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Abstract. We propose a new algorithmic framework that solves frequency-related data mining queries on databases of strings in optimal
time, i.e., in time linear in the input and the output size. The additional
space is linear in the input size. Our framework can be used to mine
frequent strings, emerging strings and strings that pass other statistical
tests, e.g., the χ2 -test. In contrast to the presented result for strings, no
optimal algorithms are known for other pattern domains such as itemsets.
The key to our approach are several recent results on index structures
for strings, among them suﬃx- and lcp-arrays, and a new preprocessing scheme for range minimum queries. The advantages of array-based
data structures (compared with dynamic data structures such as trees)
are good locality behavior and extensibility to secondary memory. We
test our algorithm on real-world data from computational biology and
demonstrate that the approach also works well in practice.

1

Introduction

In many applications, e.g., in computational biology, the goal is to ﬁnd interesting string or sequence patterns in data. Application areas are, among others,
ﬁnding discriminative features for sequence classiﬁcation or segmentation [1],
discovering new binding motifs of transcription factors, or probe design [2]. In
this paper, we focus on string mining under frequency constraints, i.e., predicates
over patterns depending solely on the frequency of their occurrence in the data.
This category encompasses combined minimum/maximum support constraints,
constraints concerning emerging substrings, and constraints concerning statistically signiﬁcant substrings. We present an algorithm that is able to answer such
queries optimally, that is, in time linear in the size of the input database, plus
the time to output the solution patterns.
In previous work [2], we investigated string mining approaches based on breakthrough results on index structures for strings, among them suﬃx arrays and
longest common preﬁx (lcp) tables [3,4,5]. Suﬃx arrays are essentially a representation of the lexicographic order of all suﬃxes of a string. lcp tables contain the
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length of the longest common preﬁx of two consecutive suﬃxes in a suﬃx array.
For both suﬃx arrays and lcp tables, fast construction algorithms are known.
As in our previous approach, we assume that the suﬃx array and the lcp table
are computed in a preprocessing step. The key to the approach presented here
is another preprocessing scheme for so-called range minimum queries (RMQs).
RMQs generalize the lcp table in the sense that the length of the longest common
preﬁx can be answered for arbitrary suﬃxes. Taking advantage of recent results
[6,7], it is possible to answer RMQs in constant time. Another technical novelty
is the solution to computing the frequency counts. The solution ﬁrst determines
the number of all occurrences (counting several occurrences per example), and
then subtracts so-called correction terms to obtain the ﬁnal counts per example.
It is shown that the presented approach is able to answer all frequency-related
constraints in linear time, i.e., optimally. For instance, it is possible to compute
all statistically signiﬁcant substrings between two classes of strings in time linear in the total length of the strings in the database, plus the total length of
all such signiﬁcant strings (i.e., the output size). It is interesting to note that
no optimality results are known for other pattern domains such as itemsets or
graphs (see, e.g., [8]).
While the focus of this paper lies on the algorithm and the theoretical result, we also implemented and tested the approach to show that it works in
practice. In our experiments, we compared protein sequences from humans and
mice, in total more than 40MB of sequence data. The aim of the experiments
was to mine all frequent substrings (Probl. 1, Sect. 2) and emerging substrings,
respectively (Probl. 2). The only known algorithm for emerging substrings [9]
runs in quadratic time, and is therefore not applicable. The experiments conﬁrm that our approach works well in practice. In particular, most queries for
emerging substrings can be answered in less than three minutes, and the mining
of frequent substrings is 2–3 times faster than our previous method presented
in [2].

2

Preliminaries

We consider patterns from the domain of strings. For a ﬁnite ordered alphabet
Σ, a string φ is a chain φ1 . . . φn of letters φi ∈ Σ. We often write φn..m to
denote the substring of φ ranging from position n to m. |φ| denotes the number
of letters in φ. Σ  is the set of all strings over Σ. For φ, ψ ∈ Σ  we write φ  ψ
if φ is a substring of ψ. lcp(φ, ψ) gives the length of the longest common preﬁx
of φ and ψ. For example, lcp(aab, abab) = 1. Given a database D ⊆ Σ  with
strings over Σ, we write |D| to denote
the number of strings in D, and D to
denote their total length, i.e., D = φ∈D |φ|. We deﬁne the frequency and the
support of a pattern φ ∈ Σ  in D as follows:
freq(φ, D) := |{d ∈ D : φ  d}|, supp(φ, D) :=

freq(φ, D)
|D|

Note that this is not the same as counting all occurrences of a φ in D, because one
database entry could contain multiple occurrences of φ. The main contribution
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of this article is to show how one can compute the frequency (or support) of all
strings occurring at least once in one of the databases in optimal time, i.e., in
time linear in the size of the input databases. This allows us to solve frequencyrelated mining queries in optimal time, i.e., in time linear in the sum of the
input- and the output-size. Naturally, the query must be computable from the
frequency (or support) in constant time.
We now introduce three problems that can be solved optimally with our approach. The ﬁrst one is as follows.
Problem 1. Given m databases D1 , . . . , Dm of strings over Σ and m pairs of frequency thresholds (min 1 , max 1 ), . . . , (min m , max m ), the Frequent Pattern Mining Problem is to return all strings φ ∈ Σ  that satisfy min i ≤ freq(φ, Di ) ≤
max i for all 1 ≤ i ≤ m.
This well-known problem has been addressed by many authors using diﬀerent
solution strategies and data-structures ([10,11,2]), but none of these is optimal.
Next, we consider a 2-class problem for a (usually positive) database D1 and
a (usually negative) database D2 . We deﬁne the growth-rate from D2 to D1 of a
string φ as
growthD2 →D1 (φ) :=

supp(φ, D1 )
, if supp(φ, D2 ) = 0 ,
supp(φ, D2 )

and growthD2 →D1 (φ) = ∞ otherwise. The following deﬁnition is motivated by
the problem of mining Emerging Patterns [12]:
Problem 2. Given two databases D1 and D2 of strings over Σ, a support threshold ρs (0 < ρs ≤ 1), and a minimum growth rate ρg > 1, the Emerging Substrings
Mining Problem is to ﬁnd all strings φ ∈ Σ  such that supp(φ, D1 ) ≥ ρs and
growthD2 →D1 (φ) ≥ ρg .
The patterns satisfying both the support- and the growth-rate condition are
called Emerging Substrings (ESs). ESs with an inﬁnite growth-rate are called
Jumping Emerging Substrings (JESs), because they are highly discriminative
for the two databases. The only known solution for ﬁnding ESs [9] is quadratic
in the input size. The following example will be continued throughout this paper.
Example 1. Let D1 = {aaba, abaaab}, D2 = {bbabb, abba}, ρs = 1, and ρg = 2.
Then the emerging substrings from D2 to D1 are aa, aab and aba. In this case,
these are also the jumping ESs.
As a last example problem that our method can solve optimally we mention the
χ2 -test.
Problem 
3. Given m databases D1 , . . . , Dm of strings over
m Σ and a threshold ρ.
m
Let n = j=1 |Dj | be the total number of strings, f = i=1 freq(φ, Di ) the total
frequency of φ, and Ej = f · |Dj |/n be the expected value of φ’s frequency. Then
m (freq(φ,Dj )−Ej )2
≥ ρ.
φ is signiﬁcant if it passes the χ2 -test, i.e., if χ2 = j=1
Ej
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Suﬃx- and lcp-Arrays

This section introduces two fundamental data structures that we need for our
algorithm. We write A[1, n] for an array A of length n, and A[i] denotes the i’th
entry of A. To make the following deﬁnitions as general as possible, let t denote
an arbitrary string of length n. Later, t will be formed from the input databases
(fully explained in Sect. 3.1). Recall that ti..j is the substring from i to j.
The suﬃx array SA (see [3,4]) for t is used to describe the lexicographic order
of t’s suﬃxes, in the sense that it “enumerates” the suﬃxes from the smallest to
the largest. More formally, SA[1, n] is an array of integers s.t. its entries contain
all of the numbers from 1 to n (i.e., {SA[1], . . . , SA[n]} = {1, . . . , n}), and tSA[i]..n
is lexicographically less than tSA[i+1]..n for all 1 ≤ i < n. See Fig. 1(a) for an
example, which builds on the databases D1 and D2 from Ex. 1.
The suﬃx array for t can be computed in O(n) time, either indirectly by constructing a suﬃx tree for t, or directly with some recent methods, e.g. [13]. In
practice, however, asymptotically slower algorithms [14,15] have been shown to
perform faster. The method in [15] has the further advantage that it uses only
n additional bytes of space, which is close to optimal. Here,  is a tunable parameter that determines the speed of the algorithm and can be made arbitrarily
small.
The lcp-array LCP[1, n] for t is deﬁned by LCP[i] = lcp(tSA[i]..n , tSA[i−1]..n ) for
all 1 < i ≤ n, and LCP[1] = 0. That is, LCP contains the lengths of the longest
common preﬁxes of t’s suﬃxes that are consecutive in lexicographic order. Kasai
et al. [5] gave an algorithm to compute LCP in O(n) time, and Manzini [16]
adapted this algorithm to use only one integer array. It can be argued that most
of the LCP-values are small compared with the size of the text and could thus
be stored in less than n words, but we do not pursue this approach here.
2.2

Range Minimum Queries

The last tool we need for our linear-time approach is a preprocessing of the lcparray such that range minimum queries (RMQs) can be answered in constant
time. The reason for using RMQs on LCP is that they generalize the lcp-array,
in the sense that we can compute the lcp between arbitrary suﬃxes, and not
only between those that are lexicographically adjacent. Formally, for two given
indices i and j the query rmqLCP (i, j) asks for the position of the minimum
element in LCP[i, j], i.e., rmqLCP (i, j) := arg mink∈{i,...,j} {LCP[k]}. We return
the smallest index if the minimum is not unique.
Lemma 1. Let t ∈ Σ  be a text and LCP be the lcp-array for t. Then for all
1 ≤ i < j ≤ |t|, lcp(tSA[i]..|t| , tSA[j]..|t| ) is given by LCP[rmqLCP (i + 1, j)].
This follows immediately from the deﬁnition of the lcp-array. Stated diﬀerently,
Lemma 1 says that the i’th- and the j’th-smallest suﬃx of t are equal in exactly
their LCP[rmqLCP (i + 1, j)] ﬁrst characters.
It has been shown that a linear preprocessing of any input array A is suﬃcient to ﬁnd rmqA (i, j) in time O(1) [6]. This method has recently been reﬁned
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to use only o(n) extra space [7]. The basic idea for both approaches is to divide the array into blocks of size Θ(log n). Then each block is preprocessed such
that a query that lies completely inside one block can be answered in constant
time. This step is accomplished by applying the so-called Four-Russians-Trick
[17] to the blocks (precomputation of all results for suﬃciently small instances).
A ﬁnal step preprocesses the array such that queries that exactly span over several blocks can be answered eﬃciently. In total, each range minimum query
can be decomposed into at most three sub-queries, where the ﬁrst and the
last of these are in-block-queries, and the second is an out-of-block-query. As
each sub-query can be answered in constant time, the overall query time is
O(1) [6,7].

3

The New Algorithm

In this section we present our linear-time algorithm for answering frequencyrelated mining queries (e.g., emerging substrings). Logically, the algorithm can
be divided into three main phases: (1) Preprocessing, (2) Labeling, and (3) Extraction. The preprocessing step constructs all necessary data structures: the
suﬃx- and lcp-array, and the preprocessing for RMQ. The labeling step does
the principal work for a fast calculation of the string-frequencies. Finally, the
extraction step returns all strings passing the frequency-based criterion.
The main idea for computing the frequencies is as follows. Let Dj = {sj,1 , . . . ,
j,|Dj |
s
} be the given databases (1 ≤ j ≤ m). For the strings φ occurring in any of
the databases, we compute the total number of occurrences in Dj and store the
respective numbers in SDj (φ). We further compute so-called correction terms
CDj (φ) that count how often string φ has a repetition in the same string of Dj :
SDj (φ) = |{(i, k) :

sj,k
i..i+|φ|−1

|Dj |

= φ}|, CDj (φ) =



(|{i : sj,k
i..i+|φ|−1 = φ}|−1) (1)

k=1

Then freq(φ, Dj ) clearly equals SDj (φ) − CDj (φ). In our example, SD1 (ab) = 3
(there are 3 occurrences of ab in D1 ) and CD1 (ab) = 1 (ab is repeated once in
the second string s1,2 = abaaab of D1 ). We will see in Sect. 3.3 that it is not
very hard to compute the S-numbers in linear time; the real diﬃculty lies in the
computation of the C-numbers. The following lemma suggests how the lcp-array
can be used to calculate these correction terms (cf. Lemma 1):
Lemma 2. For any string φ occurring in Dj , CDj (φ) is given by the number
of times that φ is a preﬁx of the longest common preﬁx of two lexicographically
adjacent suﬃxes from the same string sj,k in Dj :
|Dj |

CDj (φ) =



k=1

|{(i, i ) : φ preﬁx of lex. adj. suﬃxes of sj,k starting at i = i }|
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(a)

1 2 3
t= a a b
SA= 5 12 18
LCP= 0 0 0
# 11 #12 # 21

(b)

# 11

C’D =
1
C’D =

#12

# 21

4
a
23
0
# 22

5
# 11
4
0
a
# 11

7
b
8
1
a
a
a
b
#12

8
a
9
2
a
a
b
#12

9
a
1
3
a
a
b
a
# 11

10
a
10
1
a
b
#12

11
b
2
2
a
b
a
# 11

12 13
#12 b
6 15
3 2
a a
b b
a b
a # 21
a
b
#12

14 15
b a
19 11
3 0
a b
b #12
b
a
# 22

16
b
17
1
b
# 21

17 18 19
b # 21 a
3 21 7
1 2 2
b b b
a a a
# 11 # 22 a
a
b
#12

20 21 22 23
b b a # 22
14 16 20 13
2 1 2 3
b b b b
a b b b
b # 21 a a
# 22 b
b
# 21
b
# 21

# 22

1 1

2

6
a
22
1
a
# 22

1
1 1

1
1

2 1

2 1
2
1

2 1

Fig. 1. (a) The suﬃx array for w and its lcp-table. Below position i we draw the string
tSA[i]..n until reaching the ﬁrst end-of-string marker. The solid line going through these
strings indicates the lcp-values. (b) Computation of the C  -numbers. The intervals
are those for which range minimum queries on LCP are executed; the position of the
minimum is depicted by a solid circle. Empty ﬁelds in the two arrays denote 0.

We omit the proof of this result due to space limitations. As an example, the
suﬃxes of s1,2 = abaaab are (in lexicographic order) aaab, aab, ab, abaaab, b,
and baaab. The third and the fourth have ab as their longest common preﬁx.
Because no suﬃxes from s1,1 = aaba have ab as their longest common preﬁx,
the value of CD1 (ab) is 1.
The calculation of the correction terms is done in phase (2) and (3) of our
algorithm. In phase (2), we create auxiliary arrays that allow an easy computation of the actual correction terms. The computation of the C-terms is then
done along with the computation of the S-numbers in phase (3). The following
sections describe the three phases in greater detail.
3.1

Preprocessing

m,|Dm | m
We form a (conceptual) string s1,1 #11 . . . s1,|D1 | #1|D1 | . . . sm,1 #m
#|Dm |
1 ...s
which we denote by t. The #ki ’s are new symbols that do not occur in any of the
databases and serve to mark the end
mof a string from the respective database.
Note that the length of t is n := j=1 (Dj  + |Dj |). The preprocessing then
consists of constructing the following data structures for t (in this order): the
suﬃx array SA, the lcp-array LCP, and the information to answer rmqLCP (i, j)
in O(1). All steps take time O(n). See Fig. 1(a) for an example.
A short deﬁnition is necessary at this point: We say that entry SA[i] points
to string sj,k in database Dj iﬀ the ﬁrst end-of-string marker in tSA[i]..n is #jk .
For example, in Fig. 1(a), SA[8] = 9 points to s1,2 , because t9..23 = aab#12 bb....
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Algorithm 1. Labeling of the lcp-array.
Input. suﬃx array SA and lcp-array LCP of size n for m databases D1 , . . . , Dm


Output. m arrays CD
, . . . , CD
of size n
m
1
1
2
3
4
5
6
7
8
9
10

Let last Di be an array of size |Di |, initialized with all 0 (i = 1, . . . , m);

Let CD
be an array of size n, initialized with all 0 (i = 1, . . . , m);
i
for i = 1, . . . , n do
Let j and k be deﬁned such that SA[i] points to sj,k ;
if last Dj [k] = 0 then
l ← rmqLCP (last Dj [k] + 1, i);

increase CD
[l] by 1;
j
end
last Dj [k] ← i;
end

3.2

Labeling



Alg. 1 augments the lcp-array LCP with arrays CD
, . . . , CD
which facilitate
1
m

the computation of the correction terms in phase 3. Although the CD
’s are
j
represented by new arrays of size n, we call this step “labeling” because it is

[i] to be equal
derived from the tree labeling technique by Hui [18]. We want CD
j
to the number of lexicographically adjacent suﬃxes from the same string in Dj

that share a longest common preﬁx of length LCP[i]. More formally, CD
[i] equals
j
the number of triples (a, b, k) that fulﬁll the following constraints:

1. 1 ≤ a < i ≤ b ≤ n, and SA[a] and SA[b] point to the same string sj,k in Dj .
2. No entry strictly between a and b points to sj,k .
3. lcp(tSA[a]..n , tSA[b]..n| ) = LCP[i].
Note that point 3 actually states that two lexicographically consecutive suﬃxes
of sj,k have an lcp-value of LCP[i], because of 1 and 2. Note also that due to the
deﬁnition of the lcp-array (lengths of longest common preﬁx of lexicographically
adjacent suﬃxes) there must be an i ∈ [a, b] with LCP[i] = lcp(tSA[a]..n , tSA[n]..n| ),

[i ] = 0 for at least one i between a and b.
so CD
j
The C  -numbers are computed as follows: the for-loop (lines 3–10) scans the lcparray from left to right. Array last Dj [k] holds the rightmost position in SA to the
left of i that points to sj,k . Thus, if SA[i] points to sj,k , setting a = last Dj [k] and
b = i fulﬁlls constraints 1 and 2 above. Because of Lemma 1, lcp(tSA[a]..n , tSA[b]..n| )
is given by rmqLCP (last Dj [k] + 1, i) (line 6). See Fig. 1(b) for an example.
We now sketch how the C  -numbers help to compute the actual correction
terms. We compute C(φ) for the strings φ that are maximally repeated (also
called branching in [5]), which means that they occur more than once in t, say x
times, but all extensions of φ (i.e., strings of which φ is a proper preﬁx) occur less
than x times.1 The number of such strings is clearly linear, and the frequency
of all other strings can be derived from one of the maximally repeated strings.
1

Note that the maximally repeated strings are exactly those strings that correspond
to an internal node in the suﬃx tree [19] for t.
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Lemma 3. Let φ  t. The following is equivalent:
1. φ is maximally repeated.
2. There exist 1 ≤ l ≤ r ≤ n s.t.
(a) LCP[l − 1] < LCP[l] and LCP[r] > LCP[r + 1] ,
(b) LCP[i] ≥ |φ| for all l ≤ i ≤ r ,
(c) ∃ q ∈ {l, . . . , r} with LCP[q] = |φ| and φ = tSA[q]..SA[q]+|φ|−1 .
Parts (a) and (b) say that (l, r) is a maximal interval in SA where all suﬃxes have
a common preﬁx (namely φ), and (c) says that at least two of the suﬃxes in this
interval diﬀer after position |φ|. We refer the interested reader to [20] for a proof
of this non-trivial result. From now on, we call (l, r) an lcp-interval representing
string φ if it fulﬁlls the conditions of Lemma 3. A child-interval of (l, r) is a
maximal proper sub-interval of (l, r) that represents a diﬀerent string. E.g., in
Fig. 1(a), the lcp-interval representing a is (6, 14), which has the child-intervals
(8, 9) (representing aa) and (11, 14) (representing ab).
Now, if (l, r) is the lcp-interval that represents φ, with Lemma 2 we see that





CDj (φ) =
CD
[i] =
CD
[i] +
CDj (ψ) . (2)
j
j
l≤i≤r

l≤i≤r
LCP[i]=|φ|

(l ,r ) child-interval of (l,r)
(l ,r ) represents ψ=φ

(The last step is to enable a recursive calculation of the C-terms.)
Example
2. In Fig. 1, the interval (8, 9) (representing aa) gives CD1 (aa) =


C
8≤i≤9 D1 [i] = 1 + 0 = 1, and the interval (11, 14) (representing ab) gives
CD1 (ab) = 1 + 0 + 0 + 0 + 0 = 1. Having this, we can compute CD1 (a) as



CD
[6] + CD
[7] + CD1 (aa) + CD
[10] + CD1 (ab) = 1 + 0 + 1 + 2 + 1 = 5.
1
1
1
Kasai et al. [5] gave an algorithm that simulates a bottom-up-traversal of the
suﬃx tree by scanning the lcp-array from left to right. We could thus calculate
the C-numbers by a modiﬁcation of their algorithm, applying (2) to all lcpintervals in a bottom-up manner. However, this step can be incorporated into
the extraction step (which we explain next), thereby avoiding the need to store
the C-numbers in separate arrays.
3.3

Extraction

We now describe how to output all strings that pass the frequency-based criterion. As mentioned above, this step is accomplished by a simulated depth-ﬁrsttraversal of the suﬃx tree [5], calculating for each lcp-interval representing string
φ the values SDj (φ) and CDj (φ) for j = 1, . . . , m, thereby yielding the frequency
of φ in Dj as SDj (φ) − CDj (φ). The formula
for the C-numbers is given by (2),
1 (again, (l, r) is φ’s
and for the S-numbers we have SDj (φ) =
l−1≤i≤r
SA[i] points to Dj

lcp-interval). As in (2), this can be rewritten to allow a recursive calculation.
Alg. 2 is used for the extraction phase. If one deletes lines 5, 17 and 19 from
Alg. 2 and substitutes lines 8–13 by the single command “print tSA[i]..SA[i]+v.h−1 ”,
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Algorithm 2. Extraction of all substrings satisfying p.

Input. suﬃx array SA, lcp-array LCP, CD
as computed by Alg. 1 (all of size n),
j
frequency-based predicate p(suppD1 , . . . , suppDm )
Output. All substrings satisfying p

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22

S is a stack holding tuples v of the form
(v.h, v.SDj , . . . , v.SDm , v.SD2 , v.CD1 , . . . , v.CDm )
Let v be a stopper element with v.h = −∞, push v on S
for i = 1, . . . , n + 1 do
v ← top(S)
{v represents the string to be examined next}
SDj ← 0 for all j = 1, . . . , m
while v.h > LCP[i] do
v ← pop(S), w ← top(S) {w points to top of stack throughout the loop}
if w.h ≥ LCP[i] then w.SDj += v.SDj , w.CDj += v.CDj for all j
suppDj ←

v.SDj −v.CDj
|Dj |

(for all j = 1, . . . , m)

if p(suppD1 , . . . , suppDm ) then
for h = max{w.h, LCP[i]} + 1, . . . , v.h do print tSA[i]..SA[i]+h−1
end
SDj ← v.SDj for all j = 1, . . . , m
v←w
end
if v.h < LCP[i] then push (LCP[i], SD1 , . . . , SDm , 0, . . . , 0) on S

top(S).CDj += CD
[i] for all j = 1, . . . , m
j
if i ≤ n then
Let SA[i] point to Dj ; set SDj ← 1 and all other SDj ’s to 0
push (n − SA[i] + 1, SD1 , . . . , SDm , 0, . . . , 0) on S
end
end

this yields exactly the algorithm in Fig. 7 of [5] which solves the substring traversal problem, i.e., the enumeratation of all maximally repeated substrings. The
idea behind this algorithm is to visit all suﬃxes of t in lexicographic order and to
keep all maximally repeated preﬁxes of the current suﬃx on a stack S, ordered by
their length with the longest being on top. A more formal desciption is as follows.
Each element on S is represented by a tuple (h, SD1 , . . . , SDm , CD1 , . . . , CDm ),
where h is the length of the preﬁx (i.e., the corresponding preﬁx is tSA[i]..v.h−1 ),
and the other variables are the counters as deﬁned by (1) (page 143). At the
beginning of step i of the for-loop (lines 3–22), we have that the (i − 1)’th suﬃx
and all maximally repeated preﬁxes of tSA[i−1]..n are on S. Then the (i − 1)’th
suﬃx is visited (line 4) and the following steps are performed:
1. The while-loop (lines 6–15) removes from S all tuples representing strings
with length at least lcp(tSA[i−1]..n , tSA[i]..n ) = LCP[i]. These are exactly the
preﬁxes of tSA[i−1]..n which are not a preﬁx of tSA[i]..n . All strings passing the
statistical criterion are returned (line 11).
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2. The counter-values SDj (φ) and CDj (φ) of the current string v are added to
the respective counters of the string on top of the stack (line 8). This step
takes care of the last sum in (2), as v represents a child of the string on top.
3. When pushing the longest common preﬁx of two lexicographically adjacent
suﬃxes on S (line 16), the counter-values are initialized correctly.
4. The C  -numbers are added to the correct string (line 17) which is again on
top of the stack. This step takes care of the ﬁrst sum in (2).
5. The suﬃx tSA[i]..n is pushed on S with the correct counter-values (lines 18–
21). Line 19 accounts for the initialisation of the SDj -values.
It is shown in [5] that this algorithm visits all maximally repeated substrings
of t, and its running time is O(n) (apart from the for-loop that outputs the
solutions, line 11). The discussion from Sect. 3.2 shows that the S- and C-values
are calculated correctly, and thus in line 9 we have that the support of the string
φ that is represented by v is calculated correctly. We thus have the following
Theorem 1. For m databases of strings of total length n, all strings that satisfy
a frequency-based criterion (e.g., emerging substrings) can be calculated in time
O(n + s), where s is the total size of the strings that satisfy the criterion.

4

Practical Performance

The aim of this section is to show that our new method also works fast in
practice, even on large datasets. We implemented the algorithm from Sect. 3 in
C++ (available at www.bio.ifi.lmu.de/∼fischer/) so that it ﬁnds emerging
substrings (Problem 2) and frequent substrings (Problem 1), respectively. For the
construction of SA we used the method presented in [15]. We used two datasets
consisting of the primary structure of all protein data from human and mouse,
which were obtained from Swissprot using the keywords HUMAN and MOUSE
in the NEWT taxonomy browser [21]. The human dataset contained 57,020
proteins of total length ≈23MB, and the mouse dataset contained 50,680 proteins
of total length ≈22MB. Because the implementation of the emerging-substringminer from [9] is not publicly available we could not compare against their
method. However, due the sheer size of the input (more than 45MB) it is very
unlikely that their quadratic-time approach would work well. As an example,
their fastest method takes 20–40 seconds to mine data of approximately 2MB
total size, depending on the input parameters [9].
We ran several tests on an Athlon XP 3000 with 2GB of RAM under Linux.
We redirected all output to the null-device in order to remove the inﬂuence of
secondary storage devices. To remove the inﬂuences from the multi-user operating system (caching, network access,. . . ) we repeated all experiments 5 times.
Fig. 2 shows the average results for the ES-mining problem, for diﬀerent values of
ρg and ρs . The bottom line shows the time spent on preprocessing and labelling
(phases 1 and 2). The top three lines are the total running times (phases 1–3)
for ρg = 6/3, 5/3 and 4/3, respectively. As expected, larger values for ρg result
in shorter running times, because less strings have to be returned. This is also
the case for larger values of ρs .
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Fig. 3. Times for mining frequent patterns
in the same two databases as in Fig. 2,
compared with our older method FHK’05
[2]. The maximum frequency threshold was
held ﬁxed at 95%.

Fig. 3 shows results for mining frequent substrings. Again, we used the human
dataset as the positive database, and the mouse dataset as the negative one. The
maximum frequency threshold for MOUSE was held ﬁxed at 95%, but similar
graphs could be shown for other values. Because we have already shown in [2]
that methods based on suﬃx tries [10,11] are not competitive with suﬃx-array
based methods, we just compared with our previous approach [2]. As one can
see in the ﬁgure, our new method is 2–3 times faster than our old method. This
shows again that the method presented in this paper is also of practical value.

5

Conclusion

We presented a theoretically optimal solution to string mining under frequency
constraints. As in previous work, we build upon results on index structures for
strings. One of the building blocks is the fast computation of range minimum
queries. Given this algorithmic framework, it is possible to compute solutions,
e.g., for emerging substrings and patterns statistically associated with classes of
sequences, very eﬃciently. In future work, we will focus on applications, such as
ﬁnding new binding motifs, consider the integration of syntactic constraints and
study the use of persistent index structures for strings.
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