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Abstract. The normal distribution in Euclidean space is used widely for
statistical models. However, for pattern recognition, since pattern vec-
tors are often normalized by their norm, they are on a hyper-spherical
surface. Therefore, we have to study a normal distribution in a non-
Euclidean space. Here, we provide the new concept of geometrically lo-
cal isotropic independence and define the Maxwell normal distribution
in a manifold. We also define the Mahalanobis metric, which is an ex-
tension of the Mahalanobis distance in Euclidean space. We provide the
Mahalanobis metric equation, which is covariant with coordinate trans-
formation. Furthermore, we show its experimental results.

1 Introduction

In many fields, such as pattern recognition and data analysis, a normal distri-
bution in Euclidean space is used for a statistical model. However, for pattern
recognition, pattern vectors are often normalized by their norm and they are
not in Euclidean space but on a hyper-spherical surface. Therefore, we have to
study a normal distribution in a non-Euclidean space.

The normal distribution is characterized by the equality between sample
mean and maximum likelihood, isotropic independence, maximum entropy or
maximum number of cases, and limits such as those provided by the central
limit theorem. In this paper, we extend the second characterization. We propose
the concept of geometrically local isotropic independence (GLII) and define the
Maxwell normal distribution in a manifold (MNDM). From the definition, we
give MNDM on the n-dimensional hyper-spherical surface Sn and show that in
the case of S2, it coincides with the Fisher distribution [1].

The Mahalanobis distance [2], which is a distance normalized by a variance-
covariance matrix, is also used for pattern recognition and data analysis. By
using it, we can know that a distance between two vectors that is not large
in terms of Euclidean distance may be large from the viewpoint of probability
(Fig. 1(a)).

In the n-dimensional Euclidean space En, the normal distribution with aver-
age μ and variance-covariance matrix Σ is expressed by the following probability
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Fig. 1. Mahalanobis metric

distribution function (p.d.f.):

p(x) =
1

√
(2π)n det(Σ)

exp(−〈Σ−1(x − μ), x − μ〉/2), (1)

where 〈 · , · 〉 denotes the inner product and Σ is assumed to be nonsingular.
When x is mapped to y by a linear transformation y = Σ−1/2x, p is transformed
to the p.d.f. of the standard normal distribution of y. The inner product that
expresses the Mahalanobis distance is given as the pull back of the inner product
as 〈y, y′〉 = 〈Σ−1x, x′〉.

Suppose that the counter of a p.d.f. is given as in Fig. 1(b). It is natural that
the distance is evaluated not by a straight edge but by a curve. By extending the
linear transform to a diffeomorphism, we obtain the Mahalanobis metric. It is
very interesting that its differential equation does not depend on the coordinate
system or the original metric. Furthermore, the diffeomorphism will disappear
in it.

Information geometry [3] uses a manifold for probability distributions. How-
ever, since it uses a manifold as the set of distributions, there is no direct rela-
tionship to our theorem.

In Section 2, we describe the characterization of the normal distribution in
Euclidean space. In Section 3, we define GLII and provide its differential equa-
tion. In Section 4, we define MNDM as a solution of the equation and provide
a solution on Sn. In Section 5, we define the Mahalanobis distance and pro-
vide its differential equation. In Section 6, we present experimental results of a
simulation.

In this paper, we restrict manifolds to the Riemannian manifold and use the
Levi-Chivita connection. We assume that every probability distribution function
(p.d.f.) is infinitely continuously differentiable and does not become 0.

2 Characterization of Normal Distribution

We explain the characterization of a normal distribution in Euclidean space. In
some of the following characterizations we assume that the ensemble average is
zero without loss of generality.
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The normal distribution is often called the Gaussian distribution. The fol-
lowing characterization in E1 was given by C.F. Gauss [4]. Let μ and x be the
true and observed values, respectively. Assume that the p.d.f. depends only on
the absolute error |x − μ| and the samples xi (i = 1, 2, · · · , m) are extracted
independently. If the maximum likelihood estimator of μ is always given by
the sample mean (

∑m
i=1 xi)/n, the distribution should be a normal distribution

whose average is μ.
The velocity distribution of the ideal gas is given as a 3-dimensional normal

distribution (Maxwell distribution) [5]. Below, we briefly describe its characteri-
zation in E2. Let (x1, x2) and (y1, y2) be two 2-dimensional stochastic variables
such that x1 and x2 are independent of each other and so are y1 and y2. We
have {

y1 = x1 cosω + x2 sin ω,
y2 = −x1 sin ω + x2 cosω

(2)

for some ω �= nπ/2, where n = 0, ±1, ±2, · · ·. Then, the distribution of (x1, x2) is
a 2-dimensional normal distribution whose variance-covariance matrix is given
by σ2I, where σ is a positive number and I is a unit matrix.

The characterization by the entropy in E1 is given as follows. Let p(x) be a
p.d.f. defined in (−∞, ∞). We assume that p(x) maximizes the entropy

−
∫ ∞

−∞
p(x) log p(x)dx (3)

under the condition that ∫ ∞

−∞
x2p(x)dx = σ2. (4)

Thus, p(x) is given by the normal distribution whose average and variance are
0 and σ2, respectively. Similarly we can derive the normal distribution from the
Maxwell-Boltzmann distribution [6], [7].

The central limit theorem is given as follows [5]. For simplicity, we neglect sev-
eral conditions for convergence. Let xi (i = 1, . . . , m) be independently extracted
samples of the same arbitrary distribution. Then,

∑m
i=1 xi/

√
n converges to a

normal distribution whose average and variance coincide with those of the orig-
inal distribution, respectively. From the viewpoint of convergence, the normal
distribution is also characterized as the limit of the Poisson distribution.

In a manifold, it is very difficult to define average, variance, and dilation
uniquely. The facts show the difficulty of defining a normal distribution in a
manifold by extending the characterization by Gauss or entropy or the central
limit theorem. Furthermore, in physics, since the variance, which is given by
a square term, means the energy, the condition of its preservation is justified.
However, in general, the reason why we fix the variance is not clear.

Therefore, in this paper, we extend the characterization by Maxwell. It is
based on the independence. The assumption of independence of a distribution
with respect to orthogonal coordinates is reasonable in many cases. In the
following discussion, we assume that the dimension of manifolds is not less
than 2.
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3 Geometrically Local Isotropic Independence (GLII)

In E2, we can describe the independence as p(x, y) = p(x)p(y). However, in a
manifold we cannot construct a global orthogonal coordinate system based on
geodesics that correspond to the orthogonal coordinate system in En. Thus,
we cannot use the characterization by Maxwell in En directly. We propose the
concept of geometrically local independence (GLI). Since we cannot define the
global direction in a manifold either and only the isotropic independence is
necessary to extend the characterization by Maxwell, we define the geometrically
local isotropic independence (GLII).

Let {xμ} be a local coordinate system in a manifold. Let gμν be a metric
tensor on the coordinate system {xμ}. Let g = det(gμν). Let p be a p.d.f. on
the coordinate system {xμ}. Let q be its p.d.f. normalized by

√
g (We call it the

normalized p.d.f. for short), which is written as

q =
p

√
g
. (5)

This q is a scaler and it is invariant for the coordinate transformation. We define
δμν as

δμν =
{

1 (μ = ν)
0 (else) . (6)

Here, let {xμ} be a normal coordinate system [8]. There exists a normal co-
ordinate system at every point in a Riemannian manifold. At the origin (xα =
0, α = 1, 2, · · · , n) of the normal coordinate system, we have gμν = δμν and all
Levi-Chivita connections Γ μ

νγ vanish. Now, we define GLI.

Definition 1. (Geometrically local independence, GLI) Let {xμ}n
μ=1 be a nor-

mal coordinate system. We define a normalized p.d.f. q as being geometrically
locally independent (GLI) with respect to xμ and xν (μ �= ν) at the origin
(xα = 0, α = 1, 2, · · · , n) if and only if 1

q
∂q

∂xμ (the changing rate of q nor-
malized by q with respect to xμ) does not depend on xν at the origin with the
approximation of the first order of coordinates.

Theorem 1. Let q be a normalized p.d.f. At the origin of the normal coordinate
system, the probability distribution is GLI with respect to xμ and xν (μ �= ν) if
and only if at the origin we have

∂2

∂xν∂xμ
log q = 0. (7)

The proof of this theorem is clear. Theorem 1 yields that xμ and xν are com-
mutative in Definition 1. Thus, we can say ’GLI with respect to xμ and xν ’.

GLI is an extension of the independence since in E2 GLI for any parallel
translation of a coordinate system is equivalent to the independence.

Theorem 2. Let {x1, x2} be the orthogonal coordinate system of E2. Let
{y1, y2} be an orthogonal coordinate system, which is given by its parallel trans-
lation. A p.d.f. is GLI with {y1, y2} for every parallel translation if and only if
x1 and x2 are independent.
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The proof of this theorem is also clear since every coordinate system in E2 is a
normal coordinate system. Now, we define GLII.

Definition 2. (Geometrically local isotropic independence, GLII) Let {xμ} be
a normal coordinate system. Let {x′μ} be a normal coordinate system given by
a rotation at the origin. A p.d.f. is said to be geometrical isotropically locally
independent (GLII) at the origin if and only if the normalized p.d.f. is GLI with
respect to any pair of coordinates yμ and yν (μ �= ν) of a system which is given
by an arbitrary rotation of {xμ} whose center is the origin.

Theorem 3. Let q be a normalized p.d.f. At the origin, q is GLII if and only if

∂2

∂xμ∂xν
log q = 0,

∂2

∂(xμ)2
log q =

∂2

∂(xν)2
log q (8)

for any pair of xμ and xν (μ �= ν).

This theorem can be proved by the transformation of partial derivatives. We
extend Theorem 3 from a normal coordinate system to a general coordinate
system in the following Theorem 4. We denote the covariant differential by ∇μ.

Theorem 4. A normalised p.d.f. q is GLII if and only if

∇μ∇ν log q = fgμν (9)

with a scalar f .

By reducing eq. (9) with gμν , we can get f . Then, eq. (9) is equivalent to
(

∇μ∇ν − 1
n

gμνΔ

)
log q = 0, (10)

where Δ = gαβ∇α∇β and n is the dimension of the manifold.
Since ∇ν log q is a covariant differential of a scalar, it is equivalent to a partial

differential, that is, eq. (9) is equivalent to ∇μ∂ν log q = fgμν . However, we
describe it by a covariant differential in order to see the symmetry easily.

Proof. First, let {xμ} be a normal coordinate system. From equations in (8),
the distribution is GLII if and only if

∂2

∂xμ∂xν
log q = fδμν . (11)

Since xμ is a normal coordinate and log q is a scalar, ∂2

∂xμxν log q and δμν are
equal to ∇μ∇ν log q and gμν , respectively. Then, eq. (11) can be described as

∇μ∇ν log q = fgμν . (12)

We can let f be a scalar since f is the same for any normal coordinate system
at the point. Then, both sides of eq. (12) are transformed as 2nd order covariant
tensors so that eq. (12) holds for any coordinate system.

Conversely, if eq. (12) holds for a scalar f in a coordinate system, then eq. (11)
holds in the normal coordinate system. This completes the proof.
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4 Maxwell Normal Distribution in a Manifold (MNDM)

For the GLII probability distribution in En, we have the following theorem.

Theorem 5. If a probability distribution is GLII at every point in En, it is an
uncorrelated normal distribution whose variables have the same variance.

This theorem can be proved since the variables of the partial differential equation
can be separated. From Theorem 5, we propose the following definition.

Definition 3. (Maxwell normal distribution in a manifold (MNDM)) A prob-
ability distribution is MNDM if and only if it is GLII at every point.

As an example of MNDM in a manifold, we provide it in Sn.

Theorem 6. The normalized p.d.f. of MNDM on Sn depends only on the angle
x1 from some point on Sn, and for a constant κ it is given by and for a constant
κ it is given by

q = C exp(κ cosx1), (13)

where C is a constant given by

C =
κ(n−1)/2

(2π)(n+1)/2I(n−1)/2(κ)
, (14)

where Ip(κ) is the deformed Bessel function.

The proof of this theorem is so long we provide it in another opportunity.

Remark. MNDM in S2 coincides with the Fisher distribution, which was orig-
inally given as a Maxwell-Boltzmann distribution of a magnetic dipole in a
magnetic field, since its energy is proportional to cosx1, where x1 is the angle
between the magnetic dipole and the magnetic field. When x1 is small, we have
cosx1 � 1−(x1)2/2, so it is approximated by a normal distribution in Euclidean
space. Although the Fisher distribution has similar characterizations by Gauss
and by entropy, the distance used for the definition of the average or variance is
not the ordinary distance on Sn but the distance in En+1 embedding Sn. One
of the advantages of the characterization by GLII is that such embedding is not
needed. Another advantage is that it can provide the Mahalanobis metric, which
we discuss in the next section.

5 Mahalanobis Metric

First, we describe how a p.d.f is transformed with a diffeomorphism (Fig. 1
(c)). Let M and M ′ be manifolds. Let {xμ} and {yμ} be the coordinate sys-
tems, and let gμν and g′μν be the metric tensors in M and M ′, respectively.
Let g = det(gμν) and g′ = det(g′μν). Let T : M → M ′ be a diffeomorphism.
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Let q′ be a normalized p.d.f. in M ′. Since we can unify elements in M ′ and M ,
we can consider a normalized p.d.f. q in M as corresponding to q′. We define
detT as

detT =

√
g′

g
det

(
∂yμ

∂xν

)
. (15)

Note that det T is invariant with coordinate transformations in both M and M ′.
Then, we have

q(x) = detT q′(T (x)). (16)

We propose the following definition of the Mahalanobis metric.

Definition 4. (Mahalanobis metric) We assume that there exists a transforma-
tion T : M → M ′ and the normalized p.d.f. q′ of MNDM in M ′ such that a p.d.f
p is given by transforming q′ by T. The Mahalanobis metric g̃μν with respect to
p in M is given as the pull back of g′μν .

From the assumption, we have

∇′
μ∇′

ν log q′ = fg′μν (17)

where ∇′
μ is the covariant differential defined by the metric tensor g′μν in M ′.

Let g̃ = det(g̃μν). Since we have

det
(

∂yμ

∂xν

)
=

√
g̃

g′
, (18)

eq. (15) and p(x) =
√

g q(x) yield that

q′(T (x)) = p(x)/
√

g̃. (19)

Furthermore, the transformation from (x, g̃μν) to (y, g′μν) by T is equivalent to
the coordinate transformation. Then, we get the following theorem by rewriting
g̃μν as gμν and calculating ∇μ∇ν log g.

Theorem 7. A metric gμν is a Mahalanobis metric with respect to p if and only
if

∇μ∇ν log p − ∂

∂xν
Γ α

αμ + Γ η
νμΓ α

αη = fgμν . (20)

with a scalar f .

Remarks. Eq.(20) is covariant with the coordinate transformation. Since
eq. (20) does not include a term that depends on the original metric of M ,
the Mahalanobis metric does not depend on the original metric either. That is
an extension of Mahalanobis distance not depending on the original inner prod-
uct [9]. Although we introduced a diffeomorphism T for its definition, terms with
respect to T and M ′ disappear in eq. (20).
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6 Experiment on Mahalanobis Metric

It may be difficult to solve eq. (20) directly since it includes an arbitrary scalar
f . When we assume that M ′ = En and the variance of the normal distribution
in M ′ is one, we have f = −1. (For another example, if M ′ = Sn, we have
f = − log q.) Then, the equation can be solved. Since this Mahalanobis metric
gμν is given as a metric transformed from En, we have Rμ

ναβ = 0. We add this
equation to the criterion.

For the experiment, we let M ′ = E2 and a diffeomorphism be

y1 = αx1, (21)
y2 = α(x2 + βh(x1)h(x2)), (22)

where α = 3, β = 0.3, and

h(x) =

{
e
4
�
1− 1

1−x2

�
(−1 < x < 1)

0 (else)
. (23)

From this diffeomorphism we can calculate p as shown in Fig. 2(a). We transform
the differential equation (20) and Rμ

ναβ to difference equations on a 51×51 mesh.
We let the differentials of gμν on the boundary be zero. Let F be the squared
sum of errors of the difference equations. We calculate the Mahalanobis metric
by the steepest descent method.
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Figures 2(c) and (d) illustrate the calculated Mahalanobis metric tensor com-
ponents g22 and g11. Since we know the diffeomorphism here, we know the ideal
Mahalanobis metric shown by dashed lines in the figures. From these figures, we
can see that the calculated metric can approximate the ideal Mahalanobis met-
ric. Figure 2(b) illustrates ∂2∂2 log p. From gμν = −∇μ∇ν log p, the connection
terms correspond to the difference between Figs. 2(b) and (c), which are very
large. Figure 2(e) and its rescaled version (f) illustrate the convergence of F and
the square error of the Mahalanobis metric denoted by G. From this figure, we
can see it takes a long time to calculate it. We have to develop a more efficient
method.

7 Conclusions

In this paper, we defined GLI, GLII, and MNDM. We clarified that they are
extensions of independence, isotropic independence, and Maxwell distribution in
Euclidean space, respectively. We provided MNDM on a hyper-spherical surface.
We gave a definition of the Mahalanobis metric, which is an extension of the
Mahalanobis distance. In future work, we will obtain MNDM in other manifolds,
develop a method of obtaining the Mahalanobis metric from samples, and apply
it to nonlinear dimensional reduction.
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