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Abstract. We propose a novel mixture probability model for the probability 
distribution function (PDF) of microarray signals, which comprises a noise and 
a signal component. The noise term, due to non-specific mRNA hybridization, 
is given by a lognormal distribution; and the true signal, from specific mRNA 
hybridization, is described by the generalized Pareto-gamma (GPG) function. 
The model, applied to expression data of 251 human breast cancer tumors on 
the Affymetrix microarray platform, yields accurate fits for all tumor samples. 
We observe that (i) high aggressive cancers have, in general, broader right tails 
in the GPG than low aggressive cancers; (ii) the exponent parameter value of 
the GPG distribution is not constant and correlates strongly with ~4000 
expressed genes and several "gold standard" clinical risk factors. These results 
can not be obtained from so-called “scale-free network” models. We conclude 
that an accurate parameterization of scale-dependent GPG function could 
provide robust prognostic benefits for cancer patients. 

1   Introduction 

Determining all biologically significant expressed genes from the transcriptome of 
different cell types, in particular, clinical tumor types presents substantial biologically 
and technologically challenges. Oligonucleotide microarrays (e.g. Affymetrix U133 A 
GeneChips) can be used to simultaneously detect the gene expression levels in RNA 
samples of about 22000 known human mRNA transcripts, allowing us to study the 
cell at the level of the whole human transcriptome. A typical statistical analysis of 
microarray data  focuses on gene by gene comparisons among different classes (cell 
types, states of cells etc) and on identification of the list of genes (prognostic 
signature) differentially expressed in the classes. There are many such signatures in 
datasets, and its remains unclear which are really important in prognosis of a disease 
[13,15]. Fewer works focus on integrative or systemic signatures of gene expression 
profiles through the whole range of signal intensity values. To make these aim more 
real, it is important to separate the signal from the noise components [4,8,10]. 

In this study, we develop a novel statistical model of the gene expression level 
probability function (GELPF) for microarray transcriptomes, which allows us to 
separate the noise and fit the underlying distributions of the hybridization signal 
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intensity values over the whole dynamical range. We proceed to show, for the first 
time, that clinical and histopathological variants of human breast tumors reproducibly 
correlate with “global genetic signatures” and can therefore be systematically 
categorized by certain parameter values of the GELPF. Specifically, we present a 
novel global pattern selection algorithm based on concept of scale-dependent attribute 
of exponent parameter of GPG distribution (opposite to claims of the “scale-free” and 
Zipf statistics [2,7,17]). This concept, in conjunction with gene ontology analysis, 
reveals fundamental differences in cell proliferation, regulatory, cell adhesion and 
other processes that can be used to categorize low and high aggressive phenotypes 
and genotypes of breast cancer. Finally, we demonstrate that these differences 
manifest as a global effect, affecting around 4000 transcripts, most of which are 
derived from regulatory genes.  

2   Breast Cancer Data Set 

We analyze the expression data of 22215 gene probe sets on Affymetrix U133A in 
254 primary breast tumors. These breast tissue samples were derived from Uppsala 
County, Sweden. The breast cancer dataset comprised 70 low aggressive (grade 1), 
126 moderate aggressive (grade 2), and 55 high aggressive (grade 3) tumors by the 
Elston-Ellis classification; 3 samples with normal breast tissue were also present in 
this collection. Original microarray data set and clinical information was kindly 
provided by Lance Miller (Genome Institute of Singapore, Singapore; see also NCBI 
GEO data set GSE3494). The summarization procedure used was that suggested by 
Affymetrix, the core of which is the one step Tukey bi-weight algorithm. We work 
with the data on the linear scale and do not perform any further normalization in any 
of our data analysis. 

3   Parametric Model 

3.1   Basic Functions 

A simple power law given by the standard Pareto distribution [14] can be used as the 
GELPF to describe the empirical distribution function (EDF) of oligonucleotide 
microarray data, thus reflecting the distribution of original RNA sample. However, 
this model is only accurate around the tails of the EDF, where signal intensities are 
high, and therefore cannot be used to study the distribution in the low and medium 
intensity regions. 

The lognormal probability distribution function is another popular choice for the 
GELPF [3,7]. This model gives betters fits for microarray data than a simple power 
law particularly for low and moderate signal intensity values, however it fails to fit 
the tails of the EDF accurately [3]. 

Here, we assume that the GEPLF is significantly affected by different sources of 
noise process and explicitly take in to account in our probabilistic model the additive 
and multiplicative noises. We model the observed EDF of the hybridization signal by 
choosing a mixture probability distribution function [6], which is a weighted sum of 
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two terms; the first due to non-specific hybridization and the second due to specific 
hybridization of mRNA molecules affected by multiplicative noise:    

)()1()()( xpxpxp ns αα −+= , (1) 

where ps(x) and pn(x) represent the probability distributions for specific and non-
specific hybridization signals respectively and α ∊(0,1] is the probability of state s 
(background noise). The mixing parameter α is treated as an extra parameter to be 
fitted. In  microarray studies, the specific cases of (1)  have been considered [4,10]. 
    Here, we observe that low intensity hybridization signals for different samples vary 
significantly, even if they originate from the same type of tissue or cell line. For this 
reason, we assume that the EDF attributed to the non-specific hybridization dominates 
in at low signal intensity values. We describe this part of the EDF using a lognormal 
distribution, given by     
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where the shape parameter is s∊R+, the shift parameter is q∊R and the scale parameter 
is m∊R. The domain of the distribution is x∊(q,∞). 

To model the specific hybridization process, we observed statistics of genes 
expression level from microarray data as well as other systems like SAGE. The 
SAGE platform provides a quantitative estimate for the number of transcripts of an 
expressed gene and thus, given a sufficiently large SAGE library we can, by 
appropriately filtering the noise, observe real transcription levels. For SAGE 
transcriptome data, the EDF is well fitted using the generalized discrete Pareto (GDP) 
distribution as the GELPF [8-10]. As such, we assume that the continuous analog of 
the GDP function [9] can be used to model and analyze microarray transcriptome 
data. It is described by the function   
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where the k∊R+ is the exponent, the scale parameter is a∊R, the minimum value is 
given by b∊ (-a,∞) and the domain of the distribution is x∊ (b,∞) [6,9]. The global 
property of the distribution is characterized by the exponent parameter k, which 
describes a power law tail. A smaller value for the exponent represents a distribution 
with broader tails. Also, the cumulative distribution function is given by   
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For high intensity signals the GEPLF follows a weak power law p(x)∼x-(k+1). However, 
consider the region where signal intensities are low. Here, the GEPLF is significantly 
affected by the multiplicative noise process, where the overall effect is to smear out 
the generalized Pareto probability (GPP) function. This can be represented by a 
convolution of GPP function with a smearing function. The exact form of the 
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smearing function is not crucial, as long as we have sufficient control over the shape 
and scale of the distribution. For this, we have chosen the gamma (Γ) probability 
distribution, for which we are able to obtain an analytical form for the convolution 
with the GPP function. This affords us a significant speed up in the fitting algorithm. 
It is important to note that despite this smearing effect, the final form for the GELPF 
after convolution should retain the same exponent as the Pareto distribution in the 
tails (see below). The smearing distribution is given by   
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where Γ(x) is the gamma function, γ∊ [-1,∞) is the shape parameter, and β∊ (0,∞) is 
the scale parameter. The domain of the distribution is x∊ (0,∞). In particular, we 
choose ad hoc to convolve the Γ distribution with γ set to unity with the Pareto 
distribution. As such, the smearing effects are determined by the shape parameter β 
alone. We will validate this choice by evaluating the final results of the fit.  

For the convolution, we extend and take into account the domains of each of the 
two distributions carefully. The resulting generalized Pareto-gamma (GPG) 
distribution is given by  
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and the cumulative distribution function by 
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where Γ(a,x) is the incomplete gamma function [6] and Γ(a,x,y)=Γ(a,x)-Γ(a,y). The 
ranges for each of the parameters for the GPG distribution is the same as that of the 
original distributions, and the domain is x∊ (b,∞). 

Notice that described above probabilistic model has not been considered in the 
statistical literature.     

3.2   Fitting Procedure 

The fitting problem can be cast as a minimization problem where the best fit criterion 
is regarded as the set of parameters that minimizes a residue function, which 
compares the GELPF to the EDF. The lognormal probability distribution that 
describes the noise has three parameters: the scale parameter m, shape parameter s 
and shift q. Also, the GPG distribution is described by four other parameters: the 
exponent k, the scale parameter a, the lower bound cutoff b and the smearing 
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parameter β. The final parameter that we use for our fits is the mixing parameter α, as 
described by equation (1).  Studying the data, we find that the shift parameter q for 
the lognormal distribution is small and as such, for our data set we set this parameter 
to zero. 

It is also difficult to treat the mid signal region, where the lognormal distribution 
decays rapidly and the GPG distribution starts to set in, as there are several different 
conformations which give a reasonable fit. However, we find that the lower cutoff to 
the GPG distribution depends crucially on the location of the start of the decay. In our 
simulations we choose ad hoc to fix this parameter at the mode of the lognormal 
distribution given by exp(m-s²). Again, our final results validate this choice. 

For the fitting procedure, we apply the Anderson-Darling statistic [1] where fits are 
made comparing the GELPF with the EDF. To construct the EDF first consider the 
sequence of the signal intensities in ascending order, represented by si. That is, the 
sequence has the property si≥sj whenever i≥j. Also, let us extend the sequence by 
defining s₀ to be zero and sN+1 the infinitely large limit, where N represents the 
number of probes on the microarray. The EDF [16] for the data set is then defined as      
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where i∊{0,…,N} and I[a,b) is an indicator function which is unity is the domain x∊ 
[a,b) and zero otherwise.     
     We expect residues to be a non-linear function in parameter space. There are 
several local minima which corresponds the possible conformations of fitting the two 
curves. Under these circumstances a Monte Carlo technique is appropriate for fitting 
the probably distribution with a residue function given by the Anderson-Darling 
statistic 
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The crucial parameter in the generalized Pareto distribution is k, the exponent. This 
parameter characterizes the distribution over a few orders of magnitude. As such, a 
small change in the exponent alters the distribution throughout and therefore careful 
consideration must be given to the tail of the function. It is for this reason that we 
choose the Anderson-Darling statistic. The Anderson-Darling statistic weights tails 
favorably and allows us to fit the distribution in a robust way, giving us reliable 
estimates for the modeled GELPF. 

The Metropolis algorithm [12] searches parameter space, making decisions based 
on differences in the Anderson-Darling statistic ΔA², due to a change in the 
parameters. The change is accepted when ΔA²≤0 and with probability exp(-βB A²) 
for any ΔA²>0. Here, the parameter βB represents the inverse of the annealing 
temperature. We perform the search by doing a walk in parametric space starting at 
low positive value for βB and systematically annealing the system by increasing βB. 
The changes in the parameters are drawn from a Gaussian distribution with zero 
mean, and the variance is chosen with hindsight, base on how sensitive each 
parameter is with respect to the statistic A².  
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4   Results 

4.1   Fitting Results 

The overall results of the fitting procedure are good, thus validating the model that we 
propose. Figure 1 shows a typical fit of the GELPF to the EDF, and similarly Figure 2 
shows the empirical histogram and decomposed best-fit density function for the same 
array. Note that our mixture model fits significantly better (by F-test) the empirical 
histograms of gene expression level than the log-normal probability function (data not 
presented).

Fig. 1. The cumulative distribution functions of hybridization signal intensity values fits well to 
the empirical cumulative distribution function of representative microarray data 

Fig. 2. The empirical density function and decomposition of the mixture best-fit density 
function (1). Binning size of the signal values is one unit. 

We calculate the Pearson correlation coefficient between each of the parameters 
over all patients and observe that there is high correlation between scale parameter a
and the exponent k of the Pareto distribution, with a correlation coefficient of 0.94. 
This is because both k and a play an important part in determining the shape of the 
distribution in the middle signal intensity region, where a large proportion of the 
signal is concentrated. As such, small changes in either parameter affect the 
Anderson-Darling statistic dramatically. We also see that there is a high correlation 
between the scale parameter of the lognormal distribution m, and that from the GPG 
distribution σ, with a correlation coefficient of 0.89. This implies that the source of 
noise that gives rise to both the lognormal distribution and the smearing out of the 
GPG distribution is the same. 
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4.2   Correlation with Clinical Risk Factors 

To study the bearing that GELPFs have on clinical risk factors, we used a popular 
distribution-free Kendall τ correlation coefficient to estimate the relationships of the 
parameters k and a, taken from the GPG distribution, with histological and “gold 
standard” pathobiological and prognostic markers of breast cancer available for our 
patients. We found that the exponent k anti-correlates highly with cell cycle data 
(Mib-1 Ab representing Ki-67 protein (τ=-0.280, p<10-5)), as well as other 
conventional clinical risk factors including p53 mutation status ( τ =-0.231, p<10-5) 
and angiogenesis (vascular growth index (τ =-0.295, p<10-5)). Moreover, parameters 
of the GPG decrease significantly with an increases in histological tumor grade 
signature (τ =-0.296, p<10-5). It is interesting to note that we get only low correlations 
for the estrogen receptor index (τ=-0.071), progesterone receptor index (τ =-0.104) 
and tumor size (τ =-0.192). 

Notice that the correlations profile of the exponent k and shift a parameters of  
the GPG distribution exhibit similar correlation profiles to histological grade and the 
clinical risk factors mentioned above. As such we can perhaps consider the 
parameters of the GPG distribution a novel prognostic index of aggressiveness  and 
proliferate activity of the breast cancer . 

4.3   Differences Between Aggressiveness of Tumors 

In breast cancer, histological grade of tumor is an important integrative parameter of 
proliferate activity of the tumor which is used for classifying tumors into 
morphological and clinical subtypes and assessing patient risk. Grading seeks to 
integrate measurements of cellular differentiation and proliferate potential into a 
composite score that quantifies the aggressive behavior of the tumor.  

We plotted the empirical cumulative distribution functions of estimated exponent 
for histologic grades 1, 2, and 3 of breast cancer patients. We found that there is a 
systematic shift from an average of k-value from 1.59 for grade 1 tumors to 1.48 for 
grade 3 tumors (p<0.000001 for medians by U-test).  The decrease in the exponent 
indicates a broadening of the curve at the tail. This is consistent with the evidence that 
more aggressive cancers are due to a severe malfunctioning of the cell, where 
transcripts are produced in a more indiscriminate manner.  
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Fig. 3. The empirical distribution functions of the power law exponent for patients with tumor 
histologic grades 1(G1), 2(G2) and 3(G3) 
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4.4   Permutation Analysis 

To further validate our claim that there is a significant change in the distribution 
affecting a large number of genes, we perform a non-parametric Kendall τ correlation 
test of each gene expression level with each of the fitted parameters. A straight 
forward test yields that a large number of probes correlate with all parameters. This is 
clearly not satisfactory, as we obtain a large number of false positives. Instead, we can 
search for systematic correlations only due to differences between grade 1 and grade 3 
cancers. 

Before applying the following test, we first use a BLAT (http://genome. 
ucsc.edu/cgi-bin/hgBlat) procedure to search for probesets that do not match any 
human genes, as well as probsets that match to multiple target in genes, mRNAs and 
ESTs. These probes are removed from our list and thereby reducing the number from 
22215 to 20873. 

Consider the joint group with grade 1 and grade 3 patients. We permute all patients 
within the grade 1 and grade 3 subgroups, and calculate Kendall τ correlation values 
over the joint set. This procedure is applied using 500 iterations and the final Kendall 
τ coefficient considered is the average taken over all iterations. The permutations are 
designed destroy all correlations within each subgroup and only preserve correlations 
due to systematic differences between grade 1 and grade 3 tumors. The permutation 
test, over 500 iterations, is also used to distinguish a two tail p<0.05 for each 
parameter. Although in this process we may miss a large number of true positives, we 
believe it is a stringent test and will reflect important changes between the two cancer 
types. Table 1 shows results of the permutation test.  

Table 1. Number of differentially expressed genes (G1 vs G3) as selected by the Kendall τ 
permutation test with respect to each parameter. Significant correlations with |τ|<0.12528, 
p<0.05. 

Kendal tau m s k a beta alpha 

# original sign. correlations. 7652 7899 9958 8183 8775 4326 

# sign. corr. after permutations 0 0 3934 3462 0 0 

Of the 3934 probes that were selected with respect to the exponent parameter k, 
1313 probes have been down regulated and 2621 probes up regulated in the grade 3 
group compared to the grade 1 group. This finding is consistent with having broader 
tails in the GELPFs of grade 3 tumors. Both the parameters k and a yield significant 
correlations at p<0.05 as shown in table 1. None of the probes are significantly 
correlated with all other parameters at this p-value. 

4.5   Gene Ontology (GO) Analysis 

We run the set of probes that are selected with respect to the exponent k through the 
Panther classification system (http://www.pantherdb.org/). The top four categories 
listed by biological processes are cell cycle (p<4×10-17), cell cycle control (p<10-11), 
nucleoside, nucleotide and nucleic acid metabolism (p<2×10-9), and cell proliferation 
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and differentiation (p<2×10-7). Similarly the first categories that appear by pathways 
are p53 pathway (p<5×10-4), ubiquitin proteasome pathway (p<6×10-4), p53 pathway 
feed back loops 2 (p<10-3) and integrin signally pathway (p<2×10-3). 

5   Discussion 

It has been demonstrated that data analysis of gene expression measures based on 
simple statistical models of gene expression level distributions in the transcriptome 
can provide great improvements over the ad hoc procedures offered by large-scale 
gene expression methods (SAGE, microarrays, etc.) [4,8,11]. Our paper shows that 
global models can also be used to select a large statistically and biologically 
significant gene sets which is much bigger than the number of genes in prognostic 
"genetic signatures" (from few genes to few hundreds) [15]. In this study, we 
demonstrated that the proportion of genes which are differentially expressed among 
detected genes discriminated grade I and grade III breast cancer subtypes might be 
very large (~18% (3934/20873)). 

Notice that the results based on popular "gene signature" approach published by 
different groups for the same disease are frequently non-concordant [13,15]. Perhaps 
a large proportion of the problems comes from different noisy processes leading to 
lack the concordant of the "gene signature" sets. 

Several authors have claimed that the statistical distributions of gene expression 
levels are "scale-free" distributed [2,17]. A scale-free statistic is a specific kind of 
statistic of events which are distributed by the standard Pareto (SP) probability 
function [14] with a constant exponent parameter. The particular case when the 
exponent is unity is known as Zipf's law [6,11]. Based on the analysis of available raw 
SAGE [2] and microarray data sets [17] the authors claimed that Zipf's law is a 
universal statistical law of gene expression processes, and holds across all cell types, 
stages of differentiation and across the species. Due to different cell organisms, 
developmental processes and levels of biological complexity, it is difficult to trust to 
such a claim. From a statistical standpoint, an estimate of the parameters of the 
observed GELPF is sensitive to noise, sample size, binning procedure, and fitting 
procedure. Notice that for microarray data, a simple visual inspection of the EDF on 
the log-log scale shows essential deviations from a strict scale-free statistic in the low 
and medium signal intensity regions. For SAGE data, the GELPF is modeled well by 
the generalized discrete Pareto function [8-10]. 

Other authors favor the lognormal distribution function as a model for GELPF 
[3,7]. This model give reasonable fits for microarray data than a standard power law 
particularly for low and moderate signal intensity values; however it fails to fit the 
tails accurately [3,9]. 

In this study, used a novel mixture probabilistic model. We show that in the low 
intensity region of microarray GELPF is explicitly given by the lognormal 
distribution as well as the spread parameter β in the GPG distribution, in the mid 
intensity region, the term that dominates is the characteristic scale a of the GP 
distribution. We demonstrated  that our model can be successfully applied not only to 
reduce  noise component in microarray data, but it also allows us to select a large 
number highly reliable differentially expressed genes. 
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Expression profiles have been extensively used to classify the cancers and predict 
clinical outcome. A large number of statistically significant differentially expressed 
genes for breast human cancer have been reported [18]. In our work, for the first time 
a parametric probabilistic model of microarray data allows us to construct a global 
pattern selection algorithm that reveals a large number of highly significant probe sets 
that is biologically relevant. We confirm this statistically using gene ontology 
analyses. For both low and high aggressive tumor grade samples we show that there is 
a profound and statistically significant shift in the exponent parameter of the 
generalized Pareto-gamma (GPG) distribution. 

A strongly significant shift in the exponent value suggests two fundamentally 
different tumor subtypes, affecting many structures, regulatory processes and 
pathways. These findings support the view of A.I. Ivshina et al. [5], that low and high 
grade breast cancer can be defined genetically, reflecting stable genetic independent 
pathobiological subtypes rather than a continuum of cancer progression. 

The weak power law only sets in for the high intensity region, which corresponds 
to genes that produce a large number of copies of transcripts, typically house-keeping 
and some tissue-specific genes. In biological networks, we believe that it is important 
to pay due attention to the low and medium expression regions where the most of the 
regulatory mechanism is found [8,9].  

Our gene selection procedure based on permutation analysis and Kendal τ statistics 
allows us to select the genes expressed at very low expression levels which can be 
clearly identified due to the fact that their expression distribution is stable within 
compared groups and distinguishable from the random pattern of additive noise. 
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