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Abstract. Content-based networks are introduced and their topological
properties are outlined. A content-based model with Random Boolean
dynamics, designed to mimic the gene regulation network, exhibits an in-
crease in the number and complexity of attractors for increasing number
of nodes. However, contrary to expectations based on Mean Field cal-
culations for random scale-free networks, the attractors are not chaotic,
even for average connectivities in excess of 2. Thus, the present model
offers a promising tool for understanding complex biological networks.

1 Introduction

Complex networks [1, 2, 3, 4] have become an essential tool for understanding
coarse grained properties of discrete, distributed systems with often highly spe-
cific interactions as, for example, in genomic or proteomic networks [5, 6], which
rely on recognition and binding mechanisms. Independently of the nature of the
interaction, we submit that the specificity of the network connections can be
modelled by requiring a certain amount of information to be shared between
the nodes. We have coined the term “content-based” to denote networks where
a certain information content coded in a common alphabet characterises each
node. In two previous papers [7, 8] a null-version of such a model with random
strings of letters, was formulated and simulations as well as analytical results
regarding its topological properties were provided. (An earlier, more ambitious
version of such a model was proposed by Reil [9].) In the present paper, we
extend our model to incorporate certain features of the gene regulation network
in a more realistic fashion [10, 11], and also include a dynamics, provided by
randomly assigned Boolean functions at the nodes, in the same spirit as the
Random Boolean Network (RBN) models introduced by Kauffman [12, 13].

In the following section we outline our content-based model and summarise
earlier results. In Section 3 the details of the extended model and the dynamics
will be introduced. In Section 4, preliminary results on the dynamics, and in
Section 5 a short discussion will be presented.
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2 A Content-Based Null Model

In our original model a linear code of length L, which can be thought of as
an “artificial chromosome,” has elements which are randomly assigned from an
alphabet containing r + 1 letters with the probability distribution P (x),

P (x) = pδ(x − r) +
1 − p

r

r−1∑

ρ=0

δ(x − ρ) . (1)

Each “gene”, Gi, is defined as the string between two successive occurrences of
the letter “r” on the chromosome, Gi ≡ (xi,1, . . . , xi,j , . . . , xi,li) where xi,j �= r
and li is the length of the ith gene. This results in an exponential distribution
of string lengths, P (l) ∝ (1 − p)l. The model chromosome thus has only three
parameters, the length L, besides p and r appearing in the above distribution.

We now associate a network with this model chromosome, by assigning a node
to each “gene,” and postulating an interaction matrix wij based on the string
matching condition, thus:

wij =
{ 1 if Gi ⊂ Gj

0 otherwise
. (2)

It should be noted that the linear codes associated with the “genes” do not
necessarily represent a nucleotide sequence but rather should be considered as
the information content of that node. The probability of finding an edge between
two nodes with string-lengths l and k, directed from the first to the second, is
p(l, k) = 1 − (1 − r−l)k−l+1.

The resulting network is small-world type, having a large clustering coefficient
and very small average shortest path length.[7] It is very robust to random
removal of nodes, and we conjecture that the percolation threshold is 0, as for
scale-free networks with exponents γ ≤ 3 [3, 14]. Moreover, the network exhibits
“Highly Optimised Tolerance” as defined by Carlson and Doyle [15].

The in- and out-degree distributions are displayed in Fig.1. The out-degree
distribution has a continuous regime, decaying as a power law with an exponent
γ1, followed by an oscillatory part whose envelope with an exponent γ2 where [8]

γ2 =
1
2

ln r + ln(1 − p)
ln r − ln(1 − p)

, and γ1 =
1
2

+ γ2 . (3)

The length distribution of the sequences identified with the nodes changes the
topology of the network. Taking a Gaussian distribution for the lengths yields
in- and out-degree distributions both similar to that shown in Fig. 1a, but with
a sharper cut-off than for the case of the exponential length distribution.

3 A Content-Based Approach to Dynamics of Gene
Regulation

The dynamics of gene regulation networks has been modelled by Random Bool-
ean Networks (RBN) [12, 13], where the genes at the nodes take Boolean values
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Fig. 1. The out-degree and in-degree distributions (for L = 1.5 × 104 and L = 4 × 104

averaged over 2× 104 random realisations of the random string). Numerical results are
indicated by circles, the solid lines are the theoretical expression. See Ref. [8].

σi(t), i = 1, . . . , N , indicating their state of activation (“on” or “off”), deter-
mined by randomly assigned Boolean functions with inputs from other genes.
The networks may be wired randomly, or with fixed in-degree. Here we present
a model designed to mimic the dynamics of gene regulation, and which extends
the content-based model of the preceding section.

In our extended model (see Fig.2) each gene, corresponding to a node of the
regulatory network, is represented by a linear code having two distinct regions:
i) a regulatory sequence (RS) through which the activation of this gene is reg-
ulated by the binding of transcription factors (TFs), and ii) a coding region
which gets translated either into a TF or a structural protein (also see [9, 11]).
The sub-sequences occurring in a RS constitute the possible “binding sites” for
the TFs.

Let us denote the regulatory and coding regions of the ith gene by ρi and πi,
i = 1, . . . , N , where the lengths of the two regions, lρi and lπi may be chosen
from different distributions. In this study we have taken the minimum length of
the codes associated with the TFs, and the corresponding “binding sites,” to be
lmin = 1. Larger values may be used to tune the cut-off of the degree distribution
at large degrees.

Each character in the strings ρi or πi is chosen from an alphabet of r letters
with uniform probability 1/r. We will denote the mth subsequence of the string
ρi by ρ

(m)
i , where m ≡ (ν, l) with ν specifying the first letter, and l, the length

of the sub-sequence. Note ν = 1, . . . , lρi and l ≤ lρi − ν + 1.
An interaction between a pair of genes is now defined via a sequence-matching

condition (corresponding to Eq.(2)) between the TF of the ith gene and sub-
sequences in the RS of the jth gene. Defining

w
(m)
ij =

{
1 if πi = ρ

(m)
j

0 otherwise
, (4)
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the element of adjacency matrix between the ith and jth nodes becomes wij =
1 −

∏
m[1 − w

(m)
ij ], being nonzero only if at least one of the w

(m)
ij = 1. Note that

wij �= wji, in general.
The activation state of the system at time t, Σ(t) ≡ (σ1(t), . . . , σN (t)), evolves

under a set of Boolean operators associated with each node of the network. The
input to the Boolean operators Bj are the “binding states” b

(m)
j (t) = w

(m)
ij σi(t) of

the sub-sequences ρ
(m)
j . If there exists a protein matching the sub-sequence ρ

(m)
j in

the regulatory sequence of the jth gene, and if the gene coding this protein is “on”
at time t ( σi(t) = 1), then it is assumed that this protein will bind the said sub-
sequence, in which case b

(m)
j (t) = 1; otherwise it is zero. For those sub-sequences

which have no matches, the “binding states” are set identically equal to zero.
The truth table defining the operator Bj({b

(m)
j (t)}) is constructed by as-

signing to each set {b
(m)
j } of binding states, a value 1 or 0, with probabil-

ity q or 1 − q as illustrated in Fig.2. Note that nodes with identical RSs will
have identical Boolean operators associated with them. Given an initial state
of the system, Σ(0), the dynamics of the system is now given by Σ(t + 1) =
(B1(t), . . . Bi(t), . . . BN (t)).

Fig. 2. A small network with four nodes (A,B,C,D) and their associated RS and TF
sequences are shown in panel (a). The directed edges satisfy the matching conditions
between the TFs and sub-sequences of the RSs. The truth table for the Boolean function
associated with the RS of node A is shown on the left hand side of panel (b). The first
six columns show the binding states of the “binding sites” a,b,. . .,abc. The last column
gives the value BA which has been randomly assigned to the set of binding states in
that row (not all the sets are shown).

4 Simulation Results

We have simulated the dynamics on the content-based random Boolean networks
defined above, with identical distributions for the string lengths associated with
the RS and TF regions of each node i, choosing either (truncated) exponential
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Fig. 3. Average values of the number, lengths, basin sizes and transient times for the
attractors of the dynamics for Gaussian (•) and exponential (◦) string-length distribu-
tions. We have taken r = 2, p = 0.5. The distributions are truncated and normalised
over the interval [1, 25]. The “Gaussian” distribution has 〈l〉 = 13, σ2 = 50, whereas
the “exponential” distribution has a characteristic length of ξ � 10.

or Gaussian distributions. The choice of an exponential length distribution was
motivated by the fact that it lends itself to analytical treatment [8]. However,
a careful analysis [11] of the length distribution of the binding sites in the reg-
ulatory regions of yeast [18, 19] reveals that it is a somewhat skewed, unimodal
distribution with a mean around 15 and a variance of about 4, when expressed in
binary code. We adjusted the parameters of the Gaussian distributions we used
so as to give networks that are not very sparse. Work is in progress to choose
different appropriate length distributions for the TFs and the short binding sites
that they recognize, and the regulatory regions (RSs) in which the binding sites
are embedded. [20]

For systems having a finite number N of nodes, the volume of the phase
space Ω = 2N , is also finite. If we start from an initial configuration and follow
its trajectory we will revisit some already visited states and fall into a cyclic
orbit known as an attractor of the system. The mean values of na and la, the
number and length of the attractors, give us some clue about the system’s sta-
bility and versatility. We find (see Fig.3) that 〈na〉, 〈la〉as well as the average
transient time 〈τ〉 increase linearly with system size N , for both the Gaussian
and exponential string length distributions. However in all cases, the exponential
has higher growth rates with N for the above quantities, whereas the Gaussian
length distribution gives more stable results.

It is of interest to compare our finding with those of Aldana [16] who has
simulated Random Boolean dynamics on random scale-free networks, especially
with regard to whether the behaviour is ordered (where differences in initial



1088 D. Balcan and A. Erzan

conditions are wiped out), critical, or “chaotic,” by which we would like to
understand that the lengths of the orbits grow exponentially with N . The results
we get for the distribution of the number of precursors of phase points, and the
distribution of the number and length of the attractors, are very similar to those
found by Aldana [16] for scale-free networks with γc = 2.5 for p = 1/2, exhibiting
“critical” or borderline behaviour. The scaling exponents for our content-based
network in the large N limit are decidedly smaller than this value, and would
rather be expected to show chaotic behaviour within Aldana’s approach. This
unexpected stability of the dynamics on content-based networks also holds for
the mean connectivities: For the relatively small N ≤ 16 realisations which we
have simulated, the average undirected connectivities are smaller than 2 for the
truncated Gaussian, and larger than 2 for N ≥ 9, for the exponential length
distribution.

We have also simulated the average overlap function 〈x(t)〉,

〈x(t)〉 ≡ 1 − 1
N

N∑

i=1

〈|Σ(t) − Σ(i)(t)|〉 , (5)

where Σ(i)(0) differs from Σ(0) at the ith node. The average is performed over
104 realisations of the network, and all Σ(0). Following the trajectory of this
quantity under successive steps of the dynamics, we find, for each value of N
considered, that it converges to a set of points in a rather small but finite interval
lying below unity, as shown in Fig. 4, which becomes shifted to smaller values
for larger N , as both 〈na〉 and 〈la〉 grow. Even for small N , na > 1 with small
but finite probability, and the phase points to which trajectories originating in
different basins of attraction converge are separated by finite distances. In the
presence of periodic orbits of lengths 1 ≤ li, one obtains a set of

(
M
2

)
such finite

Fig. 4. The long-time trajectories of the overlap function for different network sizes
5 ≤ N ≤ 13, for the exponential length distribution. Averages have been taken over 104

network realisations and all pairs of configurations having initial overlap x(0) = 1−1/N .
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distances between pairs phase points, where M =
∑na

i li. Thus, the persistence
of distances between randomly chosen points in phase space does not automat-
ically signal “chaotic” behaviour, but the existence of multiple and/or periodic
attractors. The evolution of the x �= 1 fixed point with N and its consequences
for the phase diagram, [17] is under further investigation.

5 Discussion

In conclusion, let us note that the content-based network which we have pro-
posed offers ample possibilities for the modelling of biological networks. Due to
the interactions that can arise between sub-sequences of sufficiently long codes,
we see that networks with topological properties similar to those observed to-
day [6] can arise spontaneously, without the need to be assembled from scratch
by evolutionary processes.

The Boolean Dynamics on our content-based network yields an increase in the
number and complexity of the attractors with the number of nodes, and seems
to be near-critical, although, on the basis of the Mean-Field arguments in [16]
one would expect “chaotic” behaviour. We note that the expression patterns of
yeast have recently been analyzed by Zivković et al. [21], and they find both
periodic and stochastic behaviour, considering the differential expression levels
of the genes. The discrete nature of the present model does not allow us to make
detailed comparisons with their results. Nevertheless, we also find patterns where
subsets of genes are going through cycles of different lengths, while some nodes
are frozen in one or the other state, and that certain perturbations to the state
of expression may switch the expression pattern to that of a neighbouring basin
of attraction.
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21. Zivković, J., Tadić, B., Wick, N., and Thurner, S. :Statistical Indicators of Collec-
tive Behaviour and Functional Clusters in Gene Networks of Yeast. Eur. Phys. J.
B, in press.


	Introduction
	A Content-Based Null Model
	A Content-Based Approach to Dynamics of Gene Regulation
	Simulation Results
	Discussion


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




