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Abstract. Functional Magnetic Resonance imaging studies analyse se-
quences of brain volumes whose intensity changes predominantly reflect
blood oxygenation level dependent (BOLD) effects. The most compre-
hensive signal model to date of the BOLD effect is formulated as a
continuous-time system of nonlinear stochastic differential equations. In
this paper we present a particle filtering method for the analysis of the
BOLD system, and demonstrate it to be both accurate and robust in
estimating the hidden physiological states including cerebral blood flow,
cerebral blood volume, total deoxyhemoglobin content, and the flow in-
ducing signal, from functional imaging data.

1 Introduction

Functional Magnetic Resonance (fMR) imaging methods map brain activation
through the acquisition and analysis of a sequence of scanned volumes. Changes
in the measured fMR signal are primarily due to the blood oxygenation level de-
pendent (BOLD) effect, reflecting hemodynamic response to neuronal activity.
The most common fMR analysis approach is based on regression of a General
Linear Model, in which BOLD effect predictors are formed by convolution of a
predefined hemodynamic response function with the input stimulus sequence,
and the estimated predictor weights are taken as a measure of neuronal activ-
ity. The relationship between the input stimulus sequence and output BOLD
signal is recognised, however, as being both subject and session dependent, and
nonlinearly related to underlying physiological variables that include cerebral
blood flow, cerebral blood volume, and total deoxyhemoglobin content [1], thus
rendering the GLM insufficient for a detailed analysis of the system.

One of the most comprehensive nonlinear models of the BOLD signal, pre-
sented by Riera et al. [2], models the black-box system between the known input
stimulus sequence and measured output BOLD signal by a continuous-time,
stochastic dynamical system, in which the physiological variables form the hid-
den states. This model incorporates previous BOLD signal models, including
the balloon-windkessel approach of [3,4] and the hemodynamic model linking
the stimulus sequence and flow-inducing signal [5].
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Any model is a purely descriptive tool unless methods exist with which to
infer hidden system knowledge based on known inputs and outputs. The Gen-
eral Linear Model, for example, is useful because regression (equivalently least
squares optimisation) provides optimal estimates of the activity-related weights
that are subsequently processed to form statistical parameter maps. Riera et al.
propose a method based on linearisation for estimating the physiological state
variables in their nonlinear BOLD signal model [2].

In this paper we propose the novel application of particle filtering to the state
estimation of the nonlinear, stochastic BOLD signal model. Particle filtering is a
sequential Monte Carlo method in which probability densities are represented by
a population of point masses, propagated through time according to the evolving
system dynamics [6]. Applications of particle filters range from radar tracking [7]
to image registration [8]. Unlike the linearisation approach [2], the particle filter
maintains the nonlinearities present in the signal model, and is therefore an ideal
candidate for application to fMR data analyses. We demonstrate this to be a
robust and accurate method for estimation of the BOLD signal model.

2 The BOLD Signal Model

The balloon model of Buxton et al. [3], and subsequent windkessel formulation
of Mandeville et al. [4], provide a mechanistic model of the dependence of the
BOLD signal, y, on cerebral blood flow, f , cerebral blood volume, v, and deoxy-
haemoglobin content, q. In this model, the venous compartment is considered to
be a balloon-like structure, inflated by increased blood flow resulting from an in-
crease in local neuronal activity. The blood flow increases more than the cerebral
metabolic rate of oxygen, thus locally reducing the deoxyhaemoglobin content
which in turn causes a slight increase in the local MR signal, creating the BOLD
effect [1]. The balloon model equations are as follows (for a full derivation, see
[1,5]):
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where E0 is the resting oxygen extraction fraction, V0 is the resting blood volume
fraction, and {k1 = 7E0, k2 = 2, k3 = 2E0 − 0.3} are generally accepted
coefficient values [5]. The parameter τ0 is the mean transit time of the venous
compartment, and α is the stiffness component.

The relationship between an input stimulus sequence, u, the flow-inducing
signal, s, and the cerebral blood flow, f , is a topic of ongoing research and
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is difficult to verify experimentally [1]. Friston et al. [5] propose the following
parsimonious model linking stimulus to cerebral blood flow:

ṡt = εut − 1
τs

st − 1
τf

(ft − 1) (5)

ḟt = st (6)

Here τs is the signal decay time constant, τf the autoregulatory time constant,
and ε the neuronal efficacy.

Equations (1)–(6) describe a system of ordinary differential equations that
deterministically relate input, ut, to output, yt, via a set of state variables,
xt = [vt, qt, st, ft]′. Riera et al. [2] recently extended the above model to include
a noise process in the state dynamics,

dxt = F (xt, ut) dt + g dωt (7)

and similarly for the observation process (1). F (·) encompasses the right-hand
sides of Equations (3)–(6), g is a vector of weighting terms, and ωt is a Wiener
process. Let Θ = {ε, τs, τf , τ0, α, E0, V0,g, σ2

e} denote the complete set of BOLD
signal parameters.

3 Method

We describe the acquisition methods for simulated and experimental fMR data
(Sections 3.1–3.2), followed by details of state estimation by particle filtering
(Section 3.3) and by the linearisation approach of [2] (Section 3.4). A joint pa-
rameter and state estimation algorithm is then outlined in Section 3.5.

3.1 Simulated Data

Ground truth against which to test the state estimation algorithms is not attain-
able through experimental fMR data, for which reason we simulate the BOLD
signal model. Simulation requires discretisation of the continuous-time state dy-
namics (7), achieved by applying the Euler-Maruyama method with sampling at
time instants tk = kΔt [9]. The resultant discrete-time dynamics,

xk+1 = xk + F (xk, uk)Δt + gwk, wk ∼ N(0, Δt) (8)

converge in the mean square sense to the continuous-time dynamics for Δt → 0.
The input stimulus sequence, uk, is simulated by a binary sequence represent-

ing the on/off conditions of a block design, or Gaussian impulses of duration
200ms for an event design [2].

The output BOLD signal (1) is observed every TR seconds, tk′ = k′TR, where
TR is the Response Time of the scanning session:

yk′ = h(vk′ , qk′) + ek′ , ek′ ∼ N(0, σ2
e) (9)

The noise process, ek′ , accounts for measurement and instrumentation noise
encountered when acquiring the signal.
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3.2 Experimental Data

Data was acquired from four consecutive fMRI scans of a single subject. In each
scan, the subject performed two two-minute blocks of a repetitive left-handed fin-
ger tapping task. Blocks were interspaced by two minute periods of eyes-open rest.

During each scan 240 sixteen-slice brain volumes were acquired at a rate
of 0.5Hz, using a T2*-weighted gradient-echo, echo-planar-imaging sequence.
Slice thickness was 6mm, and in-plane voxel resolution 3.2×3.2mm2. Activation
maps were generated with the FSL software package1, which uses a General
Linear Modeling approach to detect regions with significant responses during the
tapping task. The experimental data was obtained by detrending then averaging
across the four scans the responses of voxels from a region of interest in the
right primary motor cortex, centered at the most strongly responding voxel, as
depicted in Fig. 1.

(a) Activation map (b) ROI: black square

Fig. 1. A region of interest (ROI) is formed from a cluster of voxels in the right primary
motor cortex, centred at the most strongly responding voxel

3.3 State Estimation Via Particle Filtering

Particle filters are a powerful class of techniques for implementing recursive
Bayesian filters when the dynamics of the system under consideration are nonlin-
ear and/or non-Gaussian [6]. The particle filter constructs the posterior density,
p(xk|y1, . . . , yk), by a weighted sum of N particles distributed over the support
of xk (refer to Algorithm 4, [6]):

p(xk|y1, . . . , yk,Θ) =
N∑

i=1

wi
k δ(xk − xi

k) (10)

The particles and weights are composed and propagated through time according
to the following recursions:
1 www.fmrib.ox.ac.uk/fsl/
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xi
k ∼ p(xk|xi

k−1,Θ), wi
k ∝ p(yk|xi

k,Θ) (11)

State estimates, X̂ = [x̂1, . . . , x̂T ], are formed by ergodic averages. The noise
processes in the discrete-time state and observation equations (8)–(9) define the
prior and likelihood densitites for use in (11):

p(xk |xk−1) ∼ N(F (xk, uk),gg′), p(yk |xk) ∼ N(h(xk), σ2
e) (12)

3.4 State Estimation Via Local Linearisation

Linear functions, F (·, ·) and h(·), in (8) and (9) would render the Kalman filter
the optimal state estimator, in the minimum variance sense [10]. No such opti-
mal filter exists for the nonlinear dynamical system defining the hemodynamic
response to a stimulus (8)–(9), hence the application of Monte Carlo methods
such as the particle filter. An alternative method commonly employed to deal
with system nonlinearity is to locally linearise the system nonlinearities. This is
the approach taken in [2] to obtain estimates of the states xk = [vk, qk, sk, fk]′,
resulting in the linearised state equation,

xk+1 = xk + [Δt r0(Jx
f (xk, uk), Δt) − r1(Jx

f (xk, uk), Δt)]J t
f (xk, uk)

+ r0(Jx
f (xk, uk), Δt)F (xk, uk) + ξk (13)

where Jx
f is the Jacobian matrix, and J t

f the time derivative, of F (xt, ut),
rn(M, a) =

∫ a

0 eMuundu and ξk is a Gaussian noise process (see [2] for details).
The linearisation filtering algorithm proceeds according to an extended Kalman
filter type recursion through propagation of mean and covariance estimates [10]
of linearised dynamics.

3.5 Joint Parameter and State Estimation

We employ an iterative coordinate descent approach [11] to simultaneously esti-
mate the states and parameters of the BOLD signal model. At iteration n, given
the current parameter estimates, Θ(n−1), the particle filter is applied to optimise
the posterior,

X(n) = arg max
X

p(X |y1, . . . , yT ,Θ(n−1)) (14)

Updated parameter estimates at iteration (n) are subsequently calculated by op-
timising the posterior, given the updated state sequence estimates, equivalently
a maximum likelihood calculation:

Θ(n) = arg max
Θ

p(X(n)|y1, . . . , yT ,Θ) (15)

The optimisation (15) is carried out using MATLAB’s fminsearch function.
The iterative algorithm terminates when a maximum number of iterations is
exceeded, or estimates are deemed to have converged.
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4 Results

4.1 Simulated Data

We demonstrate the accuracy and robustness of the particle filter through ap-
plication to two sets of simulated fMR data, the first being an event response,
the second a block design.
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(a) Event design, TR = 0.1
sec.
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(c) Block design, TR=1 sec.

Fig. 2. State estimation of BOLD signal model. Axes (top to bottom):
uk, yk, sk, fk, vk, qk. Solid line: True state/signal. Dashed line: Particle filter estimate.
Dotted line: Linearisation filter estimate. Where not visible, the particle filter coincides
with the true state/signal (solid line).

Consider the BOLD signal response to a single stimulus event, ut, at t = 2
seconds. The system parameters are chosen to be in their typical ranges [5]:
ε = 0.5, τs = 1.25, τf = 2.5, τ0 = 1, α = 0.3, E0 = 0.3, with output scaling fac-
tor, V0 = 0.2. The observation noise variance is σ2

e = 10−3, and g = [0.01, 0, 0, 0]′.
The discrete-time state equation (8) is sampled at Δt = 0.1 seconds, while the
observation sampling rate, TR, is varied. Fig. 2a) shows that for TR = Δt = 0.1
seconds, the particle filter is more accurate than the linearisation algorithm. This
difference is only exemplified as the TR increases to a more realistic sampling in-
terval of TR = 1 second, as shown in Fig. 2b). The particle filter maintains accu-
racy state estimates while the linearisation filter fails to track the state sequences.

Fig. 2c) depicts the results of the particle filtering and linearisation algorithms
for a block design simulation. The system parameters are the same as for the
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event response. Again, the particle filter demonstrates superior performance to
the linearisation method, and is able to track the changes in the hidden state
variable sequences.

4.2 Experimental Data

The observed signal from the right primary motor cortex of a subject during
a block-design finger-tapping task (see Sec. 3.2), and the experiment paradigm
are shown in the top two axes of Fig. 3a). We apply the joint state and pa-
rameter estimation algorithm detailed in Section 3.5 to this input/output pair
of sequences. Fig. 3a) displays the resultant state sequence estimates, Fig. 3b)
the parameter estimate histories. All parameters converge within a few itera-
tions and were found to be robust to reasonable change in initial conditions. To
simplify computation, the parameters of the coupling between input stimulus
and the cerebral blood flow (5)-(6) are assumed known; ε = 0.5, τs = 1.25 and
τf = 2.5, with no detriment to the estimation procedure.
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(a) State Estimates. Solid line: Observed
signal. Dashed line: Particle filter estimate.
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Fig. 3. Results of the joint parameter and state estimation algorithm (Sec. 3.5) applied
to observed right primary motor cortex signal during finger-tapping task

5 Discussion and Conclusions

The pathway from input stimulus sequence to output BOLD effect signal via
modulation of physiological variables including deoxyhemoglobin content, cere-
bral blood flow and cerebral blood volume, is both nonlinear and stochastic. Our
proposed particle filtering approach is therefore ideally suited to the task, given
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its inherent ability to maintain signal nonlinearity and propagate uncertainty.
Superior performance of the particle filtering approach over the linearisation
method has been demonstrated, while the proposed joint state and parameter
estimation algorithm is successful in application to experimental fMR data. It is
expected that nonlinear filtering methods, such as the particle filtering algorithm
proposed in the paper, will become increasingly important in fMR analyses as
limitations of linear and linearised modelling are reached.
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