an Evolutionary Strategy
(ES) for optimisation because it has a number of advantageous characteristics [5]. Be-
sides being able to optimise a non-differentiable objective function (e.g. A2 score), ES
is attractive because it can solve complex, high dimensional, multi-modal, real valued
problems. However, most other evolutionary algorithms could be used instead. For a
full description of the Pareto-GARCH model see [19].

3.2 Pareto Mixture Density Network

Details on the Pareto Mixture Density Network are given in [11,1].
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Fig. 2. In-sample and out-of-sample objective spaces after 10,000 iterations of Pareto-GARCH

4 Case Study: Financial Data

In this case study, we analyse the performance of both an MDN and GARCH model
on the notoriously difficult domain of foreign exchange data. The data is comprised of
1,501 examples of daily price observations for the DeutscheMark/British Pound for-
eign exchange rate, from April 1985 to January 19922, a particularly volatile period
for these two currencies. We transformed the daily prices into a log returns series by
ri = log(pi+1

pi
), where pi is the price at interval i. The return series was separated into

a training set of the first 1,000 observations and a test set comprised of the last 500
observations.

Using a non-linear optimisation technique (quasi-Newton) we train a GARCH(1,1)
model minimising the NLL. There is no standard implementation of the GARCH opti-
misation algorithm, however, the error function, NLL, is the same in all cases. There-
fore, there is usually negligible difference between the models that are produced by
different implementations. In these experiments we use the Matlab GARCH model as
our benchmark - it is denoted as GARCH in the figures and tables that follow. This
model is used as the initial population seed for our ES. We can presume that this model
represents a near global optimum solution in terms of the NLL objective and will be
present in the Pareto front. The aim of the next step in training, the multi-objective
search, is to start from this point on the Pareto front and find as diverse a Pareto front
as possible. This process should provide new solutions that improve on calibration.

We carried out 1,000 iterations of the ES algorithm resulting in a set of 316 non-
dominated individuals. Figure 2 shows the in-sample and out-of-sample objective spaces
for each of the models in the Pareto set. Each point on the objective space represents
a model. We have highlighted some models of interest, the GARCH model represents
the initial solution trained using the standard (Matlab) optimisation procedure. NLL
P-GARCH is the model that has the best NLL score and A2 P-GARCH is the model

2 This data is included with the MathworksTM MatlabTM Garch Toolbox.
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Fig. 3. In-sample and out-of-sample objective spaces after 10,000 iterations of Pareto-MDN

with best A2 score from the Pareto front. Finally, p(t) represents a model that assumes
the same Gaussian distribution at each time-step, the approximated unconditional dis-
tribution.

For comparison, we also trained an MDN model on the same data. The MDN was
given 6 hidden units and outputs were represented as a 2 component GMM3. Again, an
initial model was trained on the data using a standard optimisation technique, in this
case we use a quais-Newton method. We use this model as our initial starting position
in parameter space for our Pareto-MDN evolutionary algorithm. The resulting objective
spaces, on both training and test data, after 10,000 epochs of training are shown in
Figure 3. The Pareto front has 736 individuals.

We have determined the Spearman rank correlation coefficients between the in-
sample and out-of-sample models on each objective function. Both for the GARCH
Pareto set and for the MDN Pareto set the model rankings are strongly correlated. This
suggests little over-fitting of the models to the data on either objective function. The
Spearman rank correlation of NLL scores of all P-GARCH models in and out-of sam-
ple was 0.99 and in terms of A2 was 0.99. Similiarly, for P-MDN models NLL corre-
lation was 0.86 and the A2 correlation was 0.99.

As in the GARCH objective space, the MDN models with best NLL and A2 scores
and p(t) are highlighted. The objective space figures suggest that the MDN produces a
far better calibrated set of solutions on the in-sample data, however, this advantage is lost
in the out-of-sample data. Analysis of the dominance of models shows that in-sample the
MDN and GARCH models do not dominate each other. However, out-of-sample there
are 70 dominant models, out of the possible 1,052, and 69 of these models are GARCH
models. No model is dominated by the unconditional distribution, p(t). Figure 4 shows
the out-of-sample PIT histograms of the selected models. The figure clearly shows how
the A2 models are better calibrated than the models optimised on NLL.

3 These values were chosen after 10 fold cross-validation over several different candidate archi-
tectures.
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Table 1. Percentile exceedance ratio. This measure counts the number of days that returns exceed
the predicted loss of a model at a specific percentile, normalised over the total number of days.
The closer these values are to 10% the better the model. Best results highlighted in bold.

In-Sample Out-of-Sample
GARCH 9.70% 5.80%

NLL P − GARCH 9.70% 5.80%
A2 P − GARCH 11.60% 9.00%

MDN 11.10% 3.80%
NLL P − GARCH 11.10% 3.60%

A2 P − GARCH 9.70% 4.60%

The implications of this result can be illustrated by applying the models from above
to a simple financial application. Value-at-Risk (VaR) is a measure of the maximum
potential change in value of a portfolio with a given probability over a pre-set hori-
zon. An estimate of the 10% VaR would represent the estimated minimum amount
of money that you could loose with 10% probability. Using the models and data from
above we demonstrate how our optimisation method improves performance on this met-
ric by showing the percentile exceedance ratios for all models at the 10th percentile in
table 1. The A2 models have the best out-of-sample VaR estimates.

In summary, this strategy allows the user to identify models that score well on both
sharpness and calibration. There are many domains such as finance or weather forecast-
ing where calibration is as important as sharpness. If rare events are significant then it is
important that the model assigns the correct probability to them. Our approach allows
the prediction users to select the model that gives them the best trade-off solution from
the Pareto set of solutions.

5 Conclusions

In this paper we have outlined the two goals of density forecasting. Taking only one of
these goals into consideration during training of a density forecasting model can result
in poor performance. To solve this problem we introduce a new technique for density
forecasting optimisation that uses a multi-objective search algorithm to find the best
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solution. Our framework can be applied to most likelihood based density forecasting
models. An attractive advantage of this approach is that the underlying model is not
augmented in any way so the model can be interpreted in the normal manner. Our
experiments have shown that this optimisation approach can find models that are better
calibrated than those found through negative log-likelihood.
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