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Abstract. Exploiting the fact that one is dealing with time signals, it is possible
to formulate certain blind source (or signal) separation tasks in terms of a simple
generalized eigenvalue decomposition based on two matrices. Many of the tech-
niques determine these two matrices using second-order statistics, e.g., variance,
covariance, autocorrelation, etc.

In this work, we present a second-order, covariance-based method to deter-
mine the independent components of a linear mixture of sources. This is ac-
complished without the use of a possible temporal variable on which the data
may depend, i.e., we explicitly avoid the use of autocorrelations, time delay, etc.
in our formulation. The latter makes it possible to apply the simple eigenvalue
decomposition-based technique to general pattern recognition methods and as
such to find possible independent components of generic point clouds.

1 Introduction

Blind source or signal separation (BSS) and independent component analysis (ICA)
are—often linear; the case we consider—unsupervised learning methods that attempt
to decompose a (set of) random vector, e.g. feature vectors, into components which are
independent, or at least as independent as possible in a certain sense. As such, these
techniques improve upon well-known principal component analysis which does not go
beyond the decorrelation of the respective input signals.

Although many of the approaches to and variations on BSS and ICA are generally
applicable [7,17], most of them are specifically designed to solve source separation
problems for time-series. Under certain assumptions (see below), exploiting character-
istics of time-dependent signals, some of the source separation problem can be solved
particularly easy. These approaches merely involve the determination of two matrices
and a generalized eigenvalue decomposition using these matrices, i.e., performing a
simultaneous diagonalization of them. Typical assumptions are related for example to
the presence of autocorrelation within the sources or stronger assumptions such as pe-
riodicity of the individual components. Often, the first one of the two matrices to be
determined is simply the covariance matrix of the total data, i.e., it uses second-order
information. The entries of the second matrix may be determined using time-delayed
observations, higher-order statistics, frequency components, etc.

In this paper, we formulate a BSS method that only exploits second-order moments,
i.e. variances and covariances and is eigenvalue decomposition-based, but which does
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not need any kind of temporal assumptions. This implies that the method is also easily
and generally applicable to common pattern recognition data: A collection of feature
vectors in n-dimensions that are independently and identically distributed.

The idea for our approach comes in part from the work of Holland and Wang [14,15]
in which regional or local dependencies of a probability density function are defined.
These local dependencies can be directly related to localized versions of Pearson’s cor-
relation coefficient [19] or, more generally, to local moments of a probability density
function [21]. In Section 3, it is explained in what way specifically local covariances
are of use to our approach. This is done right after, in Section 2, we introduced the BSS
problem we consider and the general joint diagonalization approach pursued by several
authors. First however, we give a, necessarily, brief overview of related approaches.

Related Methods. [23] provides a nice introduction to BSS using the technique of joint
diagonalization. Some further remarks and references to BSS based on eigendecompo-
sitions can be found in [25] and, more generally, in [4]. [8] discussed more broadly the
current state of BSS and ICA.

A classic work, based on second-order moments, uses a time-delayed approach to
signal separation into independent components [20]. The main assumption here is that
the signal is non-stationary, or better, that sources do not have a constant power pro-
file over time. Another well-known work is [26], which exploits the cross-correlation
present in non-white signals also using time-delays for this. A third paper [5] uses yet
another possible characteristic and assumes non-Gaussianity of the sources. Like the
first two, its solution is based on a generalized eigendecomposition, however here both
second- and fourth-order moments are used to determine the two matrices involved.
Non-stationarity also plays a role in [24] and [2], while [16] exploits the non-stationarity
of the variance of the signal, employing a fixed-point algorithm to optimize the separa-
tion criterion. An approach in which the sources may be temporally white but spatially
colored is presented in [10].

A different approach utilizes a cyclostationarity assumption [11,12]. A similar ap-
proach is pursued in [1], but here a more involved iterative algorithm is needed. [18]
makes the very strong assumption of periodic sources.

[22] using temporal dependence between the sources and presents an approach which
works in the Fourier domain like [3]. Both methods again use that one is dealing with
time signal. [9] uses time-lags and higher-order statistics. Similar work is presented
in [6], in which non-stationarity, the temporal structure of sources, and time-delayed
correlation matrices are exploited.

Contrary to all previously mentioned works, in this work, we solve the BSS task
based on second-order moments only without the need to make assumptions about,
e.g., temporal dependencies in the sources.

2 Eigenvalue Decomposition-Based BSS

In the BSS problem, we are given T n-dimensional vectors x(t). Typically, t is the time
instance at which the n (random) observations, stored in x(t), took place. (However,
as already indicated, a main point in this work, is that t can be considered merely an
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index to the several xs.) Now, in addition, we assume that the observations x(t) are
obtained by linearly mixing n statistically independent source signals1. Denoting the
n-dimensional vector of sources as s(t), we more precisely assume that there exists an
invertible n×n mixing matrix A for which x(t) = As(t) for all t. (We assume, through-
out the paper and without loss of generality, that all signals have zero expectation.) The
actual BSS problem is to determine a good estimate for an inverse transformation A−1,
the so-called unmixing matrix.

Now, to start with, we note that various cross-statistics of the observations x(t)
are obtained by the matrix A and the diagonal cross-statistics of the sources s(t)
[23]. As an example, for the t-averaged covariance matrices, we have the following
equivalence:

Cx :=
∑

t

E[x(t)x′(t)] =
∑

t

AE[s(t)s′(t)]A′ =: ACsA
′ .

Assuming independent sources, Cs is diagonal. Similar relations can be deduced based
on more specific assumption, like the ones mentioned in the introduction. As an exam-
ple: For non-white sources, one can use time-lagged second-order statistics [23,26]:

Cx(τ) :=
∑

t

E[x(t)x′(t + τ)] =
∑

t

AE[s(t)s′(t + τ)]A′ =: ACs(τ)A′ ,

in which τ is the time lag and where again the source matrix is diagonal if the sources
are independent.

Such two conditions, or similar ones, are sufficient for source separation and the
inverse transformation matrix A−1 can be recovered, up to permutations and scaling,
as the matrix V fulfilling the generalized eigenvalue equation CxV = Cx(τ)V Λ in
which Λ is a diagonal matrix with all eigenvalues on its diagonal (in many articles
cited in the introduction, one can find the derivation for this). Another way to solve
it, which will later on be our actual method of choice, is as follows (see e.g. [13]).
Firstly, whiten the data x(t) by transforming it with C

−1/2
x . Secondly, determine Cx(τ)

for the transformed data and the eigenmatrix E of this matrix, i.e., the matrix with all
eigenvectors of Cx(τ) as columns. Finally, set A−1 = E′C−1/2

x .
Now, in order to make such simple technique applicable to data not necessarily sub-

ject to temporal or any other kind of ordering, we need to come up with a second matrix
that does not assume such ordering. Note that for the first matrix we can simply take
the data’s global covariance matrix.

3 Local and Global Covariance

Consider the covariance localized by a kernel K in the n dimensional signal space

CK = EK [(x(t) − EK(x(t))][x(t) − EK(x(t))]′ .

1 We do not consider the overdetermined and underdetermined cases here. We only consider the
exactly determined case, i.e., the number of sources is equal to the number of observed signals.
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EK indicates that the kernel weighted expectation is taken.
It is not hard to demonstrate that if K is separable, i.e.,

K(x(t)) =
n∏

i=1

Ki(xi(t)) ,

and all n variables are independent of each other, that CK becomes diagonal; for inde-
pendent, variables the covariance splits out in two terms that both integrate to zero—just
as in the calculation for a global covariance matrix with independent variables—and the
off-diagonals all become zero.

Shrinking the kernel size to zero, one can define point-local (co)variances [21]. These
local second-order moments are directly related to the localized version of Pearson’s
correlation coefficient [19], which in turn can be simply derived from the so-called local
dependence function proposed by Holland and Wang [14,15]. An interesting property
of these measures is that they are zero everywhere if and only if all n variables are
mutually independent.

In the light of these results, we can state that CK can be non-diagonal for certain
K if and only if the variables, i.e., the observed signals, are dependent. This means
that if we have such kernel, we can use the resulting local covariance matrix CK as the
second matrix in the generalized eigenvalue decomposition to solve the BSS problem.
Of course, this definition of the second matrix leaves quite some room for choices. For
the experiments, we stick to one particular choice, which is given in the next paragraph
together with a brief recapitulation of the whole approach.

Specific Approach used in the Experiments. The specific approach, which we use in the
next section to demonstrate the methodology, is based on a very simple block kernel

K(x(t)) =
n∏

i=1

1[−r,r](xi(t)) ,

i.e., the product of n indicator functions on the interval [−r, r] around the origin, i.e., a
(hyper)cube centered at the origin and with sides of length 2r.

In more detail the specific source separation approach used in the next section to
demonstrate the possible performance is as follows (recall the end of Section 2).

1. Centralize the data and calculate the data’s global (or total) covariance matrix Cx.
2. Whiten the centralized data: x(t) �→ C

−1/2
x x(t).

3. Determine on the transformed data the localized covariance matrix CK , where r is
set to two2. Equivalently, determine all data points that are within the (hyper)cube
induced by K and determine the sample covariance matrix of these points.

4. Eigendecompose CK : CK = EΛE′.
2 r = 2 is a bit of an arbitrary choice. Generally, with too large an r, all data will lay in the

(hyper)cube and therefore CK will be equivalent to Cx and so the eigenvalue problem is still
underdetermined. For r to small, estimating CK might be based on too few data points, possi-
bly leading to instable results. The current choice ensures that about 80% of the observations
are used in the estimation process.
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5. Let the estimate Â−1 of the inverse of the mixing matrix A equal E′C−1/2
x .

6. Transform the original centralized data to obtain the estimated source outputs:
x(t) �→ Â−1x(t).

4 Some Illustrative Experiments

To demonstrate the performance of our method, we generated two rather different 3-
dimensional data sets consisting of 10,000 points on which we tested it. Figures 1 and 2
give a pictorial overview of both data sets, their mixed versions, and the source separa-
tion obtained with the new approach. The mixing matrix A is given by

A =

⎛
⎝ .86 .31 .41

.88 .67 .47

.37 .97 .94

⎞
⎠ ,

which introduces a lot of dependency between the observed signals.
In the four rows of the figures, we see, from top to bottom: The histograms of the

three sources; the three pairwise 2D projections of the three sources; the three projec-
tions of the mixed data along the axes; the three pairwise 2D projections of the unmixed
data, i.e., the source estimates. We note again that sources can only be reconstructed up
to permutations of the sources and scaling of them. This is also visible in the resulting
unmixed signals.

As is clear from the figures, the method is capable of finding the independent com-
ponents with a reasonable precision although some seems not to have been recovered
entirely satisfactory, which also can be seen from the slight tilting of the distribution in
the 2D projections.

An additional check of how good the performance of the method is, is to look at the
matrix Â−1A which should be a permutation matrix of a perfectly diagonal matrix—in
our case this diagonal should only consist of −1s and +1s—if the BSS would work
flawlessly. For the data displayed in Figure 1, we have

Â−1A =

⎛
⎝ 1.000 −0.016 0.014

−0.028 −0.014 1.000
0.004 1.000 0.028

⎞
⎠ .

For the data displayed in Figure 2, we have

Â−1A =

⎛
⎝0.013 0.021 −1.000

0.013 1.000 0.032
1.000 −0.004 0.005

⎞
⎠ .

Both these matrices are quite close to a permuted (−1, +1)-diagonal matrix, however
several “off-diagonal” entries are possibly not entirely negligible.
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Fig. 1. Results on first artificial data set. From top to bottom row: Histograms of three independent
sources (from left to right: exponential, uniform, and normal distribution), 2D pairwise scatter
plots of three sources, 2D projections along axes of mixed data, 2D pairwise scatter plots of three
estimated, unmixed sources.
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Fig. 2. Results on second artificial data set. From top to bottom row: Histograms of three inde-
pendent sources (from left to right: ‘double’ uniform, normal, and normal ‘to the power of three’
distribution), 2D pairwise scatter plots of three sources, 2D projections along axes of mixed data,
2D pairwise scatter plots of three estimated, unmixed sources.
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5 Discussion and Conclusion

A novel generalized eigendecomposition-based approach to the blind source separation
problem is presented, which only exploits second-order covariance structures and does
not build on any assumptions coming from the presence of any kind of intrinsic ordering
of the data, e.g. no time dependence is assumed. An important consequence is that this
makes it possible to use these type of simple source separation techniques within the
general pattern recognition setting.

The approach presented here is built upon determining the global covariance matrix
of the data and a notion of local covariance matrix. Having these two matrices leads to
a fully determined generalized eigenvalue problem based on which the BSS problem
can in principle be solved. The notion of local (co)variances is inspired by the work on
local dependence functions and moments [14,15,19,21].

The experiments on two artificial data sets showed that reasonable performance can
be obtained based on a very simple choice of local covariance.

One way to possibly improve this, is by designing the local covariance matrix (i.e.,
the kernel K) more carefully. A better approach, is to estimate several local covariance
matrices and perform a joint (approximate) diagonalization of these matrices. This is
the approach often pursued in the eigendecomposition-based BSS techniques discussed
in the Introduction (see [23] and, for example, [24]). Often these techniques also have
to base their analysis on more than two matrices because of their sensitivity to outliers,
noise, small samples, etc. Carrying out such additional experiments is part of future
research.

Possibly more interesting is the question how the technique relates to supervised
dimensionality reduction approaches. The generalized eigendecomposition approach to
BSS is, for example, very reminiscent of the calculations performed in Fishers’s linear
discriminant analysis (LDA) [13], where the second local covariance matrix is replaced
by an estimate of the average within-class scatter. Relating such techniques, one may
gain deeper insight in their behavior.

In conclusion we presented a promising framework, based on which interesting fur-
ther research may be conducted. The method proposed is generally applicable, easy to
use, and able to perform BSS on generic n-dimensional data vectors.
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