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Abstract. In this work we consider the problem to compute the vector
y = Φm,n(A)x where Φm,n(z) is a rational function, x is a vector and
A is a matrix of order N , usually nonsymmetric. The problem arises
when we need to compute the matrix function f(A), being f(z) a com-
plex analytic function and Φm,n(z) a rational approximation of f . Hence
Φm,n(A) is a approximation for f(A) cheaper to compute. We consider
the problem to compute first the Schur decomposition of A then the ma-
trix rational function exploting the partial fractions expansion. In this
case it is necessary to solve a sequence of linear systems with the shifted
coefficient matrix (A − zjI)y = b.

1 Introduction

Matrix functions arise in different fields of Mathematical Sciences and Engineer-
ing, in particular in connection with the solution of ordinary differential sys-
tems, with applications in control theory (see [1]), nuclear magnetic resonance,
Lie group methods for geometric integration (see [8]), and in the numerical so-
lution of stiff differential equations (see [11], and references therein). Usually
the matrix function can be defined via power series or as the solution of non-
linear systems. Several methods have been proposed in past to solve one of the
following problems:

– Given a complex matrix A ∈ Cn×n compute f(A), where f is an analytic
function on a region of the complex plane;

– Given a matrix A with a given geometric structure compute the matrix
function f(A), having a special structure too;

– Given a matrix A and a vector x compute f(A)x.

The second problem has a great interest in very important cases when f(z)
is the exponential function. In fact it is well known that the exponential map
is a function defined from a Lie Algebra to its related Lie Group, i.e. if A is
skew-symmetric (i.e. AT = −A) then Q = exp(A) is orthogonal. In these cases
it is very important in the numerical approximation to preserve the property.
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Recently this problem has been considered using approaches based on the Krylov
subspaces technique but also exploiting the Schur decomposition of Hamiltonian
skew-symmetric matrices ([5, 9]).

In past many algorithms have been proposed for the approximation of matrix
f(A) (see [7]) and most of these are based on the rational approximation of f ,

Φm,n(z) =
Rm(z)
Qn(z)

,

being Rm(z) and Qn(z) polynomials of degree m and n, respectively. Hence

f(A) � Φm,n(A) = Rm(A) [Qn(A)]−1
.

A classical way to obtain the function Φm,n(z) is to use the Padé approximation
(usually with m = n) together with a pre-processing technique for matrix A
(usually the scaling and squaring technique, see [6]).

In this work we decribe briefly some numerical methods based on the Schur
decomposition of the matrix, in order to compute the rational function approxi-
mation of the exponential matrix function, then we consider the use of the partial
fraction expansion. In Section 2 we describe the numerical methods based on the
Schur decomposition, while in Section 3 we describe the algorithms to compute
rational matrix functions based on the partial fractions expansion technique.
Finally in Section 4 some numerical issues are shown.

2 Numerical Methods Based on the Schur Decomposition

A general approach to compute f(A), with A ∈ Cn×n is to employ similarity
transformation

A = SDS−1 (1)

where f(D) is easily computable. In fact

f(A) = Sf(D)S−1. (2)

If A is diagonalizable then we could take D diagonal hence the computation of
f(D) is trivial since it is a diagonal matrix. For stability problems it is a good
choice to take well conditioned matrix S in (1). The better way to take a well
conditioned matrix is S to be orthogonal, so that the decomposition (1) becomes
the Schur decomposition of A:

A = QTQ∗,

where T is upper triangular or block upper triangular. The computation of the
Schur factors is achieved with perfect backward stability by the QR algorithm
(see [6]). Once the decomposition has been performed the problem is the com-
putation of f(T ). If T is upper triangular also

F = f(T )
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is upper triangular, so that Parlett (see [10]) proposed the following recurrence
relation, which comes equating the (i, j) elements (i < j) in the commutativity
relation FT = TF :

fij = tij
fii − fjj

tij − tji
+

j−1∑

k=i+1

fiktkj − tikfkj

tii − tjj
(3)

The problem with this approach is that the recurrence breaks in when tii = tjj for
some i �= j, that is when T has repeated eigenvalues, and it can give inaccurate
results in floating point arithmetic when T has close eigenvalues. Parlett observed
that if T = (Tij) is block upper triangular then F = (Fij) has the same block
structure and, for i < j,

TiiFij − FijTjj = FiiTij − TijFjj +
j−1∑

k=i+1

(FikTkj − TikFkj) . (4)

The recurrence can be used to compute F a superdiagonal at a time, provided
we can evaluate the blocks Fii = f(Tii) and solve the Sylvester equation (4)
for the Fij . For the equation (4) to be nonsingular we need that Tii and Tjj

have no common eigenvalue. For the Sylvester equations to be well conditioned
a necessary condition is that the eigenvalues of Tii and Tjj are well separated.
An alternative approach is first to compute

A = XDX−1

where X is well conditioned and D is block diagonal. Then

f(A) = Xf(D)X−1

and the problem reduces to compute f(D). The usual way to compute a block
diagonalization is first to compute the Schur form and then to eliminate off-
diagonal blocks by solving Sylvester equations (see [6]). In order to gurantee a
well conditioned matrix X a bound must be imposed on the condition of the
individual transformations, this bound will be a parameter of the algorithm
(see [4]).

Computing f(D) reduces to compute f(Dii) for each diagonal block Dii.
The Dii are triangular but, unlike the Schur method, no particular eigenvalue
distribution is guaranteed, because of limitations on the condition of the trans-
formations; therefore f(Dii) is still a nontrivial calculation.

3 Partial Fractions Expansions

A different approach in the computation of the matrix function f(A) is to use a
rational approximation, Φm,n(z):

Φm,n(z) =
Rm(z)
Qn(z)

(5)
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where Rm(z) and Qn(z) are polynomials of degree m and n respectively. Usu-
ally function Φm,n(z) could be the (m, n) Padé approximation of the exponential
function or the Chebyshev approximation but also another approaches are pos-
sible. The problem becomes the computation of the vector Φm,n(A)y. Supposing
all the roots of polynomial Qn(z) to be distinct and n ≥ m, the rational function
Φm,n(z) can be represented using the partial fractions expansion:

Rm(z)
Qn(z)

= α0 +
n∑

j=1

αj

z − zj
(6)

where

α0 = lim
z→∞

Rm(z)
Qn(z)

and

αj =
Rm(z)
Q′

n(z)
(7)

where zj are the roots of Qn(z). Hence

Φm,n(A) = Rm(A) [Qn(z)]−1

and, from (6):

Φm,n(A)x = α0x +
n∑

j=1

αj(A − zjI)−1x.

The vector y can be computed using the following algorithm:

1. Compute

α0 = lim
z→∞

Rm(z)
Qn(z)

, αj =
Rm(z)
Q′

n(z)

for j = 1, . . . , n.
2. For j = 1, . . . , n, compute the vector xj solving

(A − zjI)xj = b

3. Set

y = α0b +
n∑

j=1

αjxj .

The main problem is the solution of the linear systems at step 2. A good choice
for this solution is to use Krylov-subspace iterations, since they are invariant
under the shifts zj. Hence the work required to solve n linear systems is the same
to solve one system. Another advantage of this technique is that it can easily
implemented on a parallel architecture since the linear systems to be solved in
step 2 are independent (see [2]). Moreover there is a second level parallelism
since also each system could be solved using a parallel algorithm. As last remark
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we consider that, when the rational function has poles and residuals as complex
conjugate pairs, it is possible to exploit the following property (see [12]):

αj(A − zjI)−1xj + αj(A − zjI)−1xj = 2�
(
αj(A − zjI)−1xj

)
. (8)

In [3] it is shown that the algorithm based on partial fractions representation
can be very sensitive to perturbations. In fact the coefficients (7) are

αj =
Rm(zj)

a0

n∏

k=1,k �=j

(zj − zk)

.

and it follows that the presence of closed poles zk may cause some coefficient
αj to be very large. In this case the error on the computation of vector xj

is amplified. In ([3]) these difficulties are remedied using an incomplete partial
fraction representation of the rational function. The representation consists in
writing the function as

Rm(z)
Qn(z)

=
t∏

k=1

rl(z)
ql(z)

(9)

and using a partial fraction representation for each of the factors rl(z)/ql(z).
The functions rl(z) and ql(z) are polynomials such that the degree of ql(z) is
not greater than the degree of pl(z) for each l. The polynomials rl(z) and ql(z)
are chosen so that the partial fraction coefficient αlj of the representation

rl(z)
ql(z)

= α0l +
nl∑

j=1

αjl

z − zjl

where nl is the degree of ql(z), and j = 1, . . . , nl, and 1 ≤ l ≤ t, are not so
large and the number of factors t is small. The incomplete partial representation
algorithm can be described through the following steps:

1. Given the sets zjl and αjl with j = 1, . . . , nl, and l = 1, . . . , t;
2. Put x = b;
3. For l = 1, . . . , t:

3.1 Solve the systems

(A − zjlI)xj = x, j = 1, . . . , nl

3.2 Compute the vector

x = α0lx +
nl∑

j=1

αjlxj.

The methods described previously could be used together computing first the
Schur decomposition of matrix A:

A = QTQ∗
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and then using the partial fractions expansions of the rational approximation
of function f(z) applied to matrix T . Hence given the vector x we have the
approximation

f(A)x � QΦm,n(T )y

where y = Q∗x.

4 Numerical Examples

In this section we show an example of the application of the algorithm described
in the previous section to the computation of the exponential matrix applied to
a real vector. Given the unsymmetric matrix A ∈ IRn×n and the vector x ∈ IRn

our aim is to approximate the vector eAx. We recall that the method is based
on the following steps:

1. Computation of the real Schur decomposition of the real matrix A = QTQT ;
2. Computation of the Chebyshev rational approximation for the exponential

function Cn,n(z);
3. Computation of the poles zj and the residuals αj of rational function Cn,n(z);
4. Solve the linear systems (T − zjI)xj = y, where y = QT x;
5. Compute the vector

w = α0y +
n∑

j=1

αjxj ;

6. Compute the vector z = Qw.
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Fig. 1. Estimate of the error
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Fig. 2. Maximum Residuals of the Partial Fractions Expansion for Chebyshev Approx-
imations of degree n
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Fig. 3. Error respect to unitary vector solution

It is obvious that the steps 2 and 3 of the algorithm do not require any compu-
tation since the coefficients of the rational function Cn,n(z), the poles and the
residuals are tabbed. For the solution of these systems here we have considered
just direct methods neglecting their shifted structure, in future we shall con-
sider the application of iterative methods based on Krylov subspaces. A further
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remark is related to the use of Chebyshev approximation in step 2: we recall that
using the property (8) the number of linear systems can be reduced. In Figure 3
we show the difference between the vector computed by MatLab function expm
times a random vector x taking a random matrix A ∈ IR20×20 and the vector
computed by the algorithm described in the present section. We observe that
taking the result computed by MatLab routine as correct the error decreases
when the degree of the Chebyshev approximation is growing until n = 10, then
the error increases. The reason of this behaviour is explained in Figure 3 where
we show that the maximum of the residuals |αj | increases with n, and as ob-
served in the Section 3 the error in the solution of the linear systems is amplified.
Finally we have considered a random skew-symmetric matrix A and a unitary
2-norm vector x. In this case also the vector eAx has unitary 2-norm. We observe
that the behaviour of the error is exactly the same observed in the first example.
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